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1. Introduction
Let us consider a linear time-harmonic water-wave process described by the velocity potential U(X, Y, Z, t); see e.g. [1].
The complex velocity potential u is connected with the unsteady potential
UX,Y,Z,t)=N{exp(—i2tu(X,Y,Z)},

where §2 is the angular frequency [1].
The velocity potential satisfies the Laplace equation

AUKX,Y,Z,t)=0

in the domain W, see Fig. 1, A = 8)% + 83 + 32, t > 0, the dynamic boundary condition on the free surface F
(Z=0, IXI>0,[Y]>0)

Ur—gUz=0, t>0,
where g is the gravitational acceleration.
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Fig. 1. Canonical domain.

The boundary condition on the conical surface of the bottom B can be taken in the form
Up+n"'U =0, t>0,

where U, is the derivative of the potential with respect to the normal to B directed into W. The boundary condition on the
bottom requires a comment. The summand ! U, is responsible for the process of infiltration of fluid through the bottom,
the parameter 7 specifies the ‘velocity’ of the infiltration. If the value n~! turns out to be small and the effect of the infiltration
is negligible, one can use the model of rigid bottom U, |z= 0. In the model of rigid bottom this term n~! U, is absent so that
formally we put ! = 0. In this work, we consider the opposite limiting case ™! = oo of ‘perfect’ infiltration and assume
that U;|p= 0 which is valid provided that the Dirichlet boundary condition

u(X,Y,Z)|p=0

is satisfied on the bottom for the stationary problem.! In addition, the potential is such that U(X, Y, 0, 0) and U,(X, Y, 0, 0)
i.e are assumed to be known at the initial moment of time t = 0. We may assume that the free surface is at equilibrium at
the initial moment.

The domain shown in Fig. 1 might serve to simulate water-wave processes near a shallow or sandbank in the ocean. For
this reason such a canonical problem may be called the linear water-wave problem for a sandbank. At the same time one
can encounter similar geometry when studying the water-wave processes near a small island or atoll in the ocean.

The stationary complex potential u(X, Y, Z) is governed by the Laplace equation, see the next section for the complete
formulation. The boundary condition with the spectral parameter is valid on the free water surface F, whereas on the bottom
B of the conical shape the Dirichlet condition is satisfied. The boundary condition on the free water surface F arises from the
nonstationary one discussed above. Recall that the problem is considered in the linear small-amplitude wave approximation.
By means of the Mellin integral representation we separate the radial variable. The solution is reduced to that for a problem
in a domain of the unit sphere. Some new functional-difference equations are then derived and solved, which leads to a
closed form representation for the corresponding eigenfunctions. By use of the saddle point technique the Mellin integral
is then asymptotically evaluated at large distances from the vertex. The obtained classical solutions of the homogeneous
problem, i.e. eigenoscillations, are interpreted as eigenfunctions of the continuous spectrum of infinite multiplicity.

It should be mentioned, however, that different kinds of functional equations were considered in fluid mechanics [2,3], in
diffraction theory [4-12], in theoretical and mathematical physics [13,14]. It is worth remarking that the study and solution
of some new functional equations is at the core of the present research. Contrary to the trigonometric coefficients for the
Malyuzhinets’ equations, this new type of the equations has more complex coefficients which depend on the associated
Legendre functions. The equations considered in the present work are similar (but not the same) to those studied in our
work [3]. Additionally, in comparison with that in [3] we give detailed the asymptotic analysis of the new eigensolutions
based on the saddle point technique and discuss their physical interpretation.

2. Formulation of the problem

The Cartesian coordinates X, Y, Z are connected with the spherical ones in W by the formulas
X =rcosgsinf, Y =rsingsinf, Z =rcosb,
the axis OZ directed vertically downwards as shown in Fig. 1. Let the fluid medium occupy the conical domain, w = (6, ¢)
W:{(r,w): r>0, —-nm<e¢<m, 91<8<%},
and 6 = 6, is the equation of the bottom B, 0 < 6; < %

1 Although, in a sense, such classical condition might be considered artificial in the theory of linear gravity water waves, the corresponding problem is
of interest from the mathematical point of view.
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The desired potential satisfies the Laplace equation

Au(r,w)=0 in W, (n
—1ar28+1A Dy = — asin@a—i- 1
Tr2or ar  r2 7 Y7 sind 90 960 sin%6 92’

the boundary condition on the free surface F (6 = 7)

10
——u(r,0,¢)—Ku(r,0, ¢) =0 on F, (2)
r 06 9:%
with the spectral parameter K = %2 and
ur,8,¢)lg—_g, =0 on B. (3)

We are looking for the classical solution of (1)-(3) which is 2 —periodic in ¢,
u(r,0,¢)=u(r,0, ¢+ 2m). (4)
The Meixner type conditions at the vertex O of the conical domain W are written in the form

lu(r, 8, )| < constr?, r|Vu(r, 6, ¢)| < constr?, (5)

which is valid uniformly with respect to the angular variables, for some § > —%.

Introduce the functional of energy (see also [1] for the appropriate terminology)
E(u) =/ |Vu|>dXdYdZ + 1</ lu|? dXdy, (6)
w F

where the first and second integrals in (6) are usually associated with the kinetic and potential energy. It is worth noting that
the spectral parameter K is in the boundary condition, whereas its presence in the equation is more traditional for spectral
analysis of the boundary-value problems. For this kind of problems, however, we accept a standard terminology and call a
non-trivial solution u of (1)-(5) an eigenfunction of the point spectrum with eigenvalue K provided

E(u) < o0. (7)

In view of the definition (6) the condition (7) implies that u and | Vu| decay at infinity rapidly enough so that the estimate

lu(r,0, ¢)| <constr™*, r — oo (8)
is valid uniformly w.r.t. angular variables w := (0, ¢) for some » > 1.

However, for some given K a solution u of the homogeneous problem may decay slower than that in (8) or even grow at
most polynomially so that the integrals in (6) diverge. We call such solutions the generalized eigenfunctions of the continuous
spectrum or, for simplicity, eigenfunctions of the continuous spectrum . We consider K > 0 assuming that K = 0 is non-
physical. It is remarkable that the corresponding solutions can be determined in an explicit form.

3. Mellin integral representation and reduction to the functional equations

We separate the radial variable and determine the solution in the form (see e.g. [ 15]) of the Mellin integral
1 c+ioo

u(r, w) = u,(w)r’=2 dv, (9)

2mi c—ioco

where c is a constant, w = (6, ¢). The inverse is

uy(w) = /Oo u(r, ) r=""2 dr. (10)
0

The representation (9) satisfies Meixner’s conditions, e.g. u(r, 6, ¢) = O(r%)asr — 0, and vanishes at infinity, i.e. u(r, 6, ¢) =
O(r~b)asr — oo, we conclude that the Mellin transformant u,, in (10) is regular in the strip

1 1
§—b<5)%(v)<§+a, (11)

where it is assumed thata > —b with a > ¢ — % > —b.
The function u(-, w) is locally integrable on [0, co). The unknown u, is sought in the class of meromorphic functions of v
for any w € ¥, where X is the spherical layer on the unit sphere S? with center at the origin O such that

Y={w: we S*NnwW}
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The boundary of X consists of two circles on S? with the equations # = 6; and 6 = 7. We also require that
u,(w) - 0, |v] > o©

as v belongs to the strip (11) forw € X.
We easily verify that, provided the transformed function u,(-) satisfies the equation

(Aw +12— %) uy(w) =0 on X, (12)

the original u solves the Laplace equation (1) in W, [3].
We find the boundary conditions for u,,(-). Substituting (9) into the boundary condition (2) on F, one has

1 e <8u,,(a)) .

27i 36

—ioco

=3~ Kuy(o) r“—%> dv

=1

:0,

0=1

1 +ioo—1 8Llu 1 +ioco
— f 7+](w) r”_% dv — — Ku,(w) r"_% dv
2mi —ico—1 20 2mi —ico

where we used the change of the integration variable v — 1 — v in the first integral of the last line. Then we deform

the straight-line contour (—ico — 1, +ico — 1) in this integral back onto the imaginary axis assuming that singularities of

““5“79‘(“’) ‘ _ are not crossed in this process, which can be justified a posteriori. We find
677

2

1 +ico 8 »
— @) () r2dy = 0,
2mi —ico 00 9=%
which is valid provided the condition
ou,
@) g ) -0 (13)
86 9:%

is satisfied.

It is worth noticing that the boundary condition (13) is non-local with respect to v. We separated the radial variable
in the mixed boundary condition (2), which has resulted in the non-locality in the boundary condition with respect to the
separation variable. From the condition (3) we have

uv(a))|9:9] =0. (14)

We look for the solution of the problem (12)-(14) in terms of the spherical functions. The desired solution of Eq. (12) is
taken in the form

_ Pi'"l‘ (cos6) P:”l' (— cos6)
uy(w) = e | Ay(v) ,WZ + Ba(v 7|n|2 > (15)
Pv 1(cos6y) Pv 1(—cosby)
—2 —2

Here P:"l‘ (-) is the associated Legendre function; see e.g. [16], formula 8.704. Any linear combination of solutions (15) with

a sum over n can be also considered as a solution of the homogeneous problem.
The coefficients A,(-) and B,(-) are still unknown and should be found from the boundary conditions. Making use of the
condition (14), we arrive at

An(v) + Ba(v) = 0. (16)
The condition (13) leads to
doP ™" (cos 0)]g_x doP " (= cos0)|g_z
U+j 2 U+§ 2
Allv+1)————— + By(v+1)

P;’g (cos6,) Pv:l"%' (— cos6,)

P (cos0)gx

V=5 2

Pu_l"l‘ (cos 6)
2

P;_"!(—COS@NQ:%
—K [ An(v) By(v)—t———— | =0, (17)
Pvil(—cos&)
2

where the notation

_ d _ a
derJ"%l(cose) = @Pvl"%‘(cos f) = —sind &p |n1\ %)

2 X=c0s
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is used.
By means of Eq. (16) we eliminate B,(v) = —A,(v) from Eq. (17) thus obtain

A ; dP In| (=1) (-1
V1D P i t o
2 |x=0 P+1(c0591) P+1(—c0591)
vta vta

1 1
— KAy(v)P "(0) — - — =0. (18)
Y72 P " (cos6y) P " (—cosby)
V=3 V=3

The solution A,(-) of the functional difference equation is sought in a class of meromorphic functions, regular in the strip
—C < NR(v) < C with some positive C. The behavior of A;(v) as v — =ioo in this strip should be prescribed such that the
integral in (9) converges.

4. Solution of the functional equation (18) in an appropriate class of functions

In Eq. (18) it is useful to introduce the new unknown function a,(-) by the formula

d _ (=1) (-1
an(v) = An(v) P "} (x) — + —
X Y72 |y—0 Puil(cow]) Pu,l(_ cos61)
2 2
The Eq. (18) is then written in the form
P~"(0) P~ (cos61) — P~ "} (—cos 61)
a,(v+1) — Kay(v) —|n|2 _‘nz‘ —\nz\ =0. (19)
4p 1 (Xl P i (cos61)+ P (- cosby)
2 2 2

Meromorphic solution of Eq. (19) can be found in the form of the product

ap(v) = an(v) Bu(v) ya(v), (20)

where the meromorphic functions a;,(-), Ba(-), y¥a(-) in (20) satisfy the equations

an(v+ 1) = Kay(v), (21)

P-"(0)

P+ 1) = = A | o

: , (22)
;(x)|x=0

P;_‘rg(— cos6y) — P;_‘E (cos6q)

v +1) = yav) | — - (23)
" ! P (cos ;) + P7" (= cos 6;)
v—y5 v—y5
correspondingly. It is obvious that Eq. (21) has an entire solution
an(v) = exp(v logK)
such that |a,(v)| < Constasv € (—ioo, ic0), |v| — oo.
The Eq. (22) is represented in the following way
1 1
—In| r v+nl+5 r —v+n+5
Ba(v+1) Pv_%(O) 1 ( 2 2 o0
Bn(v) %P:ril‘(xﬂx:o 2r <”+‘"‘+%> r <_”+'“‘+%) 7
2 2 2
where we have exploited the expressions [ 16] (formulas 8.756) written in the form
B 2 Inl

_1 ,
v—1 r <v+|nz\f% L 1) r <7v+|2n|+%>
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2~ /)

—0 B v in|+ 1 v\

and I'(-) is Euler's gamma-function. By means of the functional equation for the gamma-function I"(z + 1) = zI'(z) one can
represent an obvious solution regular in the strip [R(v)| < % as

[F (\PHT;H%) r <7u+\2n|+%> (o=l + ;)]—1

cos(mv)

d
—p
dx U_%(x)

Bu(v) = , (25)

where @ is a meromorphic solution of the equation (v + 1) = —B(v). We used it in (25) in order to compensate the

exponential growth of the inverse to the product of the gamma-functions so that
Ba0)l = 0(V/Iv]) s v — stioo,

IRW)| < % The singularities of 8,(-) are real poles which are due to the zeros of cos(zv).
Now we consider the solution of Eq. (23) and introduce an auxiliary function o, (-) by the equality

1
va(v) = oy (V - 5) . (26)

4.1. Study of the auxiliary equation for oy(+)

The auxiliary equation reads

1\ g, (v) 1
o (”5) O <” 2) ’ 27)

g¥(w) = P (= cos6;) + P (cos 6y).
V=5 V=5

Solution of (27) is sought in a class of meromorphic functions which are regular in some strip |9(v)| < v'”'(01) with some
positive ka ‘(91) and is bounded as |v| — oo in this strip. It is worth noting that the desired solution will be found explicitly,
i.e.in quadratures. It is worth remarking that similar equation but with the coefficient depending on trigonometric functions
was considered in the work [5]. In our case we deal with the 3D problem, however, in view of the rotational symmetry,
one might expect that it resembles 2D problem in an angle with the corresponding boundary conditions on its sides like
in [5]. Nevertheless, the coefficient in Eq. (27) depends on a special non-elementary function, i.e. on the associated Legendre
function, which is due to the rotationally symmetric geometry of the 3D domain W.

It is sufficient to have such a solution in the strip |9(v)| < % then its meromorphic continuation on the complex plane
is performed by means of the functional equation (27). To this end, we study some properties of the entire even functions
gf(~), in particular, their zeros. Indeed, in order to solve Eq. (27) we intend to take logarithm of both sides and obtain a

simple difference equation for log o,,(-) with the inhomogeneity term log (") . The latter function requires a definition of
gn n (V)

its holomorphic branch, which can be done in a traditional way provided that zeroes and poles of the ratio are known.

Moreover, asymptotics of the velocity otentlal as Kr — 0 (and as Kr — o0) are specified by the position otn these poles.
To this end, introduce ZE(x) = P ( X) £ P Inl ( ). Consider Z;"(x) which solves the boundary-value problem for the

_1
associated Legendre equation (|n| = 1, 5 VX = cos 0)
d d In|?
——(1=-X)—Z+(x ZH(x) = ATz (x), x€(0,%), X = cos by,
dx( )dxn() 1—x2"() v Zy (X) (0, x1), x1 1
g =0, Ziw|_ =0
dx " ®) x=0 7 n (%) X=x1
Here A} (|n]) = vi(|n|) - % is an eigenvalue depending on |n|. Studying the quadratic form of the self-adjoint operator
corresponding to this boundary-value problem with the discrete positive spectrum, we find (ﬁ* =— %(1 — xz)%)
X — x dzrx)|*
/ L2z (x)dx = / (1—x%)|—- *) dx =
0 0

%1 1 In|?
/0 [(vi - Z)|Z"+(X)|2 -1 |z+ )| } dx.
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and conclude that
WED? = 4 i+ [nP? / Z+(" G B [/ |zn+(x)|2dx]].
0
Now v (|n|) is a root of the equation

(P (=x)+ P (x))

-2 2

:O,

N

X=cos 61

therefore, because A" (|n|) > 0, it is on the real axis and subjected to the condition

1
| (InDI > va T In?.

In the same manner, one conclude that the zeros v, (|n|) of the equation

(P (=2) = P " (1) =0

v—z V=3

X=Ccos 01

are real and such that

_ 1
v (InDl = ‘/Z + In%.

Remark that P%%(cose) =1—(v2 —1/4)sin?(8/2) + - - - (see [16], 8.841) and we observe that v = +1/2 are the roots of

the equation (Pv_%(—x) —P,_ l(x)) = 0.
Xx=cos 6
In order to solve Eq. (27) we consider !
1 1 g, (v)
ta(v+ =) — ta(v — =) = log { =2 , 28
n( 2) n( 2) g{g;(v)} (28)

where

ta(v) = logoy(v).

For any v from the strip |R(v)| < G, we fix the branch of the function

g, (v)
o {gn*(V) }

by the condition

log {gi(v)} = O(exp[—iv(wr — 267)]), v — —ioco
g (v)

and extend the branch-cuts from the zeros of gn to oo and —oo along the real axis so that the function log { 9]

& ()

} is regular

in |%(v)| < G, with G, = ming{|v;;(In)|, |v,(n])|}. The parameter |n]| is taken to be arbitrary.
In order to find the solution of (28) and of (27) we consider

[ g, (1)
b(8) = /,m ar IOg{gﬂr)}’

where the integration is performed along the imaginary axis. L,(-) is holomorphic in [%(£)] < C, and the integral
exponentially converges. In particular, I, := L,(ioco) is finite. We have

Ly(§) = O(exp[—ié(m —264)]), & — —ioco

Ly(§) = I + O(explié(w —261)]), & — ioc.

We make use of the Appendix B in [3], where solution of a class of functional equations (28) is discussed. We arrive at a
particular solution to (27):

on(v) = exp(ta(v)) = exp{” fm ﬂ} B < ot (29)

2i ) i cos?(n[€ —v])
The solution (29) is meromorphically continued to the whole complex plane by means of (27). One also has
on(v) = o, £(1+40(1)) v — ioco,

O‘;t are some known constants.



8 M.A. Lyalinov, K. Sintsova / Wave Motion 83 (2018) 1-11

Remark. By use of the functional equation (27) one can show that og(v —1/2) hasa poleatv = —1/2 so that 0y 1) =

0 |p_z
Kuv(w)|9:% has a singularity in the strip —1 < 9i(v) < 0 for n = 0, which is forbidden by the construction. As a resul%, in
what follows we assume that [n| #0and |n| =1, 2, ... .

5. A closed form expression for the eigenmodes and their asymptotics

The representation (25) is reduced to an equivalent form

—1)2i-1 g r-in+3)"
pur) = T2 L o))
JT dx v=3" 7| cos(mv)
Exploiting the identity F(% - Z)F(% +z) = @ from (20) and (25) we determine a countable number of solutions

satisfying (1), (2) and (3), (4)

ing  pico [ P M(cos) P (—cos )
Un(r, w) = - / dv [Kr]""2 —\n\z — —\n\z X
2mi J i P "(cos6y) P "|(—cosby)
V=5 V=5

P;_\"J (cosf) I (=v+Inl+ 1) on (v = 3)

[N}

, In=1,2,..., (30)
[1 +P " (cos 6) [P_‘"l'(—coseﬂ]*l]

V=g V=5
where a constant factor in the integrand has been omitted. The integral is exponentially and absolutely convergent on the

imaginary axis as 8; < 6 < w /2 — ¢ for any small € > 0. However, convergence is only conventional as 8 = 7 /2.
From analysis of the positive poles of the integrand in (30) one has

|Un(r, )| < Const[Kr]*" as Kr — 0,

where Const does not depend on w and ¢, > 1, |n| = 1,2,.... Making use of the asymptotic estimates of the Mellin
integrals [15] and deforming the contour of integration in (30) appropriately, one can derive the asymptotic expansion for
Uy (r, w) as Kr — 0. Indeed, taking into account the behavior of the integrand, denoted W(v, r, 8), in (30)as & = = /2 and
v — ioo, Rev > 0, namely,

Wt /2) = ¢, 2Pl 1oglkn) (1+o<1>>
v

r1/2|v|1/2+R€v

we conclude that one can deform the integration contour in (30) from the imaginary axis iR to iR + d for some positive d,
see [15]. In the process of such deformation some positive poles of the integrand W(v, r, 7 /2) or, more exactly, of

P o+ i+ ) oo - )
P~ (—cos ;) + P~ " (cos 64)
v— v—y3

[N}

can be crossed. These poles are the positive roots of [I” (—v + In| + %)]*] and of P;‘"l‘(— cosbq) + P:"l'(cos 61).2 Let ¢, be
the minimal positive root of these functions (n is fixed parameter) then in view of the theorem on residues one has

Un(r, ¢, 7 /2) = [Const, [Kr]* + O([Kr]%)le”™ as Kr — 0,

where ¢, = k, — 1/2 > 1/2 and d, is equal to the value of the next positive root. The latter asymptotics at the origin is
compatible with the Dirichlet boundary condition on the bottom, which means that the potential vanishes at the vertex.
Similar asymptotics are also valid as 6; < 6 < 7/2,i.e. in the fluid domain.

5.1. Asymptotic evaluation of the integral (30) as Kr — oo

It is convenient to introduce the notation
ico
Vo(r, 9) = 2min/Kr e™ Uy(r, 9, ¢) = / I(v)dv
—ioo
with
P " (cosh) P~ (= cosh)
VT3

1
I(v) = eV log(Kr) VT3

— X
P (cos6y) P;'”l‘ (— cos6,)

VT3 2

2 Remark that in order to get continuation of o, (v — 3) for any v with %i(v) > 1/2 one can use (27).
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P (cos61) P " (= cos61) I (—v + [n| + 3) 0w (v — 3)
2

2

[Pv_";'(— cosbq) + P;_“g (cos 6, )i|

We then introduce the new variable of integration ;. = v (Kr)~' and obtain
ico

Vu(r,®) = Kr / L(Krp)dp =

—ioco

—ing ino ico
K ( [ n(Kr i)y + / (K )dp + / In(Km)du),

ico —ing ing
where we split the integration contour onto three parts and chose the constant o > 0 such that on the semi-infinite parts
[ixg, ico) and (—ioco, —iug] of the contour one might use the asymptotics of I,(Kru) as Kr — oo. We make use of the

asymptotics of the associated Legendre functions, as v — ioo,

—in] | 2 T'v—In+1/2) _ _
Pvi%(cose)_ —<ind R cos[vl — m|n|/2 —  /4])(1 + O(1/v)),

€ < 0 < 7 —e for some small € > 0, the Stirling formula for the gamma-function and o,(v) = 65(1+0(1/v))as v — ioo.
Thus we have
eitr/a=nix/2) i) gl
g F MMFmtumulog (1 4 o(1/[Krul)),
with the upper(lower) signs in the latter expressions taken for i € [+iug, £ico) correspondingly.
In order to calculate the integrals over the semi-infinite parts asymptotically we find the saddle points,’

In(Krp) =

GH(u) = Fi(® — m)u + pn — nlog ,

dG*
() _ Fi(® —7)—logp = 0,
du
d’G* () 1
dw> — w’
As a result, the saddle points are
pE = e
and
GHu)l o= etinn, T
s ’ dl’LZ M;E

We can deform the semi-infinite parts of the integration contour in such a manner that they become the steepest descent
paths having the equations J{GF(u)} = I{GF(uZ)} and shown in Fig. 2. The whole contour (—ioco, ico) is then deformed
accordingly into that coinciding with that L drawn by the solid line. In the process of such deformation several negative poles

v=—xn,(m=1,2,...M, x> 1)of the integrand I,(v) are crossed. Remark that, if Kr is large, M = M(Kr) is also large.
These negative poles are obviously the singularities of the meromorphic factor
on (v - 3)

P~ (= cos6;) + P (cos ;)
v—5 V=5

in the integrand.
Basic contributions of the saddle points are given by the integration over the SD paths in O([Kr]~!/?)—vicinities of the
saddle points. Then, making use of the saddle point technique, we find

e—imp

iv/ 27 Kr sin ¢

efi(n/47|n|71/2)anf @ Krcos 07i1<rsinz7} 1+ O(l/KI’)) + efimp Z (K?;{%_F

1<m<M

Un(T, 19, ‘P) — ei(n/4—\n\n/2)a;— e—Krcosﬂ+iKrsin17+ (31)

3 The idea of application of the saddle point technique to the evaluation the Mellin integral at hand is due to remarks of Dr. Eng. Ning Yan Zhu from
Stuttgart University.
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S(p)
L
e
No
—m /KT, 0 R()
Hs

Fig. 2. The steepest descent contour.

e e /Kr
- / Ln(Krp)du,
2mi Ao

where in the last term integration is performed along the vertical segment A, (Fig. 2) of the contour L. The integral is
estimated as O((Kr)~*M+1~1/2), The latter formula is valid for all & € (7/2 — 8, w/2], for some § > 0. Explicit formulae
can be given for P,,(¥) by means of the corresponding residues of the integrand. However, they are omitted here.

It is worth commenting on the asymptotics (31). Provided & = 7, i.e. on the free surface, the first two terms play the
leading role. They represent the sum of the outgoing

—ing LiKr

in/2m Kr

U™ (Kr, @) = ellm/4=Inlx/2) (1 4 O(1/Kr))

and incoming
e—in(p e—iKr

iv2m Kr

surface gravity waves. The outgoing surface wave satisfies the Sommerfeld radiation condition

UNKr, ¢) = e m/A=niT/2) G (1 4 O(1/Kr))

( % - u<) U (Kr, ¢) = O([Kr]~>"?)

on the free surface 6 = 7 /2 uniformly w.r.t. ¢, whereas the incoming wave U;“(Kr, ¢) does not fulfill this condition.

The presence of U%" and U'" in the far-field asymptotics on the free surface ought to be additionally commented by means
of the following analogy. Consider Green’s function G of the problem for the water halfspace in 3D when the source is
located at the origin O, Section 1.1 in [1], and the solution satisfies the radiation condition. The far field asymptotics, when
the observation point is also near the free surface, is (see (1.15) in [1])

eiKr sin @ —Kr cos v
G ~ 27iK e Kreos? gk sing) = ¢, T(1 + 0O(1/Kr)).
r

In the same manner, at large distances the ‘incoming’ solution G has the asymptotics
e—iKr sin & —Kr cos v

VKr

if the observation point is near the free surface F. As a result of this simple observation, in the leading approximation we can
interpret the wave field (31) near the free surface F as a sum of the incoming and outgoing surface waves from an imaginary
point source at the point O € F. The vertex of the conical surface B plays the role of such a virtual source in our case. In
this sense, near the free surface F the wave field behavior is universal at large distances from a small scatterer located on
the surface of a fluid. However, the excitation coefficients of U%" and U™ are determined from the analysis of the specific
geometry of the bottom B near the conical vertex O.

It is obvious that the surface integral in the functional of energy E(U,) for the surface waves in (6) diverges. On the other
hand, as ¥ < 7 the first two terms in (31) are exponentially small for Kr — oo and the leading contribution is given by

G" ~ 27iK e Kreos? (K sing) = C_ (1+ O(1/Kr))
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the power series in (31). For these terms in the asymptotics (31) the integrals for the energy (6) converge. But the energy is
infinite for the total set of summands in (31) as a result of divergence of the surface integral. Such divergence is due to the
slow decay of the incoming and outgoing surface waves, which might be foreseen.

As aresult, in view of the asymptotic estimates (31) the eigenfunctions U,, |n| =1, 2, ... correspond to the continuous
spectrum, assuming that we accept the definition for the eigenmodes of the continuous spectrum given in Section 2.* It is
obvious that the multiplicity of the spectrum is infinite. Some additional aspects of the spectral problems in infinite domains
are discussedin[17,18]. On the other hand, some general physical conceptions [ 19], based on the radiation stress of the water
waves, could be useful in further physical interpretations of the results in our study, see also [20].

6. Conclusion

In this work we have constructed eigenfunctions of the continuous spectrum for the problem of the eigenoscillations of a
fluid in a pool of special canonical form. To this end some new functional equations have been studied and explicitly solved.
The far field asymptotics has been computed from the corresponding Mellin integral representation of the eigenfunctions
and some physical analysis of the solution has been also given.
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