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Ǳà¥¤¨á«®¢¨¥

�« ¢­ ï æ¥«ì ¤ ­­®£® ¨§¤ ­¨ï | ¢ë§¢ âì ¨­â¥à¥á ã áâã¤¥­â®¢

ª ¬¥â®¤ ¬ ¨ â¥®à¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, § â¥¬ ®ª § âì

®¯à¥¤¥«¥­­ãî ¯®¬®éì ¢ ã¤®¢«¥â¢®à¥­¨¨ ¢®§­¨ªè¥£® ¨­â¥à¥á ,  

â ª�¥ ¯®ª § âì ¢®§¬®�­ë¥ ¯à¨«®�¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-

­¥­¨© ¢ à §«¨ç­ëå ®¡« áâïå §­ ­¨ï.

Ǳ®á®¡¨¥ á®áâ ¢«¥­® ¤«ï áâã¤¥­â®¢ ¨ ¯à¥¯®¤ ¢ â¥«¥© ­¥¬ â¥¬ -

â¨ç¥áª¨å ä ªã«ìâ¥â®¢ ã­¨¢¥àá¨â¥â , ¨§ãç¥­¨¥ ¬ â¥¬ â¨ª¨ ­  ª®-

â®àëå ¯à®¨áå®¤¨â ¢ á®ªà é¥­­®¬ ®¡ê¥¬¥. � ­¥¬ ¯à¥¤áâ ¢«¥­ë

§ ¤ ç¨ ¨ â¥®à¥â¨ç¥áª¨¥ á¢¥¤¥­¨ï ¯® ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥-

­¨ï¬ ¯¥à¢®£®, ¢â®à®£® ¨ ¢ëáè¨å ¯®àï¤ª®¢, «¨­¥©­ë¬ ãà ¢­¥­¨-

ï¬ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨ «¨­¥©­ë¬ á¨áâ¥¬ ¬,  ¢â®-

­®¬­ë¬ á¨áâ¥¬ ¬ ¨ ¨áá«¥¤®¢ ­¨î ãáâ®©ç¨¢®áâ¨ ¯®«®�¥­¨© à ¢-

­®¢¥á¨ï. �­ ç¨â¥«ì­®¥ ¢­¨¬ ­¨¥ ã¤¥«ï¥âáï ¯®áâà®¥­¨î ¤¨ää¥-

à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤«ï ª®­ªà¥â­ëå § ¤ ç ¨§ ®¡« áâ¨ ¡¨®«®-

£¨¨, £¥®£à ä¨¨, å¨¬¨¨, íª®«®£¨¨ ¨ íª®­®¬¨ª¨. �§«®�¥­ë ®á­®¢-

­ë¥ ç¨á«¥­­ë¥ ¬¥â®¤ë ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï § ¤ ç¨ �®è¨ (­ -

ç «ì­®©) ¨ ªà ¥¢®© § ¤ ç¨ ¤«ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨©.

�¥®¡å®¤¨¬ë¥ â¥®à¥â¨ç¥áª¨¥ á¢¥¤¥­¨ï ¯à¨¢®¤ïâáï ¢ ª �¤®¬ ¯ -

à £à ä¥. �¨¯®¢ë¥ § ¤ ç¨ ¤ îâáï á à¥è¥­¨ï¬¨ ¨ ¨««îáâà æ¨ï¬¨.

�ç¥¡­ë¥ § ¤ ­¨ï á ®â¢¥â ¬¨ ¨ ãª § ­¨ï¬¨ ¯®¤®¡à ­ë á ãç¥â®¬

®á®¡¥­­®áâ¥© à §­ëå á¯¥æ¨ «ì­®áâ¥©.

�á­®¢­®¥ ®â«¨ç¨¥ ®â ¨¬¥îé¨åáï á¡®à­¨ª®¢ § ¤ ç ¯® ¤¨ää¥à¥­-

æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ § ª«îç ¥âáï ¢ ­ «¨ç¨¨ ª®­âà®«ì­ëå § ¤ -

­¨© ¯® ¡®«ìè¨­áâ¢ã ¨§«®�¥­­ëå â¥¬. �®­âà®«ì­ë¥ § ¤ ­¨ï, á®-

¤¥à� é¨¥ 30 ¢ à¨ ­â®¢, ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï ¯à®¢¥¤¥­¨ï

ª®­âà®«ì­ëå à ¡®â ª ª  ã¤¨â®à­ëå, â ª ¨ ¤®¬ è­¨å. Ǳà®¢¥¤¥­¨¥

¤®¬ è­¨å ª®­âà®«ì­ëå à ¡®â, ª ª ¯®ª §ë¢ ¥â ®¯ëâ  ¢â®à®¢, ®á®-

¡¥­­® ¯à¨ ®¡ãç¥­¨¨ ¯® ãç¥¡­ë¬ ¯« ­ ¬ á ­¥¡®«ìè¨¬ ª®«¨ç¥áâ¢®¬

ç á®¢, ®â¢®¤¨¬ëå ­  ªãàá ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (¨«¨ ­ 

á®®â¢¥âáâ¢ãîé¨© à §¤¥« ªãàá®¢ "�ëáè ï ¬ â¥¬ â¨ª " ¨ "� â¥¬ -
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â¨ç¥áª¨©  ­ «¨§"), á¯®á®¡áâ¢ã¥â  ªâ¨¢­®¬ã ãá¢®¥­¨î ¬ â¥à¨ «  ¨

¢®§­¨ª­®¢¥­¨î ¢ªãá  ª ¨áá«¥¤®¢ â¥«ìáª®© à ¡®â¥.

Ǳà¨ ­ ¯¨á ­¨¨ ¯®á®¡¨ï ¡ë«¨ ¨á¯®«ì§®¢ ­ë § ¤ ç¨ ¨§ ¨§¢¥áâ­ëå

á¡®à­¨ª®¢, ãª § ­­ëå ¢ á¯¨áª¥ «¨â¥à âãàë, ­® ¡®«ìè¨­áâ¢® § ¤ ç

á®áâ ¢«¥­ë  ¢â®à ¬¨.

�á¥ ®¯à¥¤¥«ï¥¬ë¥ ¯®­ïâ¨ï ¨ ä®à¬ã«¨à®¢ª¨ â¥®à¥¬ ¢ë¤¥«¥­ë

ªãàá¨¢®¬. �ª®­ç ­¨ï ¯à¨¬¥à®¢ ®¡®§­ ç¥­ë á¨¬¢®«®¬ �.

� ¤ ç­¨ª ¬®�¥â ¡ëâì ¯®«¥§¥­ â ª�¥ áâã¤¥­â ¬ ¢¥ç¥à­¥£® ¨ § -

®ç­®£® ®â¤¥«¥­¨© ã­¨¢¥àá¨â¥â®¢, «¨æ ¬, á ¬®áâ®ïâ¥«ì­® ¨§ãç î-

é¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï, ¨ á¯¥æ¨ «¨áâ ¬ ­¥¬ â¥¬ â¨-

ç¥áª¨å ¯à®ä¥áá¨©, ¨á¯®«ì§ãîé¨å ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢

á¢®¥© à ¡®â¥.

�¢â®àë ¢ëà � îâ £«ã¡®ªãî ¯à¨§­ â¥«ì­®áâì ¤®ªâ®àã ä¨§¨ª®{

¬ â¥¬ â¨ç¥áª¨å ­ ãª, ¯à®ä¥áá®àã, § ¢¥¤ãîé¥¬ã ª ä¥¤à®© £¨¤à®-

ã¯àã£®áâ¨ � ­ªâ{Ǳ¥â¥à¡ãà£áª®£® £®áã¤ àáâ¢¥­­®£® ã­¨¢¥àá¨â¥â 

�®à¨áã �«¥ªá ­¤à®¢¨çã �àè®¢ã §  á®¤¥à� â¥«ì­ë¥ ¨¤¥¨, á®¢¥âë ¨

§ ¬¥ç ­¨ï, á¯®á®¡áâ¢®¢ ¢è¨¥ ã«ãçè¥­¨î ãç¥¡­®£® ¯®á®¡¨ï. �à®-

¬¥ â®£®,  ¢â®àë ¡« £®¤ àïâ ª ­¤¨¤ â  ä¨§¨ª®{¬ â¥¬ â¨ç¥áª¨å ­ -

ãª, ¤®æ¥­â  ª ä¥¤àë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© � ­ªâ{Ǳ¥â¥à-

¡ãà£áª®£® £®áã¤ àáâ¢¥­­®£® ã­¨¢¥àá¨â¥â  �«¥ªá ­¤à  � á¨«ì¥¢¨-

ç  �á¨¯®¢  §  ¢­¨¬ â¥«ì­®¥ ¯à®çâ¥­¨¥ àãª®¯¨á¨ ¨ àï¤ æ¥­­ëå ãª -

§ ­¨© ¢ ®â­®è¥­¨¨ ¨§«®�¥­¨ï.
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§1. �á­®¢­ë¥ ¯®­ïâ¨ï ¨ ®¯à¥¤¥«¥­¨ï

�¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ­ §ë¢ ¥âáï ãà ¢­¥­¨¥, á®¤¥à-

� é¥¥ ¯à®¨§¢®¤­ë¥ ¨«¨ ¤¨ää¥à¥­æ¨ «ë ­¥¨§¢¥áâ­®© äã­ªæ¨¨.

�á«¨ ¨áª®¬ ï äã­ªæ¨ï y = y(x) | äã­ªæ¨ï ®¤­®© ¯¥à¥¬¥­­®© x,
â® ãà ¢­¥­¨¥ ­ §ë¢ ¥âáï ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢-

­¥­¨¥¬. �á«¨ �¥ ãà ¢­¥­¨¥ á®¤¥à�¨â ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ (­¥-

¨§¢¥áâ­ ï äã­ªæ¨ï ï¢«ï¥âáï äã­ªæ¨¥© ­¥áª®«ìª¨å ¯¥à¥¬¥­­ëå),

â® ¥£® ­ §ë¢ îâ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ á ç áâ­ë¬¨ ¯à®-

¨§¢®¤­ë¬¨. � ¥á«¨ ¢ ª ç¥áâ¢¥ ­¥¨§¢¥áâ­®© äã­ªæ¨¨ ¢ëáâã¯ ¥â

¢¥ªâ®à-äã­ªæ¨ï, â® á®®â¢¥âáâ¢ãîé¥¥ ãà ¢­¥­¨¥ ä ªâ¨ç¥áª¨ § ¤ -

¥â á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.

� ¯à¨¬¥à: 1)

dy
dx + x2y = 0, 2) (y′′′)2 + y′ = x sinx,

3)

(

x2y2 − 1

)

dx + 2xy3dy = 0, 4)

∂2u
∂x2 +

∂2u
∂y2 +

∂2u
∂z2 = 0,

5)

dy
dt = A(t)y + f(t), £¤¥ y(t), f(t) ∈ R

n
¯à¨ ä¨ªá¨à®¢ ­­ëå §­ ç¥-

­¨ïå t, A | ¬ âà¨æ  à §¬¥à®¬ n× n.
� ¯¥à¢ëå âà¥å ¯à¨¬¥à å ¨áª®¬®© ï¢«ï¥âáï äã­ªæ¨ï y = y(x) |

íâ® ®¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï. � ç¥â¢¥àâ®¬

¯à¨¬¥à¥ ­¥¨§¢¥áâ­®¥ | äã­ªæ¨ï u = u(x, y, z). �â® ãà ¢­¥­¨¥ á

ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨. � ¯ïâ®¬ ¯à¨¬¥à¥ ãà ¢­¥­¨¥ § ¤ ¥â á¨-

áâ¥¬ã n ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.

� ¤ ­­®¬ ¯®á®¡¨¨ ¡ã¤ãâ à áá¬ âà¨¢ âìáï â®«ìª® ®¡ëª­®¢¥­­ë¥

¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨ á¨áâ¥¬ë ¨§ ­¨å.

� ¨¢ëáè¨© ¯®àï¤®ª ¯à®¨§¢®¤­ëå (¤¨ää¥à¥­æ¨ «®¢) ­¥¨§¢¥áâ-

­®© äã­ªæ¨¨, ¢å®¤ïé¨å ¢ ãà ¢­¥­¨¥, ­ §ë¢ ¥âáï ¯®àï¤ª®¬ ¤¨ä-

ä¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï. � ª, 1), 3) | ¯à¨¬¥àë ®¡ëª­®¢¥­­ëå

¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª , ¢ ¯à¨¬¥à¥ 2) ¯à¨-

¢¥¤¥­® ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ âà¥âì¥£® ¯®àï¤ª .

Ǳãáâì x | ­¥§ ¢¨á¨¬ ï ¢¥é¥áâ¢¥­­ ï ¯¥à¥¬¥­­ ï ¨

y = y(x) | ¨áª®¬ ï ¢¥é¥áâ¢¥­­ ï äã­ªæ¨ï íâ®© ¯¥à¥¬¥­­®©. �¡-

é¨© ¢¨¤ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï n-£® ¯®àï¤ª  â ª®¢:

F
(

x, y, y′, . . . , y(n)
)

= 0. (1)

�¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (1) ­ §ë¢ ¥âáï äã­ª-

æ¨ï y = ϕ(x), ®¯à¥¤¥«¥­­ ï ­  ¯à®¬¥�ãâª¥ 〈a, b〉*, a < b, ¢¬¥áâ¥

* �­ ª¨ 〈 ¨ 〉 ®¡®§­ ç îâ ª ª ¢ª«îç¥­¨¥, â ª ¨ ¨áª«îç¥­¨¥ á®®â¢¥âáâ¢ãî-
é¥£® ª®­æ  ¯à®¬¥�ãâª , â. ¥. ¯à®¬¥�ãâ®ª 〈a, b〉 ¬®�¥â ¡ëâì «î¡ë¬ ¨§ ç¥âëà¥å

¢®§¬®�­ëå.
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á® á¢®¨¬¨ ¯à®¨§¢®¤­ë¬¨ ¤® n-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì­® ¨ â ª ï,

çâ® ¯®¤áâ ­®¢ª  íâ®© äã­ªæ¨¨ y = ϕ(x) ¢ ãà ¢­¥­¨¥ (1) ®¡à é ¥â
¥£® ¢ â®�¤¥áâ¢® ®â­®á¨â¥«ì­® x ­  〈a, b〉, â. ¥. ¤«ï «î¡®£® x ∈ 〈a, b〉
¢ë¯®«­ï¥âáï à ¢¥­áâ¢®

F
(

x, ϕ(x), ϕ′
(x), ϕ′′

(x), . . . , ϕ(n)(x)
)

= 0.

� íâ®¬ ®¯à¥¤¥«¥­¨¨ ¢¥«¨ç¨­ë a ¨ b ¬®£ãâ ¯à¨­¨¬ âì ¨ ­¥á®¡-

áâ¢¥­­ë¥ §­ ç¥­¨ï −∞ ¨ +∞ á®®â¢¥âáâ¢¥­­®.

Ǳà¨¬¥à 1. Ǳà®¢¥à¨âì çâ® äã­ªæ¨ï y = sinx + 
osx ï¢«ï¥âáï

à¥è¥­¨¥¬ ãà ¢­¥­¨ï y′′ + y = 0 ­  ¨­â¥à¢ «¥ (−∞,+∞).

� ¥ è ¥ ­ ¨ ¥. �¨ää¥à¥­æ¨àãï äã­ªæ¨î y = sinx+
osx ¤¢ �¤ë,
¯®«ãç ¥¬

y′ = 
osx− sinx, y′′ = − sinx− 
osx.

Ǳ®¤áâ ¢«ïï ¢ëà �¥­¨ï y ¨ y′′ ¢ ¨áå®¤­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-
­¥­¨¥, ¨¬¥¥¬

− sinx− 
osx+ sinx+ 
osx = 0

¤«ï «î¡®£® x ¨§ ¨­â¥à¢ «  (−∞,+∞). �â® ¨ ¤®ª §ë¢ ¥â, çâ®

äã­ªæ¨ï y = sinx+ 
osx ¥áâì à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-

­¥­¨ï y′′ + y = 0. �

Ǳà®æ¥áá ­ å®�¤¥­¨ï à¥è¥­¨© ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

­ §ë¢ ¥âáï ¨­â¥£à¨à®¢ ­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï.

�à ä¨ª à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ­ §ë¢ ¥âáï

¨­â¥£à «ì­®© ªà¨¢®© íâ®£® ãà ¢­¥­¨ï.

�¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª  ¨¬¥¥â

¢¨¤: ¢ ®¡é¥© ä®à¬¥

F (x, y, y′) = 0, (2)

¢ ­®à¬ «ì­®© ä®à¬¥

y′ = f(x, y), (3)

£¤¥ ¯à®¨§¢®¤­ ï ¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ª ª ®â­®è¥­¨¥ ¤¨ää¥-

à¥­æ¨ «®¢:

dy

dx
= f(x, y). (4)

� ª ª ª á â®çª¨ §à¥­¨ï £¥®¬¥âà¨¨ ª®®à¤¨­ âë x ¨ y à ¢­®¯à ¢-
­ë, â® ­ àï¤ã á ãà ¢­¥­¨¥¬

dy
dx = f(x, y) ¡ã¤¥¬ à áá¬ âà¨¢ âì ¯à¨

f(x, y) 6= 0 ãà ¢­¥­¨¥

dx

dy
=

1

f(x, y)
. (5)
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� áâ® ¢áâà¥ç ¥âáï ¨ â ª ï § ¯¨áì ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-

­¨ï ¯¥à¢®£® ¯®àï¤ª :

M(x, y)dx+N(x, y)dy = 0. (6)

� ¯à®áâ¥©è¥¬ á«ãç ¥, ª®£¤  ¯à ¢ ï ç áâì ãà ¢­¥­¨ï (3) ­¥ á®-

¤¥à�¨â y, ¯®«ãç ¥âáï ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

y′ = f(x). (7)

�áï á®¢®ªã¯­®áâì à¥è¥­¨© ãà ¢­¥­¨ï (7) ¤ ¥âáï ä®à¬ã«®©

y =

∫

.
f(x)dx + C, (8)

£¤¥

∫

. ®§­ ç ¥â ä¨ªá¨à®¢ ­­ãî ¯¥à¢®®¡à §­ãî,   C | ¯à®¨§¢®«ì-

­ãî ¯®áâ®ï­­ãî.

�®à¬ã«  (8) § ¤ ¥â á¥¬¥©áâ¢® à¥è¥­¨© ãà ¢­¥­¨ï (7), á®¤¥à-

� é¥¥ ¯à®¨§¢®«ì­ãî ¯®áâ®ï­­ãî, ¨ ­ §ë¢ ¥âáï ®¡é¨¬ à¥è¥­¨¥¬

¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (7).

�á«¨ f(x) | ­¥¯à¥àë¢­ ï ­  ­¥ª®â®à®¬ ¨­â¥à¢ «¥ (a, b) äã­ª-
æ¨ï ¨ â®çª  x = x

0

¯à¨­ ¤«¥�¨â ¥¬ã, â® ¤«ï «î¡®£® ¢¥é¥áâ¢¥­­®£®

§­ ç¥­¨ï y
0

¬®�­® ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (7), ã¤®¢«¥â¢®àïî-

é¥¥ ­ ç «ì­®¬ã ãá«®¢¨î, ¨«¨ ãá«®¢¨î �®è¨*,

y(x
0

) = y
0

, (9)

£¤¥ y
0

| § ¤ ­­®¥ ç¨á«®,   ¨¬¥­­®

y =

x
∫

x
0

f(t)dt+ y
0

. (10)

� ç «ì­®© § ¤ ç¥© (§ ¤ ç¥© �®è¨) ¤«ï ãà ¢­¥­¨ï ¯¥à¢®£® ¯®àï¤-

ª  (3) ­ §ë¢ îâ § ¤ çã ­ å®�¤¥­¨ï à¥è¥­¨ï y = y(x), ã¤®¢«¥â¢®-
àïîé¥£® ¤®¯®«­¨â¥«ì­® ­ ç «ì­®¬ã ãá«®¢¨î y(x

0

) = y
0

(

¤àã£ ï

§ ¯¨áì y
∣

∣

x=x
0

= y
0

)

.

* �.�. �®è¨ (A.L. Cau
hy, 1789|1857) | äà ­æã§áª¨© ¬ â¥¬ â¨ª.
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�¥®¬¥âà¨ç¥áª¨ íâ® ®§­ ç ¥â, çâ® ¨é¥âáï ¨­â¥£à «ì­ ï ªà¨¢ ï,

¯à®å®¤ïé ï ç¥à¥§ § ¤ ­­ãî â®çªã M
0

(x
0

, y
0

) ¯«®áª®áâ¨ Oxy.
1. �¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï

­ ç «ì­®© § ¤ ç¨. Ǳãáâì ¤ ­® ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′ = f(x, y), £¤¥ äã­ªæ¨ï f(x, y) ®¯à¥¤¥«¥­  ¢ ­¥ª®â®à®© ®¡« áâ¨ D
¯«®áª®áâ¨ Oxy, á®¤¥à� é¥© â®çªã (x

0

, y
0

). �á«¨ äã­ªæ¨ï f(x, y)
ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬:

 ) f(x, y) ¥áâì ­¥¯à¥àë¢­ ï äã­ªæ¨ï ¤¢ãå ¯¥à¥¬¥­­ëå x ¨ y ¢

®¡« áâ¨ D;
¡) f(x, y) ¨¬¥¥â ç áâ­ãî ¯à®¨§¢®¤­ãî

∂f
∂y , ®£à ­¨ç¥­­ãî ¢

®¡« áâ¨ D,
â® ­ ©¤¥âáï ¨­â¥à¢ « (x

0

−h, x
0

+h), ­  ª®â®à®¬ áãé¥áâ¢ã¥â

¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ y = ϕ(x) ¤ ­­®£® ãà ¢­¥­¨ï, ã¤®¢«¥â¢®àï-

îé¥¥ ãá«®¢¨î ϕ(x
0

) = y
0

(

â¥®à¥¬  ¤®ª § ­  ¢ ¬®­®£à ä¨¨ [4℄

)

.

�¥®à¥¬  ¤ ¥â ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¥¤¨­áâ¢¥­­®-

£® à¥è¥­¨ï ­ ç «ì­®© § ¤ ç¨ ¤«ï ãà ¢­¥­¨ï y′ = f(x, y), ­® íâ¨

ãá«®¢¨ï ­¥ ï¢«ïîâáï ­¥®¡å®¤¨¬ë¬¨ [7℄.

�¡é¨¬ à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (3) ­ §ë¢ ¥âáï

äã­ªæ¨ï

y = ϕ(x,C), (11)

§ ¢¨áïé ï ®â ®¤­®© ¯à®¨§¢®«ì­®© ¯®áâ®ï­­®© C ¨ â ª ï, çâ®:

1) ®­  ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î (3) ¯à¨ «î¡ëå ¤®¯ãáâ¨¬ëå §­ -

ç¥­¨ïå ¯¥à¥¬¥­­®© C; 2) ª ª®¢® ¡ë ­¨ ¡ë«® ­ ç «ì­®¥ ãá«®-

¢¨¥ (9), ¬®�­® ¯®¤®¡à âì â ª®¥ §­ ç¥­¨¥ C
0

¯®áâ®ï­­®© C, çâ®
à¥è¥­¨¥ y = ϕ(x,C

0

) ¡ã¤¥â ã¤®¢«¥â¢®àïâì § ¤ ­­®¬ã ãá«®¢¨î (9),

â. ¥. ϕ(x
0

, C
0

) = y
0

. Ǳà¨ íâ®¬ ¯à¥¤¯®« £ ¥âáï, çâ® â®çª  (x
0

, y
0

)

¯à¨­ ¤«¥�¨â ®¡« áâ¨, £¤¥ ¢ë¯®«­ïîâáï ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¨

¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï.

� áâ­ë¬ à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (3) ­ §ë¢ -

¥âáï à¥è¥­¨¥, ¯®«ãç¥­­®¥ ¨§ ®¡é¥£® à¥è¥­¨ï (11) ¯à¨ ª ª®¬-«¨¡®

®¯à¥¤¥«¥­­®¬ §­ ç¥­¨¨ ¯à®¨§¢®«ì­®© ¯®áâ®ï­­®© C (¢ª«îç ï ¨

C = +∞, C = −∞).

�¥®¬¥âà¨ç¥áª ï ¨­â¥à¯à¥â æ¨ï íâ®£® ®¯à¥¤¥«¥­¨ï á®áâ®¨â ¢

â®¬, çâ® ®¡é¥¥ à¥è¥­¨¥ (11) ®¯à¥¤¥«ï¥â, ª ª ¨ ®¡é¥¥ à¥è¥­¨¥ (8)

¢ á«ãç ¥ ãà ¢­¥­¨ï (7), á¥¬¥©áâ¢® ¨­â¥£à «ì­ëå ªà¨¢ëå ãà ¢­¥-

­¨ï (3). � ª®¥ á¥¬¥©áâ¢® ¬®�¥â ®¯à¥¤¥«ïâìáï ¨ ãà ¢­¥­¨¥¬, § ¤ -

îé¨¬ ­¥ï¢­ãî äã­ªæ¨î, ¢¨¤ 

�(x, y, C) = 0 ¨«¨, ¢ ç áâ­®áâ¨, ψ(x, y) = C, (12)
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â. ¥. ®¡é¨¬ ¨­â¥£à «®¬* ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï.

Ǳà¨¬¥à 2. Ǳà®¢¥à¨âì, çâ® äã­ªæ¨ï y = Ce−x
¥áâì ®¡é¥¥ à¥-

è¥­¨¥ ãà ¢­¥­¨ï y′ + y = 0, ¨ ­ ©â¨ ç áâ­®¥ à¥è¥­¨¥, ã¤®¢«¥â¢®-

àïîé¥¥ ­ ç «ì­®¬ã ãá«®¢¨î y
∣

∣

x=0

= 2.

� ¥ è ¥ ­ ¨ ¥. �¬¥¥¬ y′ = −Ce−x
. Ǳ®¤áâ ¢«ïï ¢ ¤ ­­®¥ ãà ¢­¥-

­¨¥ ¢ëà �¥­¨ï y ¨ y′, ¯®«ãç ¥¬ −Ce−x
+Ce−x ≡ 0, â. ¥. äã­ªæ¨ï

y = Ce−x
ï¢«ï¥âáï à¥è¥­¨¥¬ ¤ ­­®£® ãà ¢­¥­¨ï ¯à¨ «î¡ëå §­ -

ç¥­¨ïå ¯®áâ®ï­­®© C.
� ¤ ¤¨¬ ¯à®¨§¢®«ì­®¥ ­ ç «ì­®¥ ãá«®¢¨¥ y

∣

∣

x=x
0

= y
0

. Ǳ®¤-

áâ ¢¨¢ x
0

¨ y
0

¢¬¥áâ® x ¨ y ¢ äã­ªæ¨î y = Ce−x
, ¡ã¤¥¬ ¨¬¥âì

C = y
0

ex0 . �«¥¤®¢ â¥«ì­®, äã­ªæ¨ï y = y
0

ex0−x
ã¤®¢«¥â¢®àï¥â

­ ç «ì­®¬ã ãá«®¢¨î,   äã­ªæ¨ï y = Ce−x
¥áâì ®¡é¥¥ à¥è¥­¨¥

¤ ­­®£® ãà ¢­¥­¨ï.

Ǳà¨ x
0

= 0, y
0

= 2 ­ å®¤¨¬ ç áâ­®¥ à¥è¥­¨¥ y = 2e−x
.

y

M
0

2

xO

�¨á. 1.

Ǳ®«ãç¥­­®¥ ®¡é¥¥ à¥è¥­¨¥ ®¯à¥¤¥«ï¥â á¥¬¥©áâ¢® ¨­â¥£à «ì-

­ëå ªà¨¢ëå, ª®â®àë¬¨ ï¢«ïîâáï £à ä¨ª¨ ¯®ª § â¥«ì­ëå äã­ª-

æ¨© (à¨á. 1, y = 0 | â®�¥ ¨­â¥£à «ì­ ï ªà¨¢ ï!). �áª®¬®¥ ç áâ-

* �¡é¥¥ à¥è¥­¨¥ | ç áâ­ë© á«ãç © ®¡é¥£® ¨­â¥£à « .
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­®¥ à¥è¥­¨¥ ¥áâì ¨­â¥£à «ì­ ï ªà¨¢ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã

M
0

(0, 2). �

Ǳà¨¬¥à 3. �®áâ ¢¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á¥¬¥©áâ¢ 

ªà¨¢ëå

x2 + Cy2 = 2y. (13)

� ¥ è ¥ ­ ¨ ¥. �¨ää¥à¥­æ¨àã¥¬ ãà ¢­¥­¨¥ (13) ¯® x, áç¨â ï y
äã­ªæ¨¥© ®â x:

2x+ 2Cyy′ = 2y′,

  § â¥¬ ¨§ ¯®«ãç¥­­®£® ãà ¢­¥­¨ï ¨ ãà ¢­¥­¨ï (13) ¨áª«îç ¥¬

¯à®¨§¢®«ì­ãî ¯®áâ®ï­­ãî C:

C =

2y − x2

y2
⇒ 2x+ 2y

2y− x2

y2
y′ = 2y′ ⇒

⇒ xy +
(

2y − x2
)

y′ = yy′ ⇒

⇒
(

y − x2
)

y′ + xy = 0. (14)

�¤­®¢à¥¬¥­­® ¯®ª § ­®, çâ®  «£¥¡à ¨ç¥áª®¥ ãà ¢­¥­¨¥ (13) ï¢«ï-

¥âáï ®¡é¨¬ ¨­â¥£à «®¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (14). �

�¥ á«¥¤ã¥â ¤ã¬ âì, çâ® à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

¬®�¥â ¡ëâì ¯à¥¤áâ ¢«¥­® â®«ìª® ®¤­¨¬ à ¢¥­áâ¢®¬ �(x, y, C) = 0.

�¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥  ­ «®£¨ç­® ­¥¤¨ää¥à¥­æ¨ «ì­®¬ã

¬®�¥â ¨¬¥âì ­¥áª®«ìª® ¢ à¨ ­â®¢ à¥è¥­¨©. Ǳà¨ç¥¬, ª ª ¯®ª -

§ë¢ ¥â á«¥¤ãîé¨© ¯à¨¬¥à, ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï, ¢

®â«¨ç¨¥ ®â ­¥¤¨ää¥à¥­æ¨ «ì­®£®, ¢®§¬®�­ë à¥è¥­¨ï, ï¢«ïîé¨-

¥áï ª®¬¡¨­ æ¨¥© ¯®«ãç¥­­ëå ¤àã£¨å à¥è¥­¨©.

Ǳà¨¬¥à 4. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′ (y′ − 2x) = 0.

� ¥ è ¥ ­ ¨ ¥.

y′ (y′ − 2x) = 0 ⇔
[

y′ = 0,

y′ = 2x.

�®®â­®è¥­¨¥ y′ = 0 ®§­ ç ¥â, çâ®

y = C, C = 
onst,
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ï¢«ï¥âáï à¥è¥­¨¥¬,   ¨§ á®®â­®è¥­¨ï y′ = 2x á«¥¤ã¥â, çâ® ¢â®à®¥

à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

y = x2 + C.

�¤­ ª® áãé¥áâ¢ãîâ ¨ ¤àã£¨¥ à¥è¥­¨ï íâ®£® ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

y =

{

C, ¥á«¨ x 6 0,

x2 + C, ¥á«¨ x > 0,

¨

y =

{

x2 + C, ¥á«¨ x 6 0,

C, ¥á«¨ x > 0,

¯®áª®«ìªã, ¢®-¯¥à¢ëå, ãª § ­­ë¥ äã­ªæ¨¨ ã¤®¢«¥â¢®àïîâ ¤¨ää¥-

à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î,   ¢®-¢â®àëå, ¯à¨ x = 0 äã­ªæ¨¨ y = C ¨

y = x2 + C ¨¬¥îâ à ¢­ë¥ ¯à®¨§¢®¤­ë¥ ¨, á«¥¤®¢ â¥«ì­®, à¥è¥­¨ï

á®áâ ¢«¥­­ë¥ ¨§ ­¨å, ¤¨ää¥à¥­æ¨àã¥¬ë. �

� § ¤ ç å 1|5 á®áâ ¢¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¤ ­­ëå

á¥¬¥©áâ¢ «¨­¨©:

1. y = Cx3.
2. y = sin(x+ C).
3. y(y − 2x)3 = C(y − x)2.

4. x+ y − 1 = Ce
2x+2

x+y−1

.

5. y = Cx− C − C2

.

§2. Ǳ®«¥ ­ ¯à ¢«¥­¨©, ¨§®ª«¨­ë

�¥è¥­¨¥ ãà ¢­¥­¨ï (3), ª®â®à®¬ã á®®â¢¥âáâ¢ã¥â ¨­â¥£à «ì­ ï

ªà¨¢ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã (x, y), ¤®«�­® ¨¬¥âì ¢ â®çª¥ x
¯à®¨§¢®¤­ãî y′ = f(x, y), â. ¥. íâ  ¨­â¥£à «ì­ ï ªà¨¢ ï ¤®«�­ 

ª á âìáï ¯àï¬®©, ­ ª«®­¥­­®© ¯®¤ ã£«®¬ α = ar
tgf(x, y) ª ®á¨ Ox
(à¨á. 2).

�«¥¤®¢ â¥«ì­®, ­ ¯à ¢«¥­¨¥ ª á â¥«ì­ëå ª ¨­â¥£à «ì­ë¬ ªà¨-

¢ë¬ § ¤ ¥âáï á ¬¨¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬.

Ǳà®¢¥¤ï ¢ ª �¤®© â®çª¥ (x, y) ¨§ ®¡« áâ¨ § ¤ ­¨ï äã­ªæ¨¨

f(x, y) ®âà¥§®ª á æ¥­âà®¬ ¢ íâ®© â®çª¥, ®¡à §ãîé¨© á ¯®«®�¨â¥«ì-

­ë¬ ­ ¯à ¢«¥­¨¥¬ ®á¨ Ox ã£®« α, £¤¥ tgα = f(x, y), ¯®«ãç¨¬ â ª

­ §ë¢ ¥¬®¥ ¯®«¥ ­ ¯à ¢«¥­¨©. �  à¨á. 3 ¯®ª § ­® ¯®«¥ ­ ¯à ¢«¥-

­¨© ãà ¢­¥­¨ï y′ = x− y2.
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�á«¨ ¢ â®çª¥ (x
0

, y
0

) ¯à ¢ ï ç áâì ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-

­¨ï (3) ®¡à é ¥âáï ¢ ¡¥áª®­¥ç­®áâì, â® ¢ íâ®© â®çª¥ ­ ¯à ¢«¥­¨¥

¯®«ï ¯ à ««¥«ì­® ®á¨ Oy. � íâ®¬ á«ãç ¥ ¬®�­® à áá¬ âà¨¢ âì

"¯¥à¥¢¥à­ãâ®¥" ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (5).

y yy = ϕ(x)

My

α
O x x

O x

�¨á. 2. �¨á. 3.

�­®�¥áâ¢® â®ç¥ª ¯«®áª®áâ¨ (x, y), ¢ ª®â®àëå ­ ª«®­ ª á -

â¥«ì­ëå ª à¥è¥­¨ï¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï y′ = f(x, y)
®¤¨­ ¨ â®â �¥, ­ §ë¢ ¥âáï ¨§®ª«¨­®©. �à ¢­¥­¨¥ ¨§®ª«¨­ë ¨¬¥-

¥â ¢¨¤ f(x, y) = k, £¤¥ k | ¯®áâ®ï­­ ï.

�â®¡ë ¯à¨¡«¨�¥­­® ¯®áâà®¨âì à¥è¥­¨¥ ãà ¢­¥­¨ï (3), ¬®�-

­® ­ ç¥àâ¨âì ¤®áâ â®ç­®¥ ç¨á«® ¨§®ª«¨­,   § â¥¬ ¯à®¢¥áâ¨ ªà¨-

¢ë¥, ª®â®àë¥ ¢ â®çª å ¯¥à¥á¥ç¥­¨ï á ¨§®ª«¨­ ¬¨ f(x, y) = k
1

,
f(x, y) = k

2

, . . . ¨¬¥îâ ª á â¥«ì­ë¥ á ã£«®¢ë¬¨ ª®íää¨æ¨¥­â -

¬¨ k
1

, k
2

, . . . á®®â¢¥âáâ¢¥­­®.
Ǳà¨¬¥à 5. � ¯®¬®éìî ¨§®ª«¨­ ¯®áâà®¨âì ¯à¨¡«¨�¥­­® ¨­â¥-

£à «ì­ë¥ ªà¨¢ë¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

y′ = y − x2. (15)

� ¥ è ¥ ­ ¨ ¥. �«ï ¯®«ãç¥­¨ï ãà ¢­¥­¨ï ¨§®ª«¨­ ¯®«®�¨¬

y′ = k, k = 
onst. �¬¥¥¬

y − x2 = k ⇔ y = x2 + k.

� ª¨¬ ®¡à §®¬, ¨§®ª«¨­ ¬¨ ï¢«ïîâáï ¯ à ¡®«ë, ¤«ï ª®â®àëå

®áì Oy ï¢«ï¥âáï ®áìî á¨¬¬¥âà¨¨. �à¥¤¨ ¨§®ª«¨­ ®âáãâáâ¢ãîâ

12



¨­â¥£à «ì­ë¥ ªà¨¢ë¥, â ª ª ª ¥á«¨ ¯®¤áâ ¢¨âì ¢ ãà ¢­¥­¨¥ (15)

y = x2 + k ¨ y′ = 2x, â® ¡ã¤¥¬ ¨¬¥âì

2x = x2 + k − x2 ⇔ 2x = k.

�® ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ­¨ ¯à¨ ª ª®¬ §­ ç¥­¨¨ k ­¥ ¬®�¥â ¢ë-
¯®«­ïâìáï â®�¤¥áâ¢¥­­® ®â­®á¨â¥«ì­® x.

Ǳãáâì k = 0. �®£¤  ¢ â®çª å ¯¥à¥á¥ç¥­¨ï á ¨§®ª«¨­®© y = x2

¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ¡ã¤ãâ ¨¬¥âì £®à¨§®­â «ì­ë¥ ª á â¥«ì­ë¥.

�§®ª«¨­ , ®¯à¥¤¥«ï¥¬ ï ãá«®¢¨¥¬ k = 0, â. ¥. ¯ à ¡®«  y = x2,
à §¡¨¢ ¥â ¯«®áª®áâì Oxy ­  ¤¢¥ ç áâ¨: ¢ ®¤­®© ¨§ ­¨å y′ > 0

(à¥è¥­¨ï y ¢®§à áâ îâ),   ¢ ¤àã£®© y′ < 0 (à¥è¥­¨ï y ã¡ë¢ îâ).

� â ª ª ª íâ  ¨§®ª«¨­  ­¥ ï¢«ï¥âáï ¨­â¥£à «ì­®© ªà¨¢®©, â® ­ 

­¥© ­ å®¤ïâáï â®çª¨ íªáâà¥¬ã¬®¢ ¨­â¥£à «ì­ëå ªà¨¢ëå,   ¨¬¥­­®:

­  â®© ç áâ¨ ¯ à ¡®«ë y = x2, £¤¥ x < 0, | â®çª¨ ¬¨­¨¬ã¬ , ¨ ­ 

¤àã£®© ç áâ¨ íâ®© ¯ à ¡®«ë, £¤¥ x > 0, | â®çª¨ ¬ ªá¨¬ã¬  (â¨¯

íªáâà¥¬ã¬  ®¯à¥¤¥«ï¥âáï ¯® ¡«¨§«¥� é¨¬ ¨§®ª«¨­ ¬).

� â®çª å ¨§®ª«¨­, ®¯à¥¤¥«ï¥¬ëå à ¢¥­áâ¢ ¬¨ k = 1, â. ¥.

y = x2 +1, ¨ k = −1, â. ¥. y = x2 − 1, ª á â¥«ì­ë¥ ª ¨­â¥£à «ì­ë¬

ªà¨¢ë¬ ¨¬¥îâ ã£«®¢ë¥ ª®íää¨æ¨¥­âë, à ¢­ë¥ 1 ¨ (−1) á®®â¢¥â-
áâ¢¥­­®.

�«ï ¨áá«¥¤®¢ ­¨ï ­ ¯à ¢«¥­¨ï ¢®£­ãâ®áâ¨ ¨­â¥£à «ì­ëå ªà¨-

¢ëå ­ ©¤¥¬ ¢â®àãî ¯à®¨§¢®¤­ãî. �¬¥¥¬

y′′ =
(

y − x2
)′
= y′ − 2x = y − x2 − 2x.

�â  ¯à®¨§¢®¤­ ï ®¡à é ¥âáï ¢ ­ã«ì â®«ìª® ¢ â®çª å, «¥� é¨å ­ 

¯ à ¡®«¥ y = x2 + 2x. � â®çª å ¯«®áª®áâ¨ Oxy, ª®®à¤¨­ âë ª®-

â®àëå ã¤®¢«¥â¢®àïîâ ãá«®¢¨î y < x2 + 2x, ¨­â¥£à «ì­ë¥ ªà¨¢ë¥
¢ë¯ãª«ë (y′′ < 0),   ¢ â®çª å, £¤¥ y > x2, ®­¨ ¢®£­ãâë (y′′ > 0).

�®çª¨ ¯¥à¥á¥ç¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå á ¯ à ¡®«®© y = x2 + 2x
ï¢«ïîâáï â®çª ¬¨ ¯¥à¥£¨¡  íâ¨å ªà¨¢ëå. � ç áâ­®áâ¨, ¨­â¥£à «ì-

­ ï ªà¨¢ ï, ¯à®å®¤ïé ï ç¥à¥§ â®çªã (0, 0), â. ¥. ç¥à¥§ ¢¥àè¨­ã

¯ à ¡®«ë y = x2, ¢ íâ®© â®çª¥ ­¥ ¨¬¥¥â íªáâà¥¬ã¬ , â ª ª ª â®çª 
(0, 0) «¥�¨â ¨ ­  ¯ à ¡®«¥ y = x2 + 2x.

Ǳà ¢ ï ç áâì f(x, y) = y−x2 ¨áå®¤­®£® ãà ¢­¥­¨ï ¢® ¢á¥å â®çª å
¯«®áª®áâ¨ Oxy ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï

¨ ¥¤¨­áâ¢¥­­®áâ¨, ¯®íâ®¬ã ç¥à¥§ ª �¤ãî â®çªã ¯«®áª®áâ¨ ¯à®å®-

¤¨â ¥¤¨­áâ¢¥­­ ï ¨­â¥£à «ì­ ï ªà¨¢ ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-

­¥­¨ï.

13



Ǳ®«ãç¥­­ë¥ ¤ ­­ë¥ ¯®§¢®«ïîâ ¯à¨¡«¨�¥­­® ¯®áâà®¨âì á¥¬¥©-

áâ¢® ¨­â¥£à «ì­ëå ªà¨¢ëå ¤ ­­®£® ãà ¢­¥­¨ï. �  à¨á. 4 (§ 5)

®â¬¥ç¥­ë ª á â¥«ì­ë¥ ª ¨­â¥£à «ì­ë¬ ªà¨¢ë¬ ¢ â®çª å ¯¥à¥á¥-

ç¥­¨ï á ¨§®ª«¨­ ¬¨, á®®â¢¥âáâ¢ãîé¨¬¨ k = −2, −1, 0, 1, 2. �à ¢-
­¨â¥ íâ®â à¨áã­®ª á à¨á. 6, ­  ª®â®à®¬ ­¥¯®áà¥¤áâ¢¥­­® ¯®ª § ­ë

¨­â¥£à «ì­ë¥ ªà¨¢ë¥, ¯®«ãç¥­­ë¥ ¢ ¯à¨¬¥à¥ 9 á ¯®¬®éìî ®¡é¥£®

à¥è¥­¨ï. �

y

xO

2

1

0

−1

k = −2

�¨á. 4.

� § ¤ ç å 6|10 á ¯®¬®éìî ¨§®ª«¨­ ¯®áâà®¨âì ¯à¨¡«¨�¥­­®

¨­â¥£à «ì­ë¥ ªà¨¢ë¥ á«¥¤ãîé¨å ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

6. y′ = x+ y.

7. y′ =
y

x
.

8. y′ = 
os(x− y).
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9. y′ = x2 + 2x− y.

10. y′ =
x+ y

x− y
.

§3. �à ¢­¥­¨ï á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

�¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï á à §¤¥«ïîé¨¬¨áï (®â¤¥«ïîé¨-

¬¨áï*) ¯¥à¥¬¥­­ë¬¨ ¬®£ãâ ¡ëâì § ¯¨á ­ë ¢ ¢¨¤¥

y′ = f(x)g(y), (16)

  â ª�¥ ¢ ¢¨¤¥

M
1

(x)M
2

(y)dx +N
1

(x)N
2

(y)dy = 0. (17)

�¬­®� ï ãà ¢­¥­¨¥ (16) ­ 

dx
g(y) ,   ãà ¢­¥­¨¥ (17) | ­ 

1

M
2

(y)N
1

(x) ,

¯®«ãç ¥¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

dy

g(y)
= f(x)dx, ¨«¨

M
1

(x)

N
1

(x)
dx+

N
2

(y)

M
2

(y)
dy = 0, (18)

â ª çâ® ª®íää¨æ¨¥­â ¯à¨ dx ¡ã¤¥â § ¢¨á¥âì â®«ìª® ®â x,   ª®íä-
ä¨æ¨¥­â ¯à¨ dy | â®«ìª® ®â y.

�¡  ãà ¢­¥­¨ï (18) ­ §ë¢ îâáï ¤¨ää¥à¥­æ¨ «ì­ë¬¨ ãà ¢­¥­¨-

ï¬¨ á à §¤¥«¥­­ë¬¨ ¯¥à¥¬¥­­ë¬¨,   á¯®á®¡ ¯à¨¢¥¤¥­¨ï ãà ¢­¥-

­¨© (16) ¨ (17) ª ¢¨¤ã (18) ­ §ë¢ ¥âáï à §¤¥«¥­¨¥¬ (®â¤¥«¥­¨-

¥¬) ¯¥à¥¬¥­­ëå. �¡é¨¬ ¨­â¥£à «®¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-

­¨ï (17)

(

  â ª�¥ (18)

)

ï¢«ï¥âáï à ¢¥­áâ¢®

∫

.
M

1

(x)

N
1

(x)
dx+

∫

.
N

2

(y)

M
2

(y)
dy = C, (19)

£¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

�á«¨ ¢ ãà ¢­¥­¨¨ (19) ¢ë¯®«­¨¬ ª¢ ¤à âãàë (â. ¥. ¢ëç¨á«¨¬

¨­â¥£à «ë) ¨ à¥è¨¬ ¥£® ®â­®á¨â¥«ì­® y, â® ¯®«ãç¨¬ ãà ¢­¥­¨¥

á¥¬¥©áâ¢  ¨­â¥£à «ì­ëå ªà¨¢ëå ¢ ï¢­®© ä®à¬¥ (®¡é¥¥ à¥è¥­¨¥)

y = ϕ(x,C).

* � á®¢à¥¬¥­­®© «¨â¥à âãà¥ ¨á¯®«ì§ã¥âáï â¥à¬¨­ "á à §¤¥«ïîé¨¬¨áï ¯¥-

à¥¬¥­­ë¬¨". � ª« áá¨ç¥áª¨å ãç¥¡­¨ª å, ­ ¯à¨¬¥à [3], ã¯®âà¥¡«ï«áï ¡®«¥¥

â®ç­ë© â¥à¬¨­ | "á ®â¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨".
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Ǳà¨ ¤¥«¥­¨¨ ®¡¥¨å ç áâ¥© ãà ¢­¥­¨ï ­  ¢ëà �¥­¨¥, á®¤¥à� -

é¥¥ x ¨ y, ¢®§¬®�­  ¯®â¥àï à¥è¥­¨©, ®¡à é îé¨å íâ® ¢ëà �¥­¨¥
¢ ­ã«ì.

Ǳà¨¬¥à 6. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

x dy = 2y dx (20)

¨ ¢ë¤¥«¨âì à¥è¥­¨¥, ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­®¬ã ãá«®¢¨î

y(1) = 3. (21)

y

3

xO 1

�¨á. 5.

� ¥ è ¥ ­ ¨ ¥. � §¤¥«ï¥¬ ¯¥à¥¬¥­­ë¥, ¤¥«ï ®¡¥ ç áâ¨ ­  xy:

dy

y
= 2

dx

x
.

�­â¥£à¨àãï, ¯®«ãç ¥¬

ln |y| = 2 ln |x|+ C
1

¨«¨ |y| = eC1x2.

�á«¨ ®¡®§­ ç¨âì C = ±eC1

, â® ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¬®�­® § -

¯¨á âì ª®à®ç¥:

y = Cx2. (22)

�¤¥áì C 6= 0. Ǳà¨ ¤¥«¥­¨¨ ­  xy ¬®£«¨ ¡ëâì ¯®â¥àï­ë à¥è¥-

­¨ï x = 0 ¨ y = 0. Ǳ®¤áâ ¢«ïï ¨å ¢ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-
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­¥­¨¥ (20), ¢¨¤¨¬, çâ® ®­¨ ¤¥©áâ¢¨â¥«ì­® ï¢«ïîâáï à¥è¥­¨ï¬¨

ãà ¢­¥­¨ï (20). �® ®¡  íâ¨ à¥è¥­¨ï á®¤¥à� âáï ¨ ¢ ä®à¬ã«¥ (22):

¢â®à®¥ ¨§ ­¨å, y = 0, ¯®«ãç ¥âáï ¯à¨ C = 0

(

¥á«¨ ªà®¬¥ C = ±eC1

¤®¯ãáâ¨âì ¥é¥ ¨ §­ ç¥­¨¥ C = 0

)

. �â®¡ë ¯®«ãç¨âì ¯¥à¢®¥, x = 0,

®¡¥ ç áâ¨ ä®à¬ã«ë (22) á«¥¤ã¥â à §¤¥«¨âì ­  C ¨ § â¥¬ ¯®«®�¨âì

C =∞.

�¥è¨¬ â¥¯¥àì ­ ç «ì­ãî § ¤ çã (20), (21). Ǳ®«®�¨¬ x = 1,

y = 3 ¢ ä®à¬ã«¥ (22). �®£¤  C = 3, ¨ ¨§ (22) á«¥¤ã¥â y = 3x2

(à¨á. 5). �

Ǳà¨¬¥à 7. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′ = −2(x+ 1)y

x2
.

� ¥ è ¥ ­ ¨ ¥. � §¤¥«ï¥¬ ¯¥à¥¬¥­­ë¥, ¯à¥¤áâ ¢«ïï y′ = dy
dx ¨

ã¬­®� ï ®¡¥ ç áâ¨ ãà ¢­¥­¨ï ­ 

dx
y :

dy

y
=

(

− 2

x
− 2

x2

)

dx.

�­â¥£à¨àãï, ¯®«ãç ¥¬

ln |y| =
(

−2 ln |x| + 2

x

)

+ C
1

.

Ǳ®á«¥ ¯®â¥­æ¨à®¢ ­¨ï ¨¬¥¥¬

y =
Ce2/x

x2
,

£¤¥ C = ±eC1

. �¤¥áì C 6= 0. Ǳà¨ ¤¥«¥­¨¨ ­  y ¬®£«® ¡ëâì ¯®â¥àï­®
à¥è¥­¨¥ y = 0. Ǳ®¤áâ ¢«ïï ¥£® ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥, ¢¨¤¨¬, çâ®

â®�¤¥áâ¢¥­­ë© ­ã«ì | ¤¥©áâ¢¨â¥«ì­® à¥è¥­¨¥. �® íâ® à¥è¥­¨¥

â ª �¥ á®¤¥à�¨âáï ¢ ¯®«ãç¥­­®© ä®à¬ã«¥ ¯à¨ C = 0. �«¥¤®¢ -

â¥«ì­®, ¥á«¨ áç¨â âì ª®­áâ ­âã C «î¡®©, ­ ©¤¥­­®¥ ®¡é¥¥ à¥è¥-

­¨¥ á®¤¥à�¨â ¢á¥ à¥è¥­¨ï ¨áå®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-

­¨ï. �
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�¥è¨âì ­ ç «ì­ë¥ § ¤ ç¨:

11. xy dx+ (x+ 1)dy = 0; y(−1) = 5.

12.

√

y2 + 1 dx = xy dy; y(e) = 0.

13. y′ + y tgx = 2 tgx; y(0) = −1.
14. y′ = y ln2 y; y(0) = e.
15.

(

y2 + xy2
)

y′ + x2 = yx2; y(0) = 2.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
1

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¨© ¨­â¥£à « ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

1.1. y2dx− 2xy dy = 4y dy − dx.

1.2.

√

9− y2dx− 4 dy = x2dy.

1.3. y dy +
√

y2 + 4 dx = 2x2y dy.
1.4. y2dx− x dy = 2 dy − 4 dx.

1.5. x2dy = 2x
√

y2 + 4 dx− dy.

1.6.

√

9− y2 dx− 2 dy = x dy.
1.7. 2xy2dx− dy = x2dy − 8x dx.

1.8. dy =
√

y2 + 4 dx− x dy.

1.9. 2x
√

4− y2 dx− dy = x2dy.

1.10. x2dy =
√

y2 + 1 dx− 4 dy.
1.11. y2dx− 2y dy = 2xy dy − 4 dx.

1.12. 9 dy =
√

4− y2 dx− x2dy.

1.13. 2x2y dy =
√

y2 + 1 dx+ 8y dy.
1.14. 9 dx− x dy = dy − y2dx.

1.15. 2x
√

y2 + 1 dx− x2dy = 4 dy.

1.16. dy =
√

4− y2 dx− x dy.
1.17. 18x dx− x2dy = 4 dy − 2xy2dx.

1.18.

√

y2 + 1 dx− 2 dy = x dy.

1.19. 4 dy = 2x
√

9− y2 dx− x2dy.

1.20.

√

y2 + 4 dx− 9 dy = x2dy.
1.21. dy − 2xy dx = 4x dx− x2dy.
1.22. 4 dx =

√
9− x2 dy − y2dx.

1.23. 2xy2dx =
√
x2 + 4 dy + x dx.

1.24. 4 dy − y dx = 2 dx− x2dy.
1.25. dx = 2y

√
x2 + 4 dy − y2dx.

1.26. 2 dx =
√
9− x2 dy − y dx.

1.27. 8y dy − dx = y2dx− 2x2y dy.
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1.28.

√
x2 + 4 dy − dx = y dx.

1.29. dx = 2y
√
4− x2 dy − y2dx.

1.30. −y2dx +
√
x2 + 1 dy = 4 dx.

§4. �¤­®à®¤­ë¥ ãà ¢­¥­¨ï

�¤­®à®¤­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ­ §ë¢ ¥âáï ãà ¢-

­¥­¨¥ ¢¨¤ 

y′ = f
(y

x

)

. (23)

� â ª®¬ã ¢¨¤ã ¬®�¥â ¡ëâì ¯à¨¢¥¤¥­® ãà ¢­¥­¨¥ (6), ¥á«¨ äã­ª-

æ¨¨ M(x, y) ¨ N(x, y) ï¢«ïîâáï ®¤­®à®¤­ë¬¨ äã­ªæ¨ï¬¨ ®¤­®© ¨

â®© �¥ áâ¥¯¥­¨

(

äã­ªæ¨ï F (x, y) ­ §ë¢ ¥âáï ®¤­®à®¤­®© äã­ªæ¨¥©

áâ¥¯¥­¨ p, ¥á«¨ ¤«ï ¢á¥å k ¨¬¥¥¬ F (kx, ky) ≡ kpF (x, y); ­ ¯à¨¬¥à,
F (x, y) = x2 +2y2 − xy ¥áâì ®¤­®à®¤­ ï äã­ªæ¨ï ¢â®à®© áâ¥¯¥­¨

)

.

�¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (23) ¡ã¤¥¬ à¥è âì ¬¥â®¤®¬ § ¬¥-

­ë ¯¥à¥¬¥­­ëå. �¬¥­­®, ¢¬¥áâ® ­¥¨§¢¥áâ­®© äã­ªæ¨¨ y ¢¢¥¤¥¬

­¥¨§¢¥áâ­ãî äã­ªæ¨î z, ¯®«®�¨¢ z = y
x *.

Ǳ®¤áâ ¢«ïï ¢ ãà ¢­¥­¨¥ (23) y = zx, á ãç¥â®¬ â®£®, çâ® ¯® ¯à -

¢¨«ã ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯à®¨§¢¥¤¥­¨ï y′ = z′x+x′z = z′x+z, ¤«ï
­®¢®© ­¥¨§¢¥áâ­®© äã­ªæ¨¨ z ¯®«ãç¨¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥-

­¨¥

z′x+ z = f(z),

ª®â®à®¥ ï¢«ï¥âáï ãà ¢­¥­¨¥¬ á à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨

(á¬. §3).
Ǳà¨¬¥à 8. � ©â¨ ®¡é¨© ¨­â¥£à « ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-

­¥­¨ï

(

y2 + xy
)

dx− x2dy = 0. (24)

� ¥ è ¥ ­ ¨ ¥. �à ¢­¥­¨¥ ï¢«ï¥âáï ®¤­®à®¤­ë¬, â ª ª ª ¬­®�¨-

â¥«¨ ¯à¨ dx ¨ dy | ®¤­®à®¤­ë¥ äã­ªæ¨¨ ¢â®à®© áâ¥¯¥­¨. �¥«¥­¨-

¥¬ ­  x2dx ¯à¨ x 6= 0 ¯à¥®¡à §ã¥¬ ãà ¢­¥­¨¥ (24) ¢ ãà ¢­¥­¨¥ (23):

y′ =
( y

x

)

2

+

y

x
.

Ǳ®« £ ¥¬ §¤¥áì y = zx:

z′x+ z = z2 + z,

* �­®£¤  ¡ë¢ ¥â ã¤®¡­ë¬ äã­ªæ¨î z ¢¢¥áâ¨ â ª: z = x
y
.
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¨ à §¤¥«ï¥¬ ¯¥à¥¬¥­­ë¥:

dz

z2
=

dx

x
.

�­â¥£à¨àãï, ¯®«ãç ¥¬

−1

z
= ln |x|+ C.

�áâ «®áì á¤¥« âì ®¡à â­ãî § ¬¥­ã:

−x
y
= ln |x|+ C ¨«¨ y = − x

ln |x|+ C
.

Ǳ®«ãç¥­­ë¥ ¢ëà �¥­¨ï ¤ îâ ®¡é¨© ¨­â¥£à « ¨ ®¡é¥¥ à¥è¥­¨¥

¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (24) á®®â¢¥âáâ¢¥­­®. �¥è¥­¨¥ y ≡ 0

ï¢«ï¥âáï ç áâ­ë¬, â ª ª ª á®¤¥à�¨âáï ¢ ¯®á«¥¤­¥© ä®à¬ã«¥ ¯à¨

C = ±∞. �à®¬¥ â®£®, ¯à¨ C = +∞ ¬®�¥â ¡ëâì ¯®«ãç¥­® à¥è¥­¨¥

x = 0, ª®â®à®¥ â ª�¥ ï¢«ï¥âáï ç áâ­ë¬. �

� ©â¨ ®¡é¨© ¨­â¥£à « ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

16.

(

y2 − 2xy
)

dx+ x2dy = 0.

17. xy′ sin
( y

x

)

+ x = y sin
(y

x

)

.

18. xy′ − y = x tg
( y

x

)

.

19. xy′ =
√

x2 + y2 + y.
20. y3dy +

(

3y2x+ 2x3
)

dx = 0.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
2

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¨© ¨­â¥£à « ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

2.1. (2x− y)dy = (4x+ 2y)dx.
2.2.

(

x2 + 2xy + 3y2
)

dx = 2x(x+ y)dy.

2.3.

(

6y3 + 2x2y
)

dx =
(

5xy2 + x3
)

dy.

2.4. 2xy′ = 2y + x tg
2y

x
.

2.5. (x+ 3y)dx = (3x− y)dy.
2.6.

(

4x2 + 4xy + 3y2
)

dx =
(

4x2 + 2xy
)

dy.

2.7.

(

6y3 + 4x2y
)

dx =
(

5xy2 + 2x3
)

dy.
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2.8. xy′ = y + (2x+ y)
(

ln(2x+ y)− lnx
)

.

2.9. (6x− y)dy = (9x+ 6y)dx.
2.10.

(

2x2 + 4xy
)

dy =
(

x2 + 2xy + 5y2
)

dx.

2.11. 6y
(

x2 + y2
)

dx =
(

5xy2 + 3x3
)

dy.

2.12. xy′ =
√

9x2 − y2 + y.
2.13. (5x− y)dy = (x+ 5y)dx.
2.14.

(

4x2 + 6xy + 3y2
)

dx =
(

6x2 + 2xy
)

dy.

2.15. 2x2y′ = y2 + 5xy + 2x2.
2.16. (4x+ 4y)dx = (4x− y)dy.
2.17.

(

3x2 + 2xy
)

dy =
(

x2 + 3xy + 3y2
)

dx.

2.18. x
(

3y2 + x2
)

dy =
(

4y3 + 2x2y
)

dx.

2.19. 3xy′ = 3y + x tg
3y

x
.

2.20. (6x− y)dy = (x+ 6y)dx.
2.21.

(

4x2 + 4xy + 5y2
)

dx = 4x(x + y)dy.

2.22. x
(

3y2 + 2x2
)

dy = 4y
(

y2 + x2
)

dx.

2.23. xy′ = y + (x+ 2y)
(

ln(x+ 2y)− lnx
)

.

2.24. (9x+ 3y)dx = (3x− y)dy.
2.25.

(

3x2 + 4xy
)

dy =
(

x2 + 3xy + 5y2
)

dx.

2.26. 3x
(

y2 + x2
)

dy =
(

4y3 + 6x2y
)

dx.

2.27. xy′ =
√

4x2 − y2 + y.
2.28. (4x− y)dy = (x+ 4y)dx.
2.29.

(

4x2 + 6xy + 5y2
)

dx =
(

6x2 + 4xy
)

dy.

2.30. 4x2y′ = y2 + 9xy + 6x2.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
3

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¨© ¨­â¥£à « ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï

(

ã ª   §   ­ ¨ ¥: á¤¥« âì § ¬¥­ã ­¥¨§¢¥áâ­®© äã­ªæ¨¨

y(x) = xz(x)
)

:

3.1.

(

x2 + 4

)

(x dy − y dx) = x
√

y2 + x2dx.

3.2. (1 + x)(x dy − y dx) = x
√

y2 + 4x2 dx.

3.3.

(

9 + x2
)

(x dy − y dx)x
√

4x2 − y2 dx.

3.4. x(2x+ y)dx =
√
9− x2(x dy − y dx).

3.5. x
√

9x2 − y2 dx =
(

4 + x2
)

(x dy − y dx).

3.6. x
√

y2 + 4x2 dx =
(

x2 + 9

)

(x dy − y dx).

3.7. (1 + x)(x dy − y dx) = x
√

4x2 − y2 dx.
3.8. 2x2

(

4x2 − y2
)

dx =
(

x2 + 1

)

(x dy − y dx).
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3.9. 2x2
√

y2 + x2 dx =
(

4 + x2
)

(x dy − y dx).

3.10.

(

9x2 + y2
)

dx = (x+ 1)(x dy − y dx).

3.11.

(

4 + x2
)

(x dy − y dx) = 2x2
√

9x2 − y2.

3.12. 2x
(

y2 + 4x2
)

dx =
(

x2 + 1

)

(x dy − y dx).

3.13. x2
√

y2 + 4x2 dx = y
(

2x2 − 1

)

(x dy − y dx).

3.14.

(

4x2 + y2
)

dx =
√
9− x2(x dy − y dx).

3.15. x
(

y2 + 4x2
)

dx = 2y(x+ 1)(x dy − y dx).

3.16.

(

4 + x2
)

(x dy − y dx) = x(2x+ y)dx.

3.17.

(

1 + x2
)

(x dy − y dx) = 2x2(2x+ y)dx.

3.18. 2y
(

x2 − 4

)

(x dy − y dx)x2
√

y2 + x2dx.

3.19. x
(

x2 + y2
)

dx = 2y
√
x2 + 4(x dy − y dx).

3.20.

√
x2 + 1(x dy − y dx) =

(

4x2 + y2
)

dx.

3.21. 2x
(

x2 + y2
)

dx =
(

4 + x2
)

(x dy − y dx).

3.22.

(

1 + x2
)

(x dy − y dx) = 2x2
√

y2 + 4x2 dx.

3.23. x
√

y2 + x2 dx = (x+ 2)(x dy − y dx).

3.24. x
(

x2 + y2
)

dx = 2y
√
4− x2(x dy − y dx).

3.25. x
(

x2 + y2
)

dx = 2y(x+ 2)(x dy − y dx).

3.26. 2y
(

4 + x2
)

(x dy − y dx) = x
(

x2 + y2
)

dx.

3.27. x
√

9x2 − y2 dx = (x+ 2)(x dy − y dx).
3.28.

(

y2 + 4x2
)

dx = (x+ 2)(x dy − y dx).

3.29.

√
x2 + 4(x dy − y dx) = x(x + y)dx.

3.30. x
(

2y2 − x2
)

dx =
√
x2 + 4(x dy − y dx).

§5. �¨­¥©­ë¥ ãà ¢­¥­¨ï ¨ ãà ¢­¥­¨ï �¥à­ã««¨

�¨­¥©­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¯¥à¢®£® ¯®àï¤ª  ­ -

§ë¢ ¥âáï ãà ¢­¥­¨¥ ¢¨¤ 

y′ + p(x)y = q(x), (25)

p(x), q(x) | § ¤ ­­ë¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨.

�«ï ®¡é¥£® à¥è¥­¨ï «¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

áãé¥áâ¢ã¥â ä®à¬ã« 
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y = e

−
∫

. p(x)dx





C +

∫

.
q(x)e

∫

. p(x)dx

dx






. (26)

�á«¨ § ¤ ­® ­ ç «ì­®¥ §­ ç¥­¨¥ y
0

¨áª®¬®£® à¥è¥­¨ï ¯à¨

x = x
0

, â. ¥. y(x
0

) = y
0

, â® à¥è¥­¨¥ ­ ç «ì­®© § ¤ ç¨ ¤ ¥âáï

ä®à¬ã«®©

y = e
−

x
∫

x
0

p(t)dt



y
0

+

x
∫

x
0

q(u)e

u
∫

x
0

p(t)dt

du



 .

�¨­¥©­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (25) â ª�¥ ¬®�¥â ¡ëâì

¯à®¨­â¥£à¨à®¢ ­® ¬¥â®¤®¬ �¥à­ã««¨* (á¬. ¯à¨¬¥à 10).

�¡®¡é¥­¨¥¬ «¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (25) ï¢-

«ï¥âáï ãà ¢­¥­¨¥ �¥à­ã««¨**

y′ + p(x)y = q(x)ym, (27)

¯à¨ç¥¬ ¯®ª § â¥«ì áâ¥¯¥­¨ m ¬®�­® áç¨â âì ®â«¨ç­ë¬ ®â ­ã«ï

¨ ¥¤¨­¨æë, â ª ª ª ¢ íâ¨å á«ãç ïå ãà ¢­¥­¨¥ ¡ã¤¥â «¨­¥©­ë¬.

Ǳà¨ m > 0 ãà ¢­¥­¨¥ (27) ¨¬¥¥â à¥è¥­¨¥ y = 0. �á«¨ y 6= 0,

à §¤¥«¨¬ ®¡¥ ç áâ¨ ãà ¢­¥­¨ï ­  ym:

y−my′ + p(x)y1−m
= q(x)

¨ ¢¢¥¤¥¬ ¢¬¥áâ® y ­®¢ãî ¨áª®¬ãî äã­ªæ¨î z:

z = y1−m.

� ª ª ª z′ = (1−m)y−my′, ãà ¢­¥­¨¥ ¯à¥®¡à §®¢ë¢ ¥âáï ¢ ãà ¢-
­¥­¨¥ ¢¨¤ 

z′ + p
1

(x)z = q
1

(x),

£¤¥ p
1

(x) = (1 − m)p(x) ¨ q
1

(x) = (1 − m)q(x), â. ¥. ¢ ãà ¢­¥­¨¥

¢¨¤  (25).

�  ¯à ªâ¨ª¥ â ª®¥ ¯à¥®¡à §®¢ ­¨¥ ­¥ ®¡ï§ â¥«ì­® (á¬. ¯à¨-

¬¥à 11).

Ǳà¨¬¥à 9. � ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¨ ¯®áâà®¨âì ¨­â¥£à «ì­ë¥

ªà¨¢ë¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

y′ − y = −x2.

* �. �¥à­ã««¨ (I. Bernoulli, 1667|1748) | è¢¥©æ àáª¨© ¬ â¥¬ â¨ª.

** �. �¥à­ã««¨ (J. Bernoulli, 1654|1705) | è¢¥©æ àáª¨© ¬ â¥¬ â¨ª.
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� ¥ è ¥ ­ ¨ ¥. �®á¯®«ì§ã¥¬áï £®â®¢®© ä®à¬ã«®© (26). Ǳà¨ íâ®¬

p(x) = −1, q(x) = −x2,
∫

. p(x)dx = −x, e

∫

. p(x)dx

= e−x,

∫

.
q(x)e

∫

. p(x)dx

dx =

∫

.
−x2e−xdx =

= −x2
(

−e−x
)

−
∫

.
−e−x

(−2x)dx = x2e−x −
∫

.
2xe−xdx =

= x2e−x −






−2xe−x

+

∫

.
2e−xdx






=

= x2e−x
+ 2xe−x − 2

∫

.
e−xdx = e−x

(

x2 + 2x+ 2

)

y

�ªáâà¥¬ã¬ë

2

Ǳ¥à¥£¨¡ë

x-2 O

�¨á. 6.

(

¯à¨ ¯¥à¢®¬ ¨­â¥£à¨à®¢ ­¨¨ ¯® ç áâï¬ u = −x2, dv = e−xdx,

du = −2x dx, v = −e−x
, ¯à¨ ¯®¢â®à­®¬ ¨­â¥£à¨à®¢ ­¨¨ ¯® ç -

áâï¬ u = 2x, dv = e−xdx, du = 2 dx, v = −e−x
)

. Ǳà¨ ¢ëç¨-

á«¥­¨¨ ­¥®¯à¥¤¥«¥­­ëå ¨­â¥£à «®¢ ­¨£¤¥ ­¥ áâ ¢¨« áì ¯®áâ®ï­­ ï
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¨­â¥£à¨à®¢ ­¨ï. � ­¥© ­¥â ­¥®¡å®¤¨¬®áâ¨, â ª ª ª ®­  ã�¥ ¯à¨-

áãâáâ¢ã¥â ¢ ä®à¬ã«¥ (26). �ª®­ç â¥«ì­® ¨¬¥¥¬

y = ex
(

C + e−x
(

x2 + 2x+ 2

))

= Cex + x2 + 2x+ 2.

�­â¥£à «ì­ë¥ ªà¨¢ë¥ ¨§®¡à �¥­ë ­  à¨á. 6. � ­­®¥ ¤¨ää¥à¥­-

æ¨ «ì­®¥ ãà ¢­¥­¨¥ ã�¥ à áá¬ âà¨¢ «®áì ¢ ¯à¨¬¥à¥ 5. � ¬ ¡ë«®

¯®ª § ­®, ª ª, ­¥ à¥è ï ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯®«ãç¨âì

ä®à¬ã«ë «¨­¨© ¨§ íªáâà¥¬ã¬®¢ ¨ ¯¥à¥£¨¡®¢ á¥¬¥©áâ¢  à¥è¥­¨©.

�  à¨á. 6 ¢ë¤¥«¥­  ¥é¥ ®¤­  «¨­¨ï. �â® £à ä¨ª à¥è¥­¨ï, ®â¤¥-

«ïîé¥£® ç áâ¨ ª®®à¤¨­ â­®© ¯«®áª®áâ¨, § ¯®«­ï¥¬ë¥ £à ä¨ª ¬¨

à¥è¥­¨© á â®çª®© ¯¥à¥£¨¡  (­¨�¥ ¢ë¤¥«¥­­®© «¨­¨¨) ¨ ¡¥§ â®çª¨

¯¥à¥£¨¡  (¢ëè¥). �

Ǳà¨¬¥à 10. � ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-

­¥­¨ï

y′ + 2xy = 2xe−x2 . (28)

� ¥ è ¥ ­ ¨ ¥. �®�­® ¡ë«® ¡ë ¨á¯®«ì§®¢ âì ä®à¬ã«ã (26), ¨ à¥-

è¥­¨¥ á¢¥«®áì ¡ë ª ­ å®�¤¥­¨î ¤¢ãå ª¢ ¤à âãà. �¤­ ª® ¢®§¬®�-

­® ¯à¨¬¥­¨âì ¬¥â®¤ �¥à­ã««¨, ¯®§¢®«ïîé¨© ®¡®©â¨áì ¡¥§ § ¯®-

¬¨­ ­¨ï ä®à¬ã«ë (26), ª®â®àãî â ª�¥ ¬®�­® ¯®«ãç¨âì ¬¥â®¤®¬

�¥à­ã««¨.

� ¯®¬®éìî § ¬¥­ë ­¥¨§¢¥áâ­®© äã­ªæ¨¨ y = u(x)v(x), £¤¥ u(x),
v(x) | ¤¢¥ ­®¢ë¥ ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨, ãà ¢­¥­¨¥ (28) ¯à¥®¡à -

§ã¥¬ ¢ ãà ¢­¥­¨¥ ¢¨¤ 

u′v + uv′ + 2xuv = 2xe−x2 . (29)

Ǳ®«ì§ãïáì â¥¬, çâ® ®¤­  ¨§ ­¥¨§¢¥áâ­ëå äã­ªæ¨© (­ ¯à¨¬¥à, v)
¬®�¥â ¡ëâì ¢ë¡à ­  á®¢¥àè¥­­® ¯à®¨§¢®«ì­® (¯®áª®«ìªã «¨èì

¯à®¨§¢¥¤¥­¨¥ uv ¤®«�­® ã¤®¢«¥â¢®àïâì ¨áå®¤­®¬ã ãà ¢­¥­¨î),

§  v ¯à¨¬¥¬ ª ª®¥-­¨¡ã¤ì ç áâ­®¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï

v′ + 2xv = 0. (30)

� ª ª ª ¢â®à®¥ ¨ âà¥âì¥ á« £ ¥¬ë¥ ¢ ãà ¢­¥­¨¨ (29) ¯à¨ íâ®¬

¨áç¥§ îâ, ¤«ï äã­ªæ¨¨ u ¨¬¥¥¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

u′v = 2xe−x2 . (31)
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�à ¢­¥­¨¥ (30) ¨­â¥£à¨àã¥¬ á¯®á®¡®¬, à áá¬®âà¥­­ë¬ ¢ §3:

dv

v
+ 2x dx = 0

¨, á«¥¤®¢ â¥«ì­®

ln |v|+ x2 = C
1

.

�¤¥áì ¬®�­® ¯®«®�¨âì C
1

= 0 ¨ ¢§ïâì à¥è¥­¨¥ v = e−x2
. � «¥¥

¯®¤áâ ¢«ï¥¬ ­ ©¤¥­­®¥ v(x) ¢ ãà ¢­¥­¨¥ (31):

u′ = 2x,

¨ ­ å®¤¨¬

u = x2 + C.

�ª®­ç â¥«ì­®, ¯à¨¬¥­ïï § ¬¥­ã ­¥¨§¢¥áâ­®© äã­ªæ¨¨, ¯®«ãç -

¥¬ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (28):

y =
(

x2 + C
)

e−x2 . �

Ǳà¨¬¥à 11. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

xy′ + y = y2 lnx. (32)

� ¥ è ¥ ­ ¨ ¥. �¥«¥­¨¥¬ ­  x > 0 (íâ® ®¡« áâì ®¯à¥¤¥«¥­¨ï ¤¨ä-

ä¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï, ¨, á«¥¤®¢ â¥«ì­®, ¯à¨ â ª®¬ ¤¥«¥­¨¨

­¨ª ª¨¥ à¥è¥­¨ï ­¥ â¥àïîâáï) ãà ¢­¥­¨¥ ¯à¨¢®¤¨âáï ª ¤¨ää¥à¥­-

æ¨ «ì­®¬ã ãà ¢­¥­¨î �¥à­ã««¨ (27). Ǳà®¨­â¥£à¨àã¥¬ ¥£® ¬¥â®-

¤®¬ �¥à­ã««¨. Ǳ®«®�¨¬ y = u(x)v(x) ¨ ¯®¤áâ ¢¨¬ ¢ ãà ¢­¥­¨¥,

á£àã¯¯¨à®¢ ¢ ç«¥­ë, á®¤¥à� é¨¥ äã­ªæ¨î u(x) ¢ ¯¥à¢®© áâ¥¯¥­¨:

xvu′ + u (xv′ + v) = u2v2 lnx.

Ǳà¨¬¥¬ §  v ª ª®¥-«¨¡® ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

xv′ + v = 0,

­ ¯à¨¬¥à, v = 1

x (á¬. §3).
�«ï ­ å®�¤¥­¨ï äã­ªæ¨¨ u(x) ¨¬¥¥¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-

­¥­¨¥

u′ = u2
lnx

x2
¨«¨

du

u2
=

lnx

x2
dx.
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�­â¥£à¨àãï, ¯®«ãç ¥¬

− 1

u
= − lnx

x
− 1

x
− C, ¨«¨ u =

x

1 + lnx+ Cx
.

� ª¨¬ ®¡à §®¬,

y = uv =
x

x (1 + lnx+ Cx)
=

1

1 + lnx+ Cx

¥áâì ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (32). �

�¥è¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï:

21. xy′ − 2y = 2x4.
22. xy′ + (x+ 1)y = 3x2e−x

.

23.

(

1 + x2
)

y′ + y = ar
tgx.

24.

(

x+ y2
)

dy = y dx.

25. 2

(

y3 − y + xy
)

y′ = 1.

26. y′ + 2y = y2ex.
27. xy2y′ = x2 + y3.
28.

(

2x2y ln y − x
)

y′ = y.

29. y′ = y4 
osx+ y tgx.
30.

(

1 + x2
)

y′ − 2xy = 4

√

y (1 + x2) ar
tgx.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
4

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ à¥è¥­¨¥ § ¤ ç¨ á ­ ç «ì­ë¬ ãá«®¢¨-

¥¬:

4.1. y′ − 1

x
y = xex, y(1) = e.

4.2. y′ − 
tgx · y = sinx · 
osx, y
(

π
4

)

= 1.

4.3. y′ − 4

x
y = x4 
osx, y

(

π
2

)

=

π4

16

.

4.4. y′ − 1

x ln x
y =

lnx

x
, y(e) = 0.

4.5. y′ − 1

2

√
9− x2 ar
sin x

3

y =
1

2

√
9− x2

, y
(

3

2

)

=

π
3

.

4.6. y′ − 1

x
y = 2xe2x, y(1) = e2.

4.7. y′ − 3 tgx · y = 3 tg

2 x, y
(

π
4

)

= 1.

4.8. y′ − 3

x
y = x3 
osx, y

(

π
2

)

=

π3

8

.
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4.9. y′ − 1

x ln x
y =

2 ln

2 x

x
, y(e) = 0.

4.10. y′ − 1

2

√
16− x2 ar
sin x

4

y =
1

2

√
16− x2

, y(2) = π
3

.

4.11. y′ − 1

x
y = 3xe3x, y(1) = e3.

4.12. y′ − 
tgx · y = 2 sin

2 x · 
osx, y
(

π
4

)

= 1.

4.13. y′ − 1

x
y = x, y(1) = 1.

4.14. y′ − 1

x ln x
y =

3

x
, y(e) = 0.

4.15. y′ − 1

2 (1 + x2) ar
tgx
y =

1

2 (1 + x2)
, y(1) = π

4

.

4.16. y′ − 1

x
y = x2ex, y(1) = e.

4.17. y′ − 
tgx · y = 3 sin

3 x · 
osx, y
(

π
4

)

= 1.

4.18. y′ − 2

x
y = x2 
osx, y

(

π
2

)

=

π2

4

.

4.19. y′ − 1

x ln x
y =

4 ln

4 x

x
, y(e) = 0.

4.20. y′ − 1

(4 + x2) ar
tg x
2

y =
1

4 + x2
, y(2) = π

4

.

4.21. y′ − 1

x
y = 2x2e2x, y(1) = e2.

4.22. y′ − 2 tgx · y = 2 tgx, y
(

π
4

)

= 1.

4.23. y′ − 1

x
y = x 
osx, y

(

π
2

)

=

π
2

.

4.24. y′ − 1

2

√
1− x2 ar
sinx

y =
1

2

√
1− x2

, y
(

1

2

)

=

π
3

.

4.25. y′ − 3

2 (9 + x2) ar
tg x
3

y =
3

2 (9 + x2)
, y(3) = π

4

.

4.26. y′ − 1

x
y = 3x2e3x, y(1) = e3.

4.27. y′ − 
tgx · y = 4 sin

4 x · 
osx, y
(

π
4

)

= 1.

4.28. y′ − 1

x
y = 2x2, y(1) = 1.

4.29. y′ − 1

2

√
4− x2 ar
sin x

2

y =
1

2

√
4− x2

, y(1) = π
3

.

4.30. y′ − 2

(16 + x2) ar
tg x
4

y =
2

16 + x2
, y(4) = π

4

.
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�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
5

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï �¥à­ã««¨:

5.1. y′ − y tgx = y−2

tg

2 x.
5.2. xy′ − y = x3e2xy−1

.

5.3. y′ tgx− y = y−1

sin

4 x.
5.4. xy′ − 4y = x−3y 
tgx · 
ose
x.
5.5. y′x lnx− y = y−1

ln

4 x.
5.6. y′ − 2y tgx = 2y−2

tg

5 x.
5.7. xy′ − y = 2x3e4xy−1

.

5.8. y′ − 3y tgx = 3y3 
tg7 x.
5.9. xy′ − 3y = x−2y2 
tgx · 
ose
x.
5.10. y′x lnx− y = 2y−1

ln

6 x.
5.11. y′ − 3y tgx = 3y−2

tg

8 x.
5.12. xy′ − y = 3x3e6xy−1

.

5.13. y′ tgx− y = 2y−1

sin

6 x.
5.14. xy′ − y = x6y−2

.

5.15. y′x lnx− y = 3y−1

ln

8 x.
5.16. y′ − 5y tgx = 5y3 
tg11 x.
5.17. xy′ − y = x5e2xy−1

.

5.18. y′ tgx− y = 3y−1

sin

8 x.
5.19. xy′ − 2y = x−1y2 
tgx · 
ose
x.
5.20. y′x lnx− y = 4y−1

ln

10 x.
5.21. y′ − 4y tgx = 4y2 
tg5 x.
5.22. xy′ − y = 2x5e4xy−1

.

5.23. y′ − 2y tgx = 2y3 
tg5 x.
5.24. xy′ − y = y2 
tgx · 
ose
x.
5.25. y′x lnx− y = 5y2 ln−6 x.
5.26. y′ − y tgx = y3 
tg3 x.
5.27. xy′ − y = 3x5e6xy−1

.

5.28. y′ tgx− y = 4y−1

sin

10 x.
5.29. xy′ − y = 2x9y−2

.

5.30. y′x lnx− y = 6y2 ln−7 x.

§6. �à ¢­¥­¨ï ¢ ¯®«­ëå ¤¨ää¥à¥­æ¨ « å

�à ¢­¥­¨¥

M(x, y)dx+N(x, y)dy = 0 (33)
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­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ ¯®«­®£® ¤¨ää¥à¥­æ¨ «  (¨«¨

ãà ¢­¥­¨¥¬ ¢ ¯®«­ëå ¤¨ää¥à¥­æ¨ « å), ¥á«¨ ¥£® «¥¢ ï ç áâì à ¢­ 

¯®«­®¬ã ¤¨ää¥à¥­æ¨ «ã ®â ­¥ª®â®à®© äã­ªæ¨¨ u(x, y), â. ¥. à ¢-
­  u′x dx + u′ydy = du. �«ï íâ®£® ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë

äã­ªæ¨¨M ′
y ¨ N

′
x ¡ë«¨ ­¥¯à¥àë¢­ë¬¨ ¢ à áá¬ âà¨¢ ¥¬®© ®¡« áâ¨

¨ ¢ë¯®«­ï«®áì â®�¤¥áâ¢®

M ′
y ≡ N ′

x. (34)

�®£¤  à ¢¥­áâ¢® u(x, y) = C ¤ ¥â ®¡é¨© ¨­â¥£à « ãà ¢­¥­¨ï ¯®«-

­®£® ¤¨ää¥à¥­æ¨ «  (33).

�«ï ­ å®�¤¥­¨ï äã­ªæ¨¨ u(x, y) á«¥¤ã¥â ¯à®¨­â¥£à¨à®¢ âì ¯®
x à ¢¥­áâ¢® u′x =M , ¢§ï¢ ¢¬¥áâ® ¯à®¨§¢®«ì­®© ¯®áâ®ï­­®© «î¡ãî

äã­ªæ¨î ®â y, â. ¥. u(x, y) =
∫

M(x, y)dx+ϕ(y),   § â¥¬ ­ ©â¨ ϕ(y)
¨§ ãá«®¢¨ï u′y = N (á¬. ¯à¨¬¥à 12).

�à®¬¥ â®£®, ¥á«¨ ¨á¯®«ì§®¢ âì ¯®­ïâ¨¥ ªà¨¢®«¨­¥©­®£® ¨­â¥-

£à « , â® äã­ªæ¨î u(x, y) ¬®�­® ­ ©â¨ ¯® ä®à¬ã«¥:

u(x, y) =

(x,y)
∫

(x
0

,y
0

)

du =

(x,y)
∫

(x
0

,y
0

)

M(x, y)dx+N(x, y)dy, (35)

£¤¥ (x
0

, y
0

) | ä¨ªá¨à®¢ ­­ ï â®çª , (x, y) | ¯à®¨§¢®«ì­ ï â®çª 

­  ¯«®áª®áâ¨ Oxy,   ¯ãâì, á®¥¤¨­ïîé¨© â®çª¨ (x
0

, y
0

) ¨ (x, y), ¬®-
�¥â ¡ëâì «î¡ë¬ [3, â. II℄. �®à¬ã«  (35) ¬®�¥â ¡ëâì § ¯¨á ­  ¨

ç¥à¥§ ®¯à¥¤¥«¥­­ë¥ ¨­â¥£à «ë, ­ ¯à¨¬¥à, â ª¨¬ ®¡à §®¬ [8℄:

u(x, y) =

x
∫

x
0

M(t, y
0

)dt+

y
∫

y
0

N(x, z)dz. (36)

�ç¥­ì ç áâ® ã¤ ¥âáï ¨ ­¥¯®áà¥¤áâ¢¥­­® ã£ ¤ âì ¢ëà �¥­¨¥ ¤«ï

u(x, y).
Ǳà¨¬¥à 12. �¥è¨âì ãà ¢­¥­¨¥

(

2xy + 3x2
)

dx+
(

x2 − 5y4
)

dy = 0. (37)

� ¥ è ¥ ­ ¨ ¥. Ǳà®¢¥à¨¬ ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢  (34):

(

2xy + 3x2
)′
y
= 2x =

(

x2 − 5y4
)′
x
.
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�«¥¤®¢ â¥«ì­®, ãà ¢­¥­¨¥ (37) ï¢«ï¥âáï ãà ¢­¥­¨¥¬ ¯®«­®£® ¤¨ä-

ä¥à¥­æ¨ « .

�¯®á®¡ 1. � ©¤¥¬ äã­ªæ¨î u(x, y) ¨§ à ¢¥­áâ¢

u′x = 2xy + 3x2, u′y = x2 − 5y4. (38)

�­â¥£à¨àã¥¬ ¯® x ¯¥à¢®¥ ¨§ ãà ¢­¥­¨©, áç¨â ï y ¯®áâ®ï­­®©:

u(x, y) =

∫

(

2xy + 3x2
)

dx = x2y + x3 + ϕ(y).

�âáî¤  u′y = x2 + ϕ′
(y). Ǳ®¤áâ ¢«ïï íâ® ¢ëà �¥­¨¥ ¢® ¢â®à®¥

ãà ¢­¥­¨¥ (38), ­ å®¤¨¬ ϕ(y):

ϕ(y) = −
∫

5y4dy = −y5 + 
onst .

�®�­® ¢§ïâì u(x, y) = x2y + x3 − y5. �¡é¨© ¨­â¥£à « ¤¨ää¥-

à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (37) ¨¬¥¥â ¢¨¤

x2y + x3 − y5 = C. (39)

�¯®á®¡ 2. �®á¯®«ì§ã¥¬áï ä®à¬ã«®© (36):

u(x, y) =

x
∫

x
0

(

2ty
0

+ 3t2
)

dt+

y
∫

y
0

(

x2 − 5z4
)

dz =

=

[

t2y
0

+ t3
]t=x

t=x
0

+

[

x2z − z5
]z=y

z=y
0

=

= x2y
0

+x3−x2
0

y
0

−x3
0

+x2y−y5−x2y
0

+y5
0

= x3+x2y−y5+
onst .

�¤¥áì 
onst = −x2
0

y
0

− x3
0

+ y5
0

. �«¥¤®¢ â¥«ì­®, ®¡é¨© ¨­â¥£à «

¢ëà � ¥âáï â®© �¥ ä®à¬ã«®© (39). �

�¥è¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï:

31. 4

(

x3 − xy3
)

dx+ 6

(

y5 − x2y2
)

dy = 0.

32.

3x2 + y2

y2
dx− 2x3 + 5y

y3
dy = 0.

33.

(

3x2 tg y − 2y3

x3

)

dx+

(

x3 se
2 y + 4y3 +
3y2

x2

)

dy = 0.
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34.

(

xy√
1 + x2

+ 2xy − y

x

)

dx+
(√

1 + x2 + x2 − lnx
)

dy = 0.

35.

(

x

sin y
+ 2

)

dx +

(

x2 + 1

)


os y


os 2y − 1

dy = 0.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
6

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¨© ¨­â¥£à « ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

6.1.

(

3x2 + 2xy6
)

dx +
(

3y2 + 6x2y5
)

dy = 0.

6.2.

(

3x2 + y2 + 3x2y5
)

dx+
(

2xy + 5x3y4
)

dy = 0.

6.3.

(

2xy + y2 + 4x3y4
)

dx+
(

x2 + 2xy + 4x4y3
)

dy = 0.

6.4.

(

y2 + 5x4y3
)

dx +
(

2xy + 3y2 + 3x5y2
)

dy = 0.

6.5.

(

2xy + 6x5y2
)

dx+
(

x2 + 3y2 + 2x6y
)

dy = 0.

6.6.

(

3x2 + y2 + 2xy6
)

dx+
(

2xy + 6x2y5
)

dy = 0.

6.7.

(

3x2 + 2xy + 3x2y5
)

dx+
(

x2 + 5x3y4
)

dy = 0.

6.8.

(

2xy + 4x3y4
)

dx+
(

x2 + 3y2 + 4x4y3
)

dy = 0.

6.9.

(

3x2 + 5x4y3
)

dx+
(

3y2 + 3x5y2
)

dy = 0.

6.10.

(

y2 + 6x5y2
)

dx +
(

2xy + 3y2 + 2x6y
)

dy = 0.

6.11.

(

3x2 + 2xy + 2xy6
)

dx+
(

x2 + 6x2y5
)

dy = 0.

6.12.

(

2xy + y2 + 3x2y5
)

dx+
(

x2 + 2xy + 5x3y4
)

dy = 0.

6.13.

(

y2 + 4x3y4
)

dx +
(

2xy + 3y2 + 4x4y3
)

dy = 0.

6.14.

(

3x2 + y2 + 5x4y3
)

dx+
(

2xy + 3x5y2
)

dy = 0.

6.15.

(

3x2 + 2xy + 6x5y2
)

dx+
(

x2 + 2x6y
)

dy = 0.

6.16.

(

2xy + y2 + 2xy6
)

dx+
(

x2 + 2xy + 6x2y5
)

dy = 0.

6.17.

(

2xy + 3x2y5
)

dx+
(

x2 + 3y2 + 5x3y4
)

dy = 0.

6.18.

(

3x2 + 4x3y4
)

dx+
(

3y2 + 4x4y3
)

dy = 0.

6.19.

(

3x2 + 2xy + 5x4y3
)

dx+
(

x2 + 3x5y2
)

dy = 0.

6.20.

(

2xy + y2 + 6x5y2
)

dx+
(

x2 + 2xy + 2x6y
)

dy = 0.

6.21. 2

(

xy + xy6
)

dx+
(

x2 + 3y2 + 6x2y5
)

dy = 0.

6.22.

(

y2 + 3x2y5
)

dx +
(

2xy + 3y2 + 5x3y4
)

dy = 0.

6.23.

(

3x2 + y2 + 4x3y4
)

dx+
(

2xy + 4x4y3
)

dy = 0.

6.24.

(

2xy + y2 + 5x4y3
)

dx+
(

x2 + 2xy + 3x5y2
)

dy = 0.

6.25.

(

3x2 + 6x5y2
)

dx+
(

3y2 + 2x6y
)

dy = 0.

6.26.

(

y2 + 2xy6
)

dx+
(

2xy + 3y2 + 6x2y5
)

dy = 0.

6.27. 3x2
(

1 + y5
)

dx+ y2
(

3 + 5x3y2
)

dy = 0.

6.28.

(

3x2 + 2xy + 4x3y4
)

dx+
(

x2 + 4x4y3
)

dy = 0.
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6.29.

(

2xy + 5x4y3
)

dx+
(

x2 + 3y2 + 3x5y2
)

dy = 0.

6.30.

(

3x2 + y2 + 6x5y2
)

dx+
(

2xy + 2x6y
)

dy = 0.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
7

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¨© ¨­â¥£à « ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

7.1.

(

x
√

x2 + y2
+

3x2

y

)

dx+

(

y
√

x2 + y2
− x3

y2

)

dy = 0.

7.2.

(

tg y + 
os(x+ y)
)

dx+

(

x


os

2 y
+ 
os(x+ y)

)

dy = 0.

7.3.

(2x− y)dx+ (2y + x)dy

x2 + y2
= 0.

7.4.

(

2x+ ex/y
)

dx+ ex/y
(

1− x

y

)

dy = 0.

7.5.

(

y 
osx+
1

x

)

dx+

(

sinx+
1

y

)

dy = 0.

7.6. (sin y + y sinx)dx + (x 
os y − 
osx)dy = 0.

7.7.

(

y


os

2

(xy)
− 2x

y

)

dx +

(

x


os

2

(xy)
+

x2

y2

)

dy = 0.

7.8.

(

x
√

x2 + y4
+

2

x

)

dx+

(

2y3
√

x2 + y4
− 2

y

)

dy = 0.

7.9.

(

− y

x2

os

y

x
+

1

y
sin

x

y

)

dx +

(

1

x

os

y

x
− x

y2
sin

x

y

)

dy = 0.

7.10.

(

ln

(

1 + y2
)

− sin(x + y)
)

dx+

(

2xy

1 + y2
− sin(x+ y)

)

dy = 0.

7.11.

(

x
√

x2 + y2
+

1

y

)

dx+

(

y
√

x2 + y2
− x

y2

)

dy = 0.

7.12.

(

3x2 tg y + 
os(x+ y)
)

dx+

(

x3


os

2 y
+ 
os(x+ y)

)

dy = 0.

7.13.

(2x− 3y)dx+ (3x+ 2y)dy

x2 + y2
= 0.

7.14.

(

4x3 + ex/y
)

dx+ ex/y
(

1− x

y

)

dy = 0.

7.15.

(

3y sin2 x 
osx+
1

x

)

dx+

(

sin

3 x+
1

y

)

dy = 0.

7.16.

(

3x2 sin y + y sinx
)

dx+
(

x3 
os y − 
osx
)

dy = 0.
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7.17.

(

y


os

2

(xy)
− 6x5

y

)

dx+

(

x


os

2

(xy)
+

2x6

y2

)

dy = 0.

7.18.

(

x

(x2 + y4)5/6
+

6

x

)

dx+

(

2y3

(x2 + y4)5/6
− 2

y

)

dy = 0.

7.19.

(

−3y

x2

os

3y

x
+

1

y
sin

x

y

)

dx+

(

3

x

os

3y

x
− x

y2
sin

x

y

)

dy = 0.

7.20.

(

ln

(

1 + y6
)

− sin(x + y)
)

dx+

(

6xy5

1 + y6
− sin(x+ y)

)

dy = 0.

7.21.

(

x
√

x2 + y2
+

1

y2

)

dx+

(

y
√

x2 + y2
− 2x

y3

)

dy = 0.

7.22.

(

tg y + 2 
os(2x+ y)
)

dx+

(

x


os

2 y
+ 
os(2x+ y)

)

dy = 0.

7.23.

(4x− y)dx+ (x+ 4y)dy

x2 + y2
= 0.

7.24.

(

2x+ yex/y
)

dx+ ex/y(2y − x)dy = 0.

7.25.

(

y2 
osx+
1

x

)

dx+

(

2y sinx+
1

y

)

dy = 0.

7.26.

(

sin y + y2 sinx
)

dx+ (x 
os y − 2y 
osx)dy = 0.

7.27.

(

y2


os

2

(xy2)
− 2x

y

)

dx+

(

2xy


os

2

(xy2)
+

2x2

y2

)

dy = 0.

7.28.

(

x
√

x2 + y6
+

2

x

)

dx+

(

3y5
√

x2 + y6
− 4

y

)

dy = 0.

7.29.

(

− y

x2

os

y

x
+

2

y
sin

2x

y

)

dx+

(

1

x

os

y

x
− 2x

y2
sin

2x

y

)

dy = 0.

7.30.

(

ln

(

1 + y2
)

−2 sin(2x+ y)
)

dx+

(

2xy

1 + y2
− sin(2x+ y)

)

dy = 0.

§7. �à ¢­¥­¨ï �«¥à® ¨ � £à ­� 

�â¬¥â¨¬, çâ® ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢¨¤  (2) ¨«¨ (3)

¬®£ãâ ¨¬¥âì à¥è¥­¨ï, ª®â®àë¥ ¨ ­¥ § ª«îç îâáï ¢ á¥¬¥©áâ¢¥ ®¡-

é¥£® ¨­â¥£à « , â. ¥. ­¥ ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¨§ ä®à¬ã«ë (11)

(

¨«¨ (12)

)

­¨ ¯à¨ ª ª¨å ç áâ­ëå §­ ç¥­¨ïå ¯®áâ®ï­­®© C. � ª¨¥
à¥è¥­¨ï ­ §ë¢ îâáï ®á®¡ë¬¨ à¥è¥­¨ï¬¨. �­¨ ®¡« ¤ îâ â¥¬ á¢®©-

áâ¢®¬, çâ® ¢ ª �¤®© â®çª¥ á®®â¢¥âáâ¢ãîé¥© ¨­â¥£à «ì­®© ªà¨¢®©

­ àãè ¥âáï ¥¤¨­áâ¢¥­­®áâì à¥è¥­¨ï ­ ç «ì­®© § ¤ ç¨.
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Ǳà¨¬¥à 13. � ©â¨ ®¡é¥¥ ¨ ®á®¡ë¥ à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì-

­®£® ãà ¢­¥­¨ï

y′ = 3

3

√

y2. (40)

� ¥ è ¥ ­ ¨ ¥. �­â¥£à¨àã¥¬ ãà ¢­¥­¨¥ ¬¥â®¤®¬ à §¤¥«¥­¨ï ¯¥-

à¥¬¥­­ëå (§3):

dy

3y2/3
= dx ⇔ y1/3 = x+ C ⇔ y = (x+ C)3. (41)

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (40) ¨§®¡à � ¥âáï á¥¬¥©áâ¢®¬ ªã¡¨-

ç¥áª¨å ¯ à ¡®« á ¢¥àè¨­ ¬¨ ­  ®á¨ Ox (à¨á. 7).

y

xa O b

�¨á. 7.

Ǳà¨ ¤¥«¥­¨¨ ®¡¥¨å ç áâ¥© ãà ¢­¥­¨ï (40) ­  3

3

√

y2 6= 0 ¬®£«®

¡ëâì ¯®â¥àï­® à¥è¥­¨¥ y = 0. �¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®©

­¥âàã¤­® ã¡¥¤¨âìáï, çâ® íâ® à¥è¥­¨¥ ¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï à¥-

è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (40). � ª ª ª ®­® ­¥ ¬®�¥â

¡ëâì ¯®«ãç¥­® ¨§ ä®à¬ã«ë (41) ­¨ ¯à¨ ª ª®¬ ¯®áâ®ï­­®¬ §­ ç¥-

­¨¨ C, â® à¥è¥­¨¥ y = 0 ¡ã¤¥â ®á®¡ë¬. � ª ¢¨¤­® ¨§ à¨á. 7, ç¥à¥§

ª �¤ãî â®çªã ®á¨ Ox ¯à®å®¤¨â ¡¥áª®­¥ç­®¥ ¬­®�¥áâ¢® à¥è¥­¨©:

®¤­  ¨§ ªã¡¨ç¥áª¨å ¯ à ¡®« y = (x+C)3, ¯àï¬ ï y = 0 ¨ à §«¨ç­ë¥

ªà¨¢ë¥, "áª«¥¥­­ë¥" ¨§ ®âà¥§ª  [a, b℄ ¨ ¤¢ãå ¯®«®¢¨­®ª à §«¨ç­ëå
¯ à ¡®« y = (x− b)3, x > b ¨ y = (x− a)3, x < a (á¬. à¨á. 7).

�à®¬¥ â®£®, £à ä¨ª ®á®¡®£® à¥è¥­¨ï y = 0 ï¢«ï¥âáï ª á â¥«ì-

­®© ¤«ï ª �¤®© ªã¡¨ç¥áª®© ¯ à ¡®«ë y = (x + C)3. � íâ®¬ ¨ á®-

áâ®¨â å à ªâ¥à¨áâ¨ç¥áª®¥ á¢®©áâ¢® ®á®¡®£® à¥è¥­¨ï | ¥£® £à ä¨ª

¢ ª �¤®© á¢®¥© â®çª¥ ª á ¥âáï ­¥ª®â®à®© ¨­â¥£à «ì­®© ªà¨¢®©,

¯à¨ç¥¬ ¢ à §­ëå â®çª å | à §­ëå ªà¨¢ëå. �
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� ª¨¥ ªà¨¢ë¥ ­ §ë¢ îâáï ®£¨¡ îé¨¬¨ á¥¬¥©áâ¢  ¨­â¥£à «ì-

­ëå ªà¨¢ëå (à¨á. 8; á¬. ¯à¨¬¥à 16). �á«¨ á¥¬¥©áâ¢® ¨­â¥£à «ì­ëå

ªà¨¢ëå ­¥ ¨¬¥¥â ®£¨¡ îé¥©, â® ãà ¢­¥­¨¥ ­¥ ¨¬¥¥â ®á®¡ëå à¥è¥-

­¨©, ¨ ®¡é¥¥ à¥è¥­¨¥ á®¤¥à�¨â ¢á¥ ­¥¯à¥àë¢­ë¥ à¥è¥­¨ï ãà ¢­¥-

­¨ï. �â¬¥â¨¬, çâ® ¢ â®çª å ®á¨ Ox ­¥ ¢ë¯®«­¥­® ãá«®¢¨¥ ¡) ¨§

â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ (§1), â ª ª ª ¯à®¨§¢®¤-

­ ï

∂f
∂y = y−1/3

®¡à é ¥âáï §¤¥áì ¢ ¡¥áª®­¥ç­®áâì.

�£¨¡ îé ïy

xO

�¨á. 8.

�à ¢­¥­¨¥¬ �«¥à®* ­ §ë¢ ¥âáï ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

¢¨¤ 

y = xy′ + g(y′), (42)

£¤¥ äã­ªæ¨ï g(y′) ­¥ ï¢«ï¥âáï «¨­¥©­®©. Ǳà¨ ãá«®¢¨¨, çâ® g(t) |
­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï ¨ g′′(t) 6= 0 ¯à¨ t ∈ (α, β),
¯à®¨­â¥£à¨àã¥¬ ¥£® á ¯®¬®éìî ¬¥â®¤  ¢¢¥¤¥­¨ï ¯ à ¬¥âà . �¡®-

§­ ç¨¢ y′ = p, ãà ¢­¥­¨¥ (42) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

y = xp+ g(p). (43)

* �.�. �«¥à® (A.C. Clairaut, 1713|1765) | äà ­æã§áª¨© ¬ â¥¬ â¨ª ¨

 áâà®­®¬.
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�§ï¢ ¤¨ää¥à¥­æ¨ «ë ®â ®¡¥¨å ç áâ¥© ¨ ¯®«®�¨¢ á«¥¢ 

dy = y′dx = p dx, § ¯¨è¥¬ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®-

£® ¯®àï¤ª  ¤«ï p:

p dx = p dx+ x dp+ g′(p)dp ¨«¨

(

x+ g′(p)
)

dp = 0.

Ǳà¨à ¢­¨¢ ï ­ã«î ª �¤ë© ¨§ ¬­®�¨â¥«¥©, ¯®«ãç ¥¬ ¤¢  ãà ¢-

­¥­¨ï. �à ¢­¥­¨¥ dp = 0 ¤ ¥â p = C, £¤¥ C | ¯à®¨§¢®«ì­ ï ¯®áâ®-

ï­­ ï. Ǳ®¤áâ ¢«ïï p = C ¢ ãà ¢­¥­¨¥ (43), ¯à¨å®¤¨¬ ª ®¡é¥¬ã

à¥è¥­¨î ãà ¢­¥­¨ï �«¥à®:

y = xC + g(C).

�® ¢â®à®¬ á«ãç ¥ ¨¬¥¥¬ ãà ¢­¥­¨¥

x+ g′(p) = 0, (44)

ª®â®à®¥ ¢¬¥áâ¥ á ãà ¢­¥­¨¥¬ (43) ¤ ¥â à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®-

£® ãà ¢­¥­¨ï (42) ¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥:

{

x = −g′(p),
y = −g′(p)p+ g(p),

p ∈ (α, β).

�áª«îç ï, ¥á«¨ ¢®§¬®�­®, p ¨§ íâ¨å ãà ¢­¥­¨©, ¯®«ãç ¥¬ à¥-

è¥­¨¥ ãà ¢­¥­¨ï (42), ã�¥ ­¥ á®¤¥à� é¥¥ ¯à®¨§¢®«ì­®© ¯®áâ®ï­-

­®©. �â® à¥è¥­¨¥ ®¡ëç­® ï¢«ï¥âáï ®á®¡ë¬ à¥è¥­¨¥¬ ¤¨ää¥à¥­-

æ¨ «ì­®£® ãà ¢­¥­¨ï (42) [4℄.

Ǳà¨¬¥à 14. � ©â¨ â ªãî ªà¨¢ãî, çâ®¡ë ®âà¥§®ª ¥¥ ª á -

â¥«ì­®© ¬¥�¤ã ª®®à¤¨­ â­ë¬¨ ®áï¬¨ ¨¬¥« ¯®áâ®ï­­ãî ¤«¨­ã a
(à¨á. 9).

� ¥ è ¥ ­ ¨ ¥. �à ¢­¥­¨¥ ª á â¥«ì­®© ª ªà¨¢®© y = y(x) ¢ â®çª¥
(x, y) § ¯¨è¥âáï â ª:

Y − y = y′(x)(X − x).

�¯à¥¤¥«ïï ®âáî¤  ª®®à¤¨­ âë â®ç¥ª T
1

(

xy′−y
y′ , 0

)

¨ T
2

(0, y − xy′),
­ å®¤¨¬

a2 = |T
1

T
2

|2 =
(

xy′ − y

y′

)

2

+ (y − xy′)
2
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¨«¨

y = xy′ ± ay′
√

1 + y′2
.

y = y(x)

a
(x, y)

y

T
2

T
1

xO

�¨á. 9.

Ǳ®«ãç¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¨áª®¬®© ªà¨¢®© ï¢«ï-

¥âáï ãà ¢­¥­¨¥¬ �«¥à®. �£® ®¡é¨© ¨­â¥£à «

y = xC ± aC√
1 + C2

(45)

¯à¥¤áâ ¢«ï¥â á®¡®© á¥¬¥©áâ¢® ¯àï¬ëå «¨­¨©, ¤«¨­  ®âà¥§ª  ª®â®-

àëå ¬¥�¤ã ª®®à¤¨­ â­ë¬¨ ®áï¬¨ à ¢­  a. �á®¡®¥ à¥è¥­¨¥ ¯®«ã-
ç¨âáï ¢ à¥§ã«ìâ â¥ ¨áª«îç¥­¨ï p ¨§ ãà ¢­¥­¨ï

y = xp± ap
√

1 + p2
(46)

¨ ãà ¢­¥­¨ï

x± a

√

1 + p2 − p2√
1+p2

1 + p2
= 0,

ª®â®à®¥ ¨¬¥¥â ¢¨¤

x± a

(1 + p2)
3/2

= 0.
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Ǳ®« £ ï p = tg t, ¯®«ãç ¥¬

x = ∓a 
os3 t,

¨ ¨§ ãà ¢­¥­¨ï (46) ­ å®¤¨¬

y = ∓a 
os3 t · tg t± a sin t = ±a sin3 t.

a

−a a

−a

y

xO

�¨á. 10.

�®§¢®¤ï ¤¢  ¯®á«¥¤­¨å à ¢¥­áâ¢  ¢ áâ¥¯¥­ì

2

3

¨ áª« ¤ë¢ ï ¯®-

ç«¥­­®, ¨áª«îç ¥¬ t:

x2/3 + y2/3 = a2/3.

�áª®¬ ï ªà¨¢ ï ¥áâì  áâà®¨¤  (à¨á. 10). Ǳàï¬ë¥ (45) ®¡à §ãîâ

á¥¬¥©áâ¢® ª á â¥«ì­ëå ª ­¥©. �

�à ¢­¥­¨¥¬ � £à ­� * ­ §ë¢ ¥âáï ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-

­¥­¨¥ ¢¨¤ 

y = xf(y′) + g(y′), (47)

* �.�. � £à ­� (J.L. Lagrange, 1736|1813) | äà ­æã§áª¨© ¬ â¥¬ â¨ª ¨

¬¥å ­¨ª.
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â. ¥. ãà ¢­¥­¨¥, «¨­¥©­®¥ ®â­®á¨â¥«ì­® x ¨ y, ­® ­¥ à¥è¥­­®¥ ®â-
­®á¨â¥«ì­® y′. � á«ãç ¥ f(y′) ≡ y′ ¨¬¥¥¬ ãà ¢­¥­¨¥ �«¥à®.

Ǳãáâì f(t) 6≡ t ¨ äã­ªæ¨¨ f(t), g(t) | ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨-

àã¥¬ë ¯à¨ t ∈ (α, β). Ǳà¨¬¥­¨¬ ª ãà ¢­¥­¨î (47) â®â �¥ ¬¥â®¤

(¬¥â®¤ ¢¢¥¤¥­¨ï ¯ à ¬¥âà ), çâ® ¨ ª ãà ¢­¥­¨î �«¥à®. �¡®§­ ç¨¢

y′ = p, ¯¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (47) ¢ ¢¨¤¥

y = xf(p) + g(p). (48)

�§ï¢ ¤¨ää¥à¥­æ¨ «ë ®â ®¡¥¨å ç áâ¥©, ­ ©¤¥¬ ãà ¢­¥­¨¥ ¯¥à¢®£®

¯®àï¤ª  ¤«ï p:

p dx = f(p)dx+ xf
′

(p)dp+ g′(p)dp. (49)

� §¤¥«¨¢ ­  dp, ¯®«ãç¨¬ ãà ¢­¥­¨¥

(

f(p)− p
)dx

dp
+ f

′

(p)x + g′(p) = 0, (50)

ª®â®à®¥ ï¢«ï¥âáï «¨­¥©­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬, ¥á«¨

áç¨â âì x äã­ªæ¨¥© ®â p.
�­â¥£à¨àãï ¥£® (á¬. §5), ­ å®¤¨¬ ®¡é¥¥ à¥è¥­¨¥ ¢ ¢¨¤¥

x = ϕ(p)C + ψ(p), p ∈ (α, β). (51)

Ǳ®¤áâ ¢«ïï íâ® ¢ëà �¥­¨¥ x ¢ ãà ¢­¥­¨¥ (48), ¯à¨å®¤¨¬ ª ãà ¢-

­¥­¨î ¢¨¤ 

y = ϕ
1

(p)C + ψ
1

(p). (52)

�®à¬ã«ë (51) ¨ (52) ¢ëà � îâ x ¨ y ç¥à¥§ ¯à®¨§¢®«ì­ãî ¯®-

áâ®ï­­ãî C ¨ ¯¥à¥¬¥­­ë© ¯ à ¬¥âà p, â. ¥. ¤ îâ ¯ à ¬¥âà¨ç¥áª®¥
¯à¥¤áâ ¢«¥­¨¥ ®¡é¥£® ¨­â¥£à «  ãà ¢­¥­¨ï � £à ­� . �á«¨ ¨á-

ª«îç¨âì ¨§ ãà ¢­¥­¨© (51) ¨ (52) ¯ à ¬¥âà p, â® ¯®«ãç¨¬ ®¡ëç­®¥

ãà ¢­¥­¨¥ ¤«ï ®¡é¥£® ¨­â¥£à « .

Ǳà¨ ¤¥«¥­¨¨ ãà ¢­¥­¨ï ­  dp ¬®£«¨ ¡ëâì ¯®â¥àï­ë à¥è¥­¨ï,

á®®â¢¥âáâ¢ãîé¨¥ §­ ç¥­¨î dp = 0, â. ¥. á®®â¢¥âáâ¢ãîé¨¥ ¯®áâ®-

ï­­ë¬ §­ ç¥­¨ï¬ p ¨«¨, çâ® â® �¥, y′. �® ¯®áâ®ï­­®¥ §­ ç¥­¨¥ y′

¯à¨¢®¤¨â ª «¨­¥©­®© äã­ªæ¨¨ ¤«ï y,   §­ ç¨â ¨­â¥£à «ì­ë¥ ªà¨-
¢ë¥, á®®â¢¥âáâ¢ãîé¨¥ ¯®â¥àï­­ë¬ à¥è¥­¨ï¬ (¥á«¨ â ª®¢ë¥ ¥áâì),

¤®«�­ë ¡ëâì ¯àï¬ë¬¨ «¨­¨ï¬¨. � ¬¥â¨¬, çâ® ¯à¨ ¯®áâ®ï­­®¬

p = a ãà ¢­¥­¨¥ (49) ¤ ¥â ãà ¢­¥­¨¥

a dx = f(a)dx,
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¨, á«¥¤®¢ â¥«ì­®, §­ ç¥­¨¥ ¯®áâ®ï­­®© a ¤®«�­® ®¯à¥¤¥«ïâìáï ¨§
ãà ¢­¥­¨ï

f(a) = a. (53)

�¥è ï íâ® ãà ¢­¥­¨¥ ¨ ¯®¤áâ ¢«ïï ­ ©¤¥­­ë¥ ¤«ï y′ = a §­ ç¥-
­¨ï ¢ ãà ¢­¥­¨¥ (47), ¯®«ãç ¥¬ ¨áª®¬ë¥ à¥è¥­¨ï:

y = xf(a) + g(a) ¨«¨ y = ax+ g(a), (54)

áà¥¤¨ ª®â®àëå ¤®«�­ë § ª«îç âìáï ¨ ®á®¡ë¥ à¥è¥­¨ï.

Ǳà¨¬¥à 15. Ǳà®¨­â¥£à¨à®¢ âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y = xy′
2

+ y′
2

. (55)

� ¥ è ¥ ­ ¨ ¥. �â® ãà ¢­¥­¨¥ � £à ­� . Ǳ®«®�¨¬ y′ = p, â®£¤ 

y = xp2 + p2. (56)

�§ï¢ ¤¨ää¥à¥­æ¨ «ë ®â ®¡¥¨å ç áâ¥© à ¢¥­áâ¢  (56) ¨ ¯à®¢¥¤ï

§ ¬¥­ã dy = p dx, ¯à¨¤¥¬ ª ãà ¢­¥­¨î

p dx = p2dx+ 2px dp+ 2p dp.

�âáî¤ , à §¤¥«¨¢ ®¡¥ ç áâ¨ ­  p 6= 0, ¯®«ãç¨¬ ãà ¢­¥­¨¥ á à §¤¥-

«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ (§3):

(1− p)dx = 2(x+ 1)dp.

�­â¥£à¨àãï ¥£®, ­ å®¤¨¬

ln |x+ 1| = −2 ln |1− p|+ lnC ¨«¨ x+ 1 =

C

(p− 1)

2

.

�á¯®«ì§ãï (52), ¯®«ãç ¥¬ y =
Cp2

(p− 1)

2

.

� ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ � £à ­�  (55) ¨¬¥¥â ®¡é¥¥ à¥è¥­¨¥

¢ ¯ à ¬¥âà¨ç¥áª®© ä®à¬¥















x =
C

(p− 1)

2

− 1,

y =
Cp2

(p− 1)

2

.

(57)
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�â®¡ë ¯®«ãç¨âì ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-

­¨ï (55) ¢ ­¥¯ à ¬¥âà¨ç¥áª®© ä®à¬¥, á«¥¤ã¥â ¨áª«îç¨âì p ¨§ (57)
¨ à¥è¨âì ¯®«ãç¥­­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® y. � ¨â®£¥ ¡ã¤¥¬

¨¬¥âì:

y = x+ 1 + C ± 2

√

C(x + 1).

�«ï ­ å®�¤¥­¨ï ®á®¡ëå à¥è¥­¨© ãà ¢­¥­¨ï (55) à áá¬®âà¨¬

ãà ¢­¥­¨¥ (53): a2 = a. �­® ¨¬¥¥â ª®à­¨ a
1

= 0 ¨ a
2

= 1, ª®â®àë¬

á®®â¢¥âáâ¢ãîâ à¥è¥­¨ï (54):

y = 0 ¨ y = x+ 1.

Ǳ¥à¢®¥ ¨§ ­¨å ï¢«ï¥âáï ®á®¡ë¬ à¥è¥­¨¥¬,   ¢â®à®¥ ¯®«ãç ¥âáï ¨§

®¡é¥£® à¥è¥­¨ï ¯à¨ C = 0. �

Ǳà¨¬¥à 16. Ǳà®¨­â¥£à¨à®¢ âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′
2 − 2x3y′ + 4x2y = 0. (58)

� ¥ è ¥ ­ ¨ ¥. �â® ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ­¥ ï¢«ï¥âáï ­¨

ãà ¢­¥­¨¥¬ �«¥à®, ­¨ ãà ¢­¥­¨¥¬ � £à ­� . �¥¬ ­¥ ¬¥­¥¥, ®­®

¨­â¥£à¨àã¥âáï ®¯¨á ­­ë¬ ¢ëè¥ á¯®á®¡®¬. Ǳ®«®�¨¬ y′ = p, â®£¤ 

p2 − 2x3p+ 4x2y = 0. (59)

� §¤¥«¨¢ ­  x2, ¢§ï¢ ¤¨ää¥à¥­æ¨ «ë ®â ®¡¥¨å ç áâ¥© à ¢¥­áâ¢ ,

¯à®¢¥¤ï § ¬¥­ã dy = p dx ¨ ã¯à®áâ¨¢, ¯à¨¤¥¬ ª ¤¨ää¥à¥­æ¨ «ì­®-

¬ã ãà ¢­¥­¨î

p dx− p2

x3
dx− x dp+

p

x2
dp = 0.

� §«®�¨¢ «¥¢ãî ç áâì ­  ¬­®�¨â¥«¨, ¨¬¥¥¬ ãà ¢­¥­¨¥

(

1− p

x3

)

(p dx− x dp) = 0.
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�âáî¤ , ¤¥«ï ®¡¥ ç áâ¨ ­  1 − p
x3 6= 0, ¯®«ãç ¥¬ ãà ¢­¥­¨¥ á

à §¤¥«ïîé¨¬¨áï ¯¥à¥¬¥­­ë¬¨ (§3):

p dx = x dp.

�­â¥£à¨àãï ¥£®, ­ å®¤¨¬

ln |p| = ln |x|+ 2C ¨«¨ p = 2Cx.

�á¯®«ì§ãï (59), ¯®«ãç ¥¬ ®¡é¥¥ à¥è¥­¨¥:

y = Cx2 − C2.

Ǳà¨ ¤¥«¥­¨¨ ­  x2 ¨

(

1− p
x3

)

¬®£«¨ ¡ëâì ¯®â¥àï­ë à¥è¥­¨ï

x = 0 ¨ y′ = p = x3.
�â®¡ë ¯à®¢¥à¨âì, ï¢«ï¥âáï «¨ x = 0 à¥è¥­¨¥¬, á«¥¤ã¥â, ¨á-

¯®«ì§ãï ä®à¬ã«ã ¤«ï ¯à®¨§¢®¤­®© ®¡à â­®© äã­ªæ¨¨

(

y′x =
1

x′
y

)

,

¯¥à¥¯¨á âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (58) ¢ ¢¨¤¥

1− 2x3x′y + 4x2yx′y
2

= 0. (60)

Ǳ®¤áâ ¢«ïï x = 0 ¨ x′y = 0 ¢ ãà ¢­¥­¨¥ (60), ã¡¥�¤ ¥¬áï, çâ®

®­® ­¥ ®¡à é ¥âáï ¢ ¢¥à­®¥ à ¢¥­áâ¢® ¨, á«¥¤®¢ â¥«ì­®, x = 0 ­¥

ï¢«ï¥âáï à¥è¥­¨¥¬ ¨áå®¤­®£® ãà ¢­¥­¨ï (58).

� ¢¥­áâ¢® y′ = x3 ¤ ¥â y = x4

4

+
onst. Ǳ®¤áâ ¢«ïï íâ¨ ¤¢  à ¢¥­-

áâ¢  ¢ ãà ¢­¥­¨¥ (58), ¯®«ãç ¥¬ 
onst = 0. �â® ®§­ ç ¥â, çâ® y = x4

4

ï¢«ï¥âáï ®á®¡ë¬ à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (58).

�  à¨á. 8 ¨§®¡à �¥­® ¯®«¥ ¨­â¥£à «ì­ëå ªà¨¢ëå y = Cx2 −C2

.

�â¨ ªà¨¢ë¥ ¨¬¥îâ ®£¨¡ îéãî y = x4

4

. �

�¥è¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï:

36. y = xy′ − y′2.
37. 2y′2 (y − xy′) = 1.

38. 2y (y′ + 1) = xy′2.

39. y = xy′2 − 2y′3.

40. y =
3

2

xy′ + ey
′

.
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�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
8

� ª �¤®¬ ¢ à¨ ­â¥ ¯à®¨­â¥£à¨à®¢ âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-

­¥­¨¥ �«¥à®:

8.1. y = xy′ − ey
′
+ y′.

8.2. 3y = 3xy′ − (y′)3 + 3y′.
8.3. y = xy′ − ln y′ + 2y′.
8.4. 2y = 2xy′ − (y′)2 + 6y′.
8.5. y = xy′ − e3y

′
+ 2y′.

8.6. y = xy′ − e2y
′
+ y′.

8.7. 3y = 3xy′ − 4 (y′)3 + 3y′.
8.8. y = xy′ − 2 ln y′ + 2y′.
8.9. y = xy′ − (y′)2 + 3y′.
8.10. y = xy′ − e4y

′
+ 2y′.

8.11. y = xy′ − ey
′
+ 2y′.

8.12. 3y = 3xy′ − (y′)3 + 6y′.
8.13. y = xy′ − ln y′ + y′.
8.14. 2y = 2xy′ − (y′)2 + 4y′.
8.15. y = xy′ − e3y

′
+ y′.

8.16. y = xy′ − e2y
′
+ 2y′.

8.17. 3y = 3xy′ − 4 (y′)3 + 6y′.
8.18. y = xy′ − 2 ln y′ + y′.
8.19. y = xy′ − (y′)2 + 2y′.
8.20. y = xy′ − e4y

′
+ y′.

8.21. y = xy′ − ey
′
+ 3y′.

8.22. 3y = 3xy′ − (y′)3 + 9y′.
8.23. y = xy′ − ln y′ + 3y′.
8.24. 2y = 2xy′ − (y′)2 + 2y′.
8.25. y = xy′ − e3y

′
+ 3y′.

8.26. y = xy′ − e2y
′
+ 3y′.

8.27. 3y = 3xy′ − 4 (y′)3 + 9y′.
8.28. y = xy′ − 2 ln y′ + 3y′.
8.29. y = xy′ − (y′)2 + y′.
8.30. y = xy′ − e4y

′
+ 3y′.
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�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
9

� ª �¤®¬ ¢ à¨ ­â¥ ¯à®¨­â¥£à¨à®¢ âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-

­¥­¨¥ � £à ­� :

9.1. y = x (y′)2 + (y′)3 + 3 (y′)2.

9.2. y = 2xy′ + (y′)4.

9.3. y = x
(

(y′)2 + y′
)

+

3

y′
.

9.4. y = 3xy′ + (y′)5.

9.5. y = x
(

(y′)2 + 2y′
)

+ 2 (y′)3 + 3 (y′)2.

9.6. 2y = xy′ + 2 (y′)5/2.

9.7. y = x
(

2 (y′)2 − y′
)

+ 2 (y′)3/2.

9.8. y =
x

y′
+

(

(y′)
2 − 1

)

5/2

.

9.9. y = x
(

2 (y′)2 + y′
)

+

4

y′
.

9.10. y =
4x

y′
+

(

(y′)
2 − 4

)

3/2

.

9.11. y = x
(

(y′)2 + y′
)

+

2

y′
.

9.12. y = 3xy′ + (y′)4 + (y′)2.

9.13. y = x
(

(y′)2 + 2y′
)

+ 4 (y′)3 + 6 (y′)2.

9.14. 2y = xy′ + 2 (y′)5/2 + (y′)3/2.

9.15. y = x
(

2 (y′)2 − y′
)

+ 4 (y′)3/2.

9.16. y =
x

y′
+

(

(y′)
2 − 1

)

3/2

.

9.17. y = x
(

2 (y′)2 + y′
)

+

5

y′
.

9.18. y =
4x

y′
+

√

(y′)2 − 4.

9.19. y = x (y′)2 + (y′)3 + 2 (y′)2.

9.20. y = 2xy′ + (y′)5 + (y′)3.

9.21. y = x
(

(y′)2 + 2y′
)

+ 6 (y′)3 + 9 (y′)2.

9.22. 2y = xy′ + 4 (y′)5/2 + 2 (y′)3/2.

9.23. y = x
(

2 (y′)2 − y′
)

+ 4 (y′ − 1)

3/2
.
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9.24. y =
x

y′
+

√

(y′)2 − 1.

9.25. y = x
(

2 (y′)2 + y′
)

+

6

y′
.

9.26. y =
4x

y′
+

(

(y′)
2 − 4

)

5/2

.

9.27. y = x (y′)2 + 2 (y′)3 + (y′)2.
9.28. y = 2xy′ + 2 (y′)4 + 3 (y′)2.

9.29. y = x
(

(y′)2 + y′
)

+

1

y′
.

9.30. y = 3xy′ + 5 (y′)3 + 2 (y′)2.

§8. �¡é¨¥ á¢¥¤¥­¨ï ®¡ ãà ¢­¥­¨ïå ¢ëáè¨å ¯®àï¤ª®¢

� íâ®¬ ¯ à £à ä¥ ¯à¨¢¥¤¥¬ «¨èì â¥®à¥â¨ç¥áª¨¥ à¥§ã«ìâ âë.

�«ï ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï n-£® ¯®àï¤-
ª  ¢¨¤  (1) ¨«¨ à¥è¥­­®£® ®â­®á¨â¥«ì­® áâ àè¥© ¯à®¨§¢®¤­®©

y(n) = f
(

x, y, y′, y′′, . . . , y(n−1)

)

(61)

­ ç «ì­ë¥ ãá«®¢¨ï (ãá«®¢¨ï �®è¨) á®áâ®ïâ ¢ § ¤ ­¨¨ §­ ç¥­¨©

äã­ªæ¨¨ y ¨ ¥¥ ¯à®¨§¢®¤­ëå ¤® (n − 1)-£® ¯®àï¤ª  ¢ª«îç¨â¥«ì-

­® ¯à¨ ­¥ª®â®à®¬ ®¯à¥¤¥«¥­­®¬ §­ ç¥­¨¨ x = x
0

:

y(x
0

) = y
0

, y′(x
0

) = y
01

, . . . , y(n−1)

(x
0

) = y
0n−1

. (62)

� íâ¨å ãá«®¢¨ïå y
0

, y
01

, . . . , y
0n−1

| § ¤ ­­ë¥ ç¨á« .

�«ï ãà ¢­¥­¨ï n-£® ¯®àï¤ª  (61), ª ª ¨ ¤«ï ãà ¢­¥­¨ï ¯¥à¢®£®
¯®àï¤ª , ¨¬¥¥â ¬¥áâ®

2. �¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨. �á«¨ äã­ª-

æ¨ï f
(

x, y, y′, y′′, . . . , y(n−1)

)

­¥¯à¥àë¢­  ¯à¨ ¢á¥å §­ ç¥­¨ïå x,

¡«¨§ª¨å ª x
0

, ¨ §­ ç¥­¨ïå y, y′, y′′, . . . , y(n−1)

, ¡«¨§ª¨å ª (62),

¨ ­¥¯à¥àë¢­ë ¥¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯¥à¢®£® ¯®àï¤ª  ¯® y, y′,
y′′, . . . , y(n−1)

, â® ­ ç «ì­ë¬ ãá«®¢¨ï¬ (62) á®®â¢¥âáâ¢ã¥â ®¤-

­® ®¯à¥¤¥«¥­­®¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (61) ¤«ï x,
¡«¨§ª¨å ª x

0

.

�§¬¥­ïï ¢ ­ ç «ì­ëå ãá«®¢¨ïå ¯®áâ®ï­­ë¥ y
0

, y
01

, . . . , y
0n−1

,

¯®«ãç ¥¬ ¡¥áç¨á«¥­­®¥ ¬­®�¥áâ¢® à¥è¥­¨©, § ¢¨áïé¥¥ ®â n ¯à®-

¨§¢®«ì­ëå ¯®áâ®ï­­ëå. �â¨ ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥ ¬®£ãâ ¢å®-

¤¨âì ¢ à¥è¥­¨¥ ¨ ­¥ ª ª ­ ç «ì­ë¥ ãá«®¢¨ï,   ¢ ¡®«¥¥ ®¡é¥© ä®à-

¬¥:

y = ϕ(x,C
1

, C
2

, . . . , Cn). (63)
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� ª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (61), á®¤¥à� é¥¥ n ¯à®¨§¢®«ì­ëå ¯®-
áâ®ï­­ëå, ­ §ë¢ ¥âáï ®¡é¨¬ à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-

­¥­¨ï (61). �à ¢­¥­¨¥ (63) ¬®�¥â ¡ëâì § ¯¨á ­® ¨ ¢ ­¥ï¢­®© ä®à-

¬¥:

�(x, y, C
1

, C
2

, . . . , Cn) = 0 (64)

�à ¢­¥­¨¥ (64) ­ §ë¢ ¥âáï ®¡é¨¬ ¨­â¥£à «®¬ ¤¨ää¥à¥­æ¨ «ì­®-

£® ãà ¢­¥­¨ï (61). Ǳà¨¤ ¢ ï ¯®áâ®ï­­ë¬ C
1

, C
2

, . . . , Cn ¢ (63)

¨«¨ (64) ®¯à¥¤¥«¥­­ë¥ §­ ç¥­¨ï, ¯®«ãç ¥¬ ç áâ­®¥ à¥è¥­¨¥ ¨«¨

ç áâ­ë© ¨­â¥£à « á®®â¢¥âáâ¢¥­­® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-

­¨ï (61).

�áïª®¥ à¥è¥­¨¥, ª®â®à®¥ ­¥ § ª«îç ¥âáï ¢ á¥¬¥©áâ¢¥ ®¡é¥£® ¨­-

â¥£à « , â. ¥. ­¥ ¬®�¥â ¡ëâì ¯®«ãç¥­® ¨§ ä®à¬ã«ë (63)

(

¨«¨ (64)

)

­¨ ¯à¨ ª ª¨å §­ ç¥­¨ïå ¯®áâ®ï­­ëå Ck, ­ §ë¢ ¥âáï ®á®¡ë¬ à¥è¥-

­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï.

§9. �à ¢­¥­¨ï, ¤®¯ãáª îé¨¥ ¯®­¨�¥­¨¥ ¯®àï¤ª 

9.1. �à ¢­¥­¨ï, á®¤¥à� é¨¥ â®«ìª® ­¥§ ¢¨á¨¬ãî

¯¥à¥¬¥­­ãî ¨ ¯à®¨§¢®¤­ãî ¢ëáè¥£® ¯®àï¤ª 

�¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y(n) = f(x) (65)

ï¢«ï¥âáï ­¥¯®áà¥¤áâ¢¥­­ë¬ ®¡®¡é¥­¨¥¬ ãà ¢­¥­¨ï y′ = f(x).
�£® ®¡é¥¥ à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã«®©

y =

∫

.
dx

∫

.
dx . . .

∫

.
dx

∫

.
f(x)dx + C

1

+ C
2

x+ . . .+ Cnx
n−1, (66)

£¤¥ C
1

, C
2

, . . . , Cn | ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

�ª �¥¬ ¥é¥ ­¥áª®«ìª® ç áâ­ëå á«ãç ¥¢, ª®£¤  ¯®àï¤®ª ¤¨ää¥-

à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¬®�¥â ¡ëâì ¯®­¨�¥­.

9.2. �à ¢­¥­¨ï, ­¥ á®¤¥à� é¨¥ ¨áª®¬®© äã­ªæ¨¨

¨ ¯®á«¥¤®¢ â¥«ì­ëå ¯¥à¢ëå ¯à®¨§¢®¤­ëå

�á«¨ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ­¥ á®¤¥à�¨â ¨áª®¬®© äã­ª-

æ¨¨ y ¨ ¥¥ ­¥áª®«ìª¨å ¯®á«¥¤®¢ â¥«ì­ëå ¯à®¨§¢®¤­ëå y′, y′′, . . . ,
y(k−1)

, â. ¥. ¨¬¥¥â ¢¨¤

F
(

x, y(k), y(k+1), . . . , y(n)
)

= 0,
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â® ¥£® ¯®àï¤®ª ¬®�­® ¯®­¨§¨âì ­  k ¥¤¨­¨æ, ¢§ï¢ §  ­®¢ãî ­¥¨§-

¢¥áâ­ãî äã­ªæ¨î z = y(k):

F
(

x, z, z′, . . . , z(n−k)
)

= 0.

�á«¨ ­ ©¤¥¬ ®¡é¥¥ à¥è¥­¨¥ íâ®£® ¯®á«¥¤­¥£® ãà ¢­¥­¨ï:

z = ϕ(x,C
1

, C
2

, . . . , Cn−k),

â® y ®¯à¥¤¥«¨âáï ¨§ ãà ¢­¥­¨ï â¨¯  (65):

y(k) = ϕ(x,C
1

, C
2

, . . . , Cn−k),

ª®â®à®¥ ¤ «¥¥ à¥è ¥âáï â ª, ª ª ãª § ­® ¢ ¯. 9.1.

Ǳà¨¬¥à 17. Ǳà®¨­â¥£à¨à®¢ âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′′ + 2xy′ = 0. (67)

� ¥ è ¥ ­ ¨ ¥. �¡®§­ ç¨¬ z = z(x) = y′. �®£¤  z′ = y′′. Ǳ®¤áâ -
¢«ïï íâ® á®®â­®è¥­¨¥ ¢ ãà ¢­¥­¨¥ (67), ¯®«ãç ¥¬

z′ + 2xz = 0.

�â¤¥«ïï ¯¥à¥¬¥­­ë¥, ¨­â¥£à¨àã¥¬ (á¬. §3):

dz

z
+ 2x dx = 0,

ln |z|+ x2 = C, ¨«¨ z = C
1

e−x2 .

� ¬¥­ïï z ­  y′, ¯®«ãç ¥¬

y′ = C
1

e−x2 .

�«¥¤®¢ â¥«ì­®, ¢ëà �¥­¨¥

y = C
1

∫

.
e−x2dx+ C

2

(68)
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ï¢«ï¥âáï ®¡é¨¬ à¥è¥­¨¥¬ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (67), § -

¯¨á ­­ë¬ ¢ ª¢ ¤à âãà å

(

¨­â¥£à « ®â e−x2
­¥ ¢ëà � ¥âáï ç¥à¥§

í«¥¬¥­â à­ë¥ äã­ªæ¨¨

)

. �

9.3. �à ¢­¥­¨ï, ­¥ á®¤¥à� é¨¥ ­¥§ ¢¨á¨¬®© ¯¥à¥¬¥­­®©

�á«¨ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ­¥ á®¤¥à�¨â ¯¥à¥¬¥­­®© x,
â. ¥. ¨¬¥¥â ¢¨¤

F
(

y, y′, y′′, . . . , y(n)
)

= 0, (69)

â® ¥£® ¯®àï¤®ª ¬®�­® ¯®­¨§¨âì ­  ¥¤¨­¨æã, ¢§ï¢ §  ­®¢ãî ­¥§ ¢¨-

á¨¬ãî ¯¥à¥¬¥­­ãî y ¨ ­®¢ãî ­¥¨§¢¥áâ­ãî äã­ªæ¨î z = z(y) = y′.
�ç¨â ï, çâ® z, ï¢«ïïáì äã­ªæ¨¥© ®â y, § ¢¨á¨â ®â x, ¨ ¯à¨¬¥­ïï

¯à ¢¨«® ¤¨ää¥à¥­æ¨à®¢ ­¨ï á«®�­ëå äã­ªæ¨©, ¤«ï ¯à®¨§¢®¤­ëå

®â y ¯® x ¯®«ãç ¥¬ ¢ëà �¥­¨ï

y′′ =
dz

dx
=

dz

dy

dy

dx
= z′z,

y′′′ =
d

dx

(

dz

dy
z

)

=

d

dy

(

dz

dy
z

)

dy

dx
= z′′z2 + z′

2

z,

.

.

.

®âªã¤  ¢¨¤­®, çâ® ¢ ­®¢ëå ¯¥à¥¬¥­­ëå ¯®àï¤®ª ãà ¢­¥­¨ï ¡ã-

¤¥â (n− 1).

Ǳà¨¬¥à 18. � ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢-

­¥­¨ï

y′′ = 3y5 (70)

¨ ¢ë¤¥«¨âì ç áâ­®¥ à¥è¥­¨¥, ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­ë¬ ãá«®-

¢¨ï¬ y′(0) = y(0) = 1.

� ¥ è ¥ ­ ¨ ¥. � ãà ¢­¥­¨¥ (70) ï¢­® ­¥ ¢å®¤¨â x. Ǳ®« £ ¥¬

z(y) = y′. Ǳ®¤áâ ¢«ïï y′′ = z′z ¢ ãà ¢­¥­¨¥, ¯®«ãç ¥¬

z′z = 3y5.

� §¤¥«ïï ¯¥à¥¬¥­­ë¥ (á¬. §3), ¨­â¥£à¨àã¥¬ ãà ¢­¥­¨¥

z dz = 3y5dy ⇔ z2 = y6 + C
1

.
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� ¬¥­ïï z ­  y′ ¨ à¥è ï ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® y′, ¯à¨¢®¤¨¬ ¥£®

ª ¢¨¤ã

±y′ =
√

y6 + C
1

. (71)

�¡é¨© ¨­â¥£à « ¨¬¥¥â ¢¨¤ (á¬. §3):
∫

.
dy

√

y6 + C
1

= ±x+ C
2

(72)

¨ ­¥ ¢ëà � ¥âáï ¢ í«¥¬¥­â à­ëå äã­ªæ¨ïå.

�«ï à¥è¥­¨ï ­ ç «ì­®© § ¤ ç¨ ¡ã¤¥¬ ®¯à¥¤¥«ïâì ª®­áâ ­âë ¯®-

á«¥¤®¢ â¥«ì­®: ¨§ ãà ¢­¥­¨ï (71) ¯®«ãç ¥¬ C
1

= 0. �®£¤  (71)

¯à¨¬¥â ¢¨¤

y′ = y3.

�­â¥£à¨àãï íâ® ãà ¢­¥­¨¥ ¬¥â®¤®¬ §3, ¢¬¥áâ® (72) ¯®«ãç ¥¬

− 1

2y2
= x+ C

2

,

®âªã¤  ¯à¨ ãç¥â¥ ãá«®¢¨ï y(0) = 1 ¨¬¥¥¬ C
2

= − 1

2

. �ª®­ç â¥«ì­®,

y =
1√

1− 2x
. �

9.4. �à ¢­¥­¨ï, ®¤­®à®¤­ë¥ ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ­®©

äã­ªæ¨¨ ¨ ¥¥ ¯à®¨§¢®¤­ëå

�á«¨ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ®¤­®à®¤­® ®â­®á¨â¥«ì­® y ¨
¥£® ¯à®¨§¢®¤­ëå, â. ¥. ­¥ ¨§¬¥­ï¥âáï ¯à¨ ®¤­®¢à¥¬¥­­®© § ¬¥­¥

y, y′, y′′, . . . ­  ky, ky′, ky′′, . . . , â®, ¢¢®¤ï ­®¢ãî ­¥¨§¢¥áâ­ãî

äã­ªæ¨î z = z(x) = y′

y , ¬®�­® ¯®­¨§¨âì ¯®àï¤®ª ãà ¢­¥­¨ï ­ 

¥¤¨­¨æã.

�â® á«¥¤ã¥â ¨§ ä®à¬ã«

y′ = zy, y′′ = z′y + zy′ = y
(

z′ + z2
)

, . . .

¨ ¨§ â®£®, çâ® ¯®á«¥ ¯®¤áâ ­®¢ª¨ ¢ «¥¢ãî ç áâì à áá¬ âà¨¢ ¥¬®£®

ãà ¢­¥­¨ï ¢ë­¥á¥âáï ­¥ª®â®à ï áâ¥¯¥­ì y (¢ á¨«ã ®¤­®à®¤­®áâ¨),
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¨ ­  íâ®â ¬­®�¨â¥«ì ¬®�­® à §¤¥«¨âì ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (¢®§-

¬®�­®, ¯®â¥àï¢ ¯à¨ íâ®¬ à¥è¥­¨¥ y = 0).

Ǳà¨¬¥à 19. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

x2yy′′ = (y − xy′)
2

. (73)

� ¥ è ¥ ­ ¨ ¥. � ­­®¥ ãà ¢­¥­¨¥ ®¤­®à®¤­® ®â­®á¨â¥«ì­® y, y′,
y′′. Ǳ®« £ ¥¬ y′ = zy. Ǳ®¤áâ ¢«ïï y′ ¨ y′′ = y

(

z′ + z2
)

¢ ãà ¢­¥-

­¨¥ (73), ¯®«ãç ¥¬

x2y2
(

z′ + z2
)

= (y − xzy)2 ¨«¨ y2
(

x2z′ − 1 + 2xz
)

= 0.

�¥«ï ­  y2, ¯à¨å®¤¨¬ ª «¨­¥©­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥-

­¨î (á¬. §5):
x2z′ + 2xz = 1.

�¯à®áâ¨¬ ¨­â¥£à¨à®¢ ­¨¥. �«ï íâ®£® «¥¢ãî ç áâì ¯®á«¥¤­¥£®

ãà ¢­¥­¨ï § ¯¨è¥¬ ¢ ¢¨¤¥

(

x2z
)′
= 1.

�®£¤ 

x2z = x+ C
1

¨«¨ z =
1

x
+

C
1

x2
.

� ¬¥­ïï §¤¥áì z ­  y′

y ¨ ¨­â¥£à¨àãï (á¬. §3), ¯®«ãç ¥¬ ®¡é¨© ¨­-

â¥£à « ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (73)

ln |y| = ln |x| − C
1

x
+ lnC

2

¨«¨ ®¡é¥¥ à¥è¥­¨¥

y = C
2

xe−
C
1

x .

�ç¥¢¨¤­®¥ à¥è¥­¨¥ y = 0 ï¢«ï¥âáï ç áâ­ë¬, â ª ª ª á®¤¥à�¨â-

áï ¢ íâ®© ä®à¬ã«¥ ¯à¨ C
2

= 0. �

�¥è¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï:

41. y′′′ = sinx+ 24x.
42. y′′ = ex(x + 2).

43. y(IV )

=

6

x4
.
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44. y′′ = ar
tgx.
45. xy′′′ = y′′ − xy′′.

46. xy′′ = y′ ln
y′

x
.

47. 2xy′′ − y′ = 9x2.

48. xy′′ − y′ = y′2.
49. y′′ + 2yy′3 = 0.

50. y2y′′ = y′3 + yy′2.
51. yy′′ − y′2 = y2y′.
52. y′′ − y′2 = yy′3.
53. xyy′′ − xy′2 = 2yy′.
54. sinx · y2 + exy (y′ + y′′) = exy′2.

55. x2yy′′ − xyy′ + 4y2 = x2y′2.
56. xyy′′ + xy′2 = 5yy′.

� ©â¨ à¥è¥­¨ï, ã¤®¢«¥â¢®àïîé¨¥ § ¤ ­­ë¬ ­ ç «ì­ë¬ ãá«®-

¢¨ï¬:

57. y′′′ = xe−x, y(0) = 0, y′(0) = 2, y′′(0) = 2.

58. 2 sinx · y′′ + y′ 
osx = y′3(x 
osx − sinx), y
(

π
2

)

=

√
2π,

y′
(

π
2

)

=

√

2

π .

59. y′′ + y′2 = 2e−y, y(0) = 0, y′(0) = 2.

60. y′y′′′ − 3y′′2 = 0, y(1) = −1, y′(1) = −1, y′′(1) = 2.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
10

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

10.1. xy′′′ = y′′ + 2.

10.2. x3y′′′ + 3x2y′′ = 2 
os lnx.
10.3.

(

x2 − x
)

y′′′ = (2− x)y′′.
10.4. xy′′′ − 2y′′ = 4.

10.5. y′′′(2 lnx+ 3)x = 2y′′.
10.6. tgx · y′′′ + 2y′′ = 0.

10.7. y′′′ =
3

x
· y′′ + 12x.

10.8. y′′′ + 3 (y′′)2
√
1− 2x = 0.

10.9. tg 3x · y′′′ = 6y′′.
10.10. x3y′′′ + 3x2y′′ = 8 sin lnx.
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10.11. xy′′′ − y′′ = 12x2.

10.12. y′′′ = 6 (y′′)2
√
x+ 1.

10.13.

(

2x2 − x
)

y′′′ = 2(1− x)y′′.

10.14. y′′′ − 2

x
y′′ = 6.

10.15. tgx · y′′′ = y′′.
10.16. y′′′ = (y′′)2

√
6x+ 5.

10.17. xy′′′ − 3y′′ = 12x.
10.18. tg 3x · y′′′ = 3y′′.
10.19. x3y′′′ + 3x2y′′ = 4 
os lnx.
10.20. tg 2x · y′′′ + 4y′′ = 0.

10.21. y′′′ =
y′′

x
+ 40x2.

10.22. y′′′ = 3 (y′′)2
√
2x+ 7.

10.23.

(

x2 − 2x
)

y′′′ = (4− x)y′′.
10.24. xy′′′ = 2y′′ + 20x3.
10.25. tg 3x · y′′′ + 6y′′ = 0.

10.26. y′′′ = 2 (y′′)2
√
3x+ 4.

10.27. xy′′′ − 6 = 3y′′.
10.28. x3y′′′ + 3x2y′′ = 6 sin lnx.
10.29. tg 2x · y′′′ = 4y′′.
10.30. y′′′ + (y′′)2

√
1− x = 0.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
11

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ à¥è¥­¨¥ § ¤ ç¨ á ­ ç «ì­ë¬¨ ãá«®-

¢¨ï¬¨:

11.1. y′′ = 8(1 + 3y)(1 + y), y(0) = 1, y′(0) = 8.

11.2. y′′ + y′2 = 2e−y, y(0) = 0, y′(0) = 2.

11.3. y′′ =
sin y


os

3 y
, y(0) = 0, y′(0) = 1.

11.4. 2yy′′ ln y = y′2(1 + 2 ln y), y(0) = e, y′(0) = e.
11.5. y′′ = 16y(y − 1)(2y − 1), y(0) = 1

2

, y′(0) = 1.

11.6. y2y′′ + y′ = 0, y(0) = 1, y′(0) = 1.

11.7. 4y′′ = sin 4y, y(0) = π
4

, y′(0) = 1

2

.

11.8. y6y′′ + 5y′ = 0, y(0) = 2, y′(0) = 1

32

.

11.9. y′′ = 2

(

1 + 4y + 3y2
)

, y(0) = 0, y′(0) = 0.

11.10. y′′ + y′2 = 8e−y, y(0) = 2 ln 2, y′(0) = 2.

11.11. y′′ =
4 sin y


os

3 y
, y(0) = π

6

, y′(0) = 4√
3

.
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11.12. 3yy′′ ln y = y′2(2 + 3 ln y), y(0) = e, y′(0) = e.
11.13. y′′ = 81y(2y − 1)(4y − 1), y(0) = 1

3

, y′(0) = 1.

11.14. y3y′′ + 2y′ = 0, y(0) = 1, y′(0) = 1.

11.15. y′′ = sin 4y, y(0) = π
4

, y′(0) = 1.

11.16. y8y′′ + 7y′ = 0, y(0) = 2, y′(0) = 1

128

.

11.17. y′′ = 8

(

1 + 4y + 3y2
)

, y(0) = 3, y′(0) = 16

√
3.

11.18. y′′ + y′2 = 8e−y, y(0) = 0, y′(0) = 4.

11.19. y′′ =
9 sin y


os

3 y
, y(0) = 0, y′(0) = 3.

11.20. 2yy′′ ln y = y′2(1 + 2 ln y), y(1) = e, y′(1) = e.
11.21. y′′ = 256y(3y− 1)(6y − 1), y(0) = 1

4

, y′(0) = 1.

11.22. y4y′′ + 3y′ = 0, y(0) = 1, y′(0) = 1.

11.23. y′′ = 4 sin 4y, y(0) = π
4

, y′(0) = 2.

11.24. y7y′′ + 6y′ = 0, y(0) = 2, y′(0) = 1

64

.

11.25. y′′ = 2(1 + y)(1 + 3y), y(0) = 1, y′(0) = 4.

11.26. y′′ + y′2 = 2e−y, y(0) = 2 ln 2, y′(0) = 1.

11.27. y′′ =
sin y


os

3 y
, y(0) =

π

6

, y′(0) =
2√
3

.

11.28. 3yy′′ ln y = y′2(2 + 3 ln y), y(1) = e, y′(1) = e.
11.29. y′′ = 64y(y − 1)(2y − 1), y(0) = 1

2

, y′(0) = 2.

11.30. y5y′′ + 4y′ = 0, y(0) = 1, y′(0) = 1.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
12

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

12.1. xyy′′ − 2xy′2 = 3yy′.
12.2. x2y′2 + y2 = x2yy′′ + 2xyy′.
12.3. e2x (2yy′ + yy′′) = 8 sin 2x · y2 + e2xy′2.
12.4. xyy′′ + 3xy′2 = 4yy′.
12.5. 3xyy′ + x2yy′′ = 2y2 + x2y′2.
12.6. 5xy′2 = 7yy′ − xyy′′.
12.7. x2y′2 = x2yy′′ − xyy′ + 2y2.
12.8. exyy′′ − 30 
os 3x · y2 = ex(y′2 − yy′).

12.9. 2yy′ + xyy′′ = 4xy′2.
12.10. x2yy′′ + 3y2 = x2y′2 + 2xyy′.
12.11. xyy′′ = 2xy′2 + 2yy′.
12.12. x2y′2 − 2xyy′ = x2yy′′ − 3y2.
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12.13. e2x(2yy′ − y′2) = 145 sin5x · y2 − e2xyy′′.
12.14. 3xy′2 = 5yy′ − xyy′′.
12.15. x2yy′′ = x2y′2 − 3xyy′ + 4y2.

12.16. xyy′′ + 5xy′2 = 8yy′.
12.17. x2yy′′ + 4y2 = xyy′ + x2y′2.
12.18. exyy′ − 10 
os 2x · y2 = ex(y′2 − yy′′).
12.19. xyy′′ − 4xy′2 = −3yy′.
12.20. x2y′2 − 6y2 = x2yy′′ − 2xyy′.
12.21. 2xy′2 = yy′ + xyy′′.
12.22. 2xyy′ + x2yy′′ = 5y2 + x2y′2.
12.23. e2x(yy′′ − y′2) = 39 sin3x · y2 − 2e2xyy′.

12.24. xyy′′ = 6yy′ − 3xy′2.
12.25. x2y′2 + 6y2 = 3xyy′ + x2yy′′.
12.26. 9yy′ = 5xy′2 + xyy′′.
12.27. x2yy′′ − xyy′ = x2y′2 − 8y2.

12.28. 130 
os 5x · y2 + exy′2 = ex (yy′′ + yy′).
12.29. 4xy′2 = 4yy′ + xyy′′.
12.30. 2xyy′ + x2y′2 = 9y2 + x2yy′′.

§10. �¨­¥©­ë¥ ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 
á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

10.1. �¨­¥©­ë¥ ®¤­®à®¤­ë¥ ãà ¢­¥­¨ï

�â®¡ë à¥è¨âì «¨­¥©­®¥ ®¤­®à®¤­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥-

­¨¥ ¢â®à®£® ¯®àï¤ª  (®¤­®à®¤­®áâì §¤¥áì ®§­ ç ¥â à ¢¥­áâ¢® ­ã«î

¯à ¢®© ç áâ¨) á ¯®áâ®ï­­ë¬¨ ¢¥é¥áâ¢¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

y′′ + p
1

y′ + p
2

= 0, (74)

á«¥¤ã¥â á®áâ ¢¨âì å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

λ2 + p
1

λ+ p
2

= 0 (75)

¨ ­ ©â¨ ¥£® ª®à­¨ λ
1

¨ λ
2

.

�á«¨ ®¡  ª®à­ï ¢¥é¥áâ¢¥­­ë¥ ¨ à §­ë¥ (λ
1

6= λ
2

), â®

ϕ
1

(x) = eλ1x ¨ ϕ
2

(x) = eλ2x | ¤¢  «¨­¥©­® ­¥§ ¢¨á¨¬ëå

(

â. ¥.

ϕ
1

(x)
ϕ
2

(x) 6≡ 
onst

)

à¥è¥­¨ï ãà ¢­¥­¨ï (74),   ¥£® ®¡é¥¥ à¥è¥­¨¥ ¨¬¥¥â

¢¨¤

y
®.® = C

1

eλ1x + C
2

eλ2x. (76)
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�á«¨ ãà ¢­¥­¨¥ (75) ¨¬¥¥â à ¢­ë¥ ª®à­¨ λ
1

= λ
2

, â. ¥. ªà â-

­®áâì ª®à­ï λ
1

å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï (75) à ¢­  ¤¢ã¬,

â® ϕ
1

(x) = eλ1x ¨ ϕ
2

(x) = xeλ1x | ¤¢  «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥-

­¨ï ãà ¢­¥­¨ï (74),   ®¡é¥¥ à¥è¥­¨¥ ¤ ¥âáï ä®à¬ã«®©

y
®.® = (C

1

+ C
2

x)eλ1x. (77)

�á«¨ ãà ¢­¥­¨¥ (75) ¨¬¥¥â ¤¢  ª®¬¯«¥ªá­®-á®¯àï�¥­­ëå ª®à­ï

λ
1,2 = α ± βi, â® ϕ

1

(x) = eαx 
osβx ¨ ϕ
2

(x) = eαx sinβx | ¤¢ 

«¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨ï ãà ¢­¥­¨ï (74),   ®¡é¥¥ à¥è¥­¨¥

¬®�¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥

y
®.® = eαx(C

1


osβx+ C
2

sinβx). (78)

Ǳà¨¬¥à 20. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′′ − y = 0.

� ¥ è ¥ ­ ¨ ¥. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ λ2 − 1 = 0 ¨¬¥¥â

¤¢  ª®à­ï λ
1

= −1 ¨ λ
2

= 1, ®¡  ªà â­®áâ¨ 1. �«¥¤®¢ â¥«ì­®,

ãà ¢­¥­¨¥ ¨¬¥¥â ®¡é¥¥ à¥è¥­¨¥ y = C
1

e−x
+ C

2

ex. �

Ǳà¨¬¥à 21. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′′ + y′ = 0.

� ¥ è ¥ ­ ¨ ¥. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ λ2 + λ = 0 ⇔
⇔ λ(λ + 1) = 0 ¨¬¥¥â ¤¢  ª®à­ï λ

1

= −1 ¨ λ
2

= 0, ®¡  ªà â­®-

áâ¨ 1. �«¥¤®¢ â¥«ì­®, ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ®¡é¥¥

à¥è¥­¨¥ y = C
1

e−x
+ C

2

. �

Ǳà¨¬¥à 22. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′′ + y = 0.

� ¥ è ¥ ­ ¨ ¥. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ λ2 + 1 = 0 ¨¬¥¥â

¯ àã ª®¬¯«¥ªá­®-á®¯àï�¥­­ëå ª®à­¥© λ
1

= −i ¨ λ
2

= i. �«¥-

¤®¢ â¥«ì­®, ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ®¡é¥¥ à¥è¥­¨¥

y = C
1


osx+ C
2

sinx. �

Ǳà¨¬¥à 23. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′′ + 2y′ + y = 0.
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� ¥ è ¥ ­ ¨ ¥. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ λ2 + 2λ+ 1 = 0⇔
⇔ (λ + 1)

2

= 0 ¨¬¥¥â ®¤¨­ ª®à¥­ì λ
1

= −1 ªà â­®áâ¨ 2. �«¥-

¤®¢ â¥«ì­®, ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ®¡é¥¥ à¥è¥­¨¥

y = C
1

e−x
+ C

2

xe−x
= (C

1

+ C
2

x)e−x
. �

�¥è¨âì «¨­¥©­ë¥ ®¤­®à®¤­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï:

61. y′′ + k2y = 0.

62. y′′ − a2y = 0.

63. y′′ − 2y′ − 15y = 0.

64. y′′ − 6y′ + 9y = 0.

65. y′′ + 4y′ + 5y = 0.

10.2. �¨­¥©­ë¥ ­¥®¤­®à®¤­ë¥ ãà ¢­¥­¨ï,

¬¥â®¤ ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­â®¢

�«ï «¨­¥©­®£® ­¥®¤­®à®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

¢â®à®£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

y′′ + p
1

y′ + p
2

= q(x) (79)

®¡é¥¥ à¥è¥­¨¥ ­ å®¤¨âáï ¯® ä®à¬ã«¥

y
®.­ = y

®.® + y
ç.­, (80)

£¤¥ y
®.® | ®¡é¥¥ à¥è¥­¨¥ á®®â¢¥âáâ¢ãîé¥£® ®¤­®à®¤­®£® ãà ¢­¥-

­¨ï (74),   y
ç.­ | ª ª®¥-­¨¡ã¤ì ç áâ­®¥ à¥è¥­¨¥ ­¥®¤­®à®¤­®£®

ãà ¢­¥­¨ï (79).

�á«¨ ¢ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (79) ¤ ­  äã­ªæ¨ï á¯¥æ¨ «ì­®£®

¢¨¤ , â. ¥.

q(x) = eax
(

Pl(x) 
os bx+Qm(x) sin bx
)

, (81)

£¤¥ a, b ∈ R ¨ Pl(x), Qm(x) |  «£¥¡à ¨ç¥áª¨¥ ¯®«¨­®¬ë ®â x áâ¥-

¯¥­¥© l ¨ m, â® ç áâ­®¥ à¥è¥­¨¥ ¬®�­® ­ ©â¨ ¬¥â®¤®¬ ­¥®¯à¥¤¥-

«¥­­ëå ª®íää¨æ¨¥­â®¢ ¢ ¢¨¤¥

y
ç.­ = xkeax

(

~Ps(x) 
os bx+ ~Qs(x) sin bx
)

. (82)

�¤¥áì

s = max{l,m}, (83)

57



~Ps(x), ~Qs(x) |  «£¥¡à ¨ç¥áª¨¥ ¯®«¨­®¬ë áâ¥¯¥­¨ s á ­¥¨§¢¥áâ­ë-
¬¨ ¯®ª  ª®íää¨æ¨¥­â ¬¨, k | ªà â­®áâì ª®à­ï λ = a + bi å -

à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï (75) (¥á«¨ a+ bi ­¥ ï¢«ï¥âáï ª®à­¥¬
 «£¥¡à ¨ç¥áª®£® ãà ¢­¥­¨ï, â® ¥£® ªà â­®áâì à ¢­  ­ã«î: k = 0).

�®íää¨æ¨¥­âë ¯®«¨­®¬®¢ ®¯à¥¤¥«ïâáï ¯®á«¥ â®£®, ª ª ¯®¤áâ ¢¨¬

äã­ªæ¨î (82) ¢ ãà ¢­¥­¨¥ (79) ¨ § ¯¨è¥¬ ãá«®¢¨¥ à ¢¥­áâ¢  ª®-

íää¨æ¨¥­â®¢ ¯à¨ ®¤¨­ ª®¢ëå äã­ªæ¨ïå. Ǳà¥¨¬ãé¥áâ¢® íâ®£® ¬¥-

â®¤  á®áâ®¨â ¢ â®¬, çâ® à¥è¥­¨¥ ¡ã¤¥â ­ ©¤¥­® ¡¥§ ¢ëç¨á«¥­¨ï

­¥®¯à¥¤¥«¥­­ëå ¨­â¥£à «®¢.

�à®¬¥ â®£®, ¥á«¨ ¯à ¢ ï ç áâì «¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï à ¢­  áã¬¬¥ q
1

(x)+q
2

(x)+ . . .+qp(x) ­¥áª®«ìª¨å äã­ª-
æ¨©, â® ç áâ­®¥ à¥è¥­¨¥ â ª®£® ãà ¢­¥­¨ï à ¢­® áã¬¬¥ ç áâ­ëå

à¥è¥­¨© ãà ¢­¥­¨© á â®© �¥ «¥¢®© ç áâìî ¨ ¯à ¢ë¬¨ ç áâï¬¨

q
1

(x), q
2

(x), . . . , qp(x) (¯à¨­æ¨¯ áã¯¥à¯®§¨æ¨¨).

Ǳà¨¬¥à 24. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′′ + y′ − 2y = xex. (84)

� ¥ è ¥ ­ ¨ ¥. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ λ2 + λ − 2 = 0

¨¬¥¥â ¤¢  ª®à­ï λ
1

= −2 ¨ λ
2

= 1 ®¡  ªà â­®áâ¨ 1. �«¥¤®¢ â¥«ì­®,

®¤­®à®¤­®¥ ãà ¢­¥­¨¥

y′′ + y′ − 2y = 0

¨¬¥¥â ®¡é¥¥ à¥è¥­¨¥ y
®.® = C

1

e−2x
+ C

2

ex.
�®£« á­® ä®à¬ã« ¬ (81), (83) a = 1, b = 0, Pl(x) = x, l = 1 = s.

� ¬¥â¨¬, çâ® ¯ à ¬¥âàë «¥¢®© ç áâ¨ ¢ ¢¨¤¥ ç¨á«  a + bi = 1 + 0i
á®¢¯ ¤ îâ á ª®à­¥¬ λ

2

= 1 ªà â­®áâ¨ k = 1. � áâ­®¥ à¥è¥­¨¥

¨é¥¬ ¢ ¢¨¤¥ (82):

y
ç.­ = xex(Ax +B). (85)

Ǳ®¤áâ ¢«ïï ¥£® ¢ ãà ¢­¥­¨¥ (84), ­ å®¤¨¬ A ¨ B:

y′ = ex
(

Ax2 + (2A+B)x +B
)

,

y′′ = ex
(

Ax2 + (4A+B)x + 2A+ 2B
)

⇒
⇒ ex

(

Ax2 + (4A+B)x+ 2A+ 2B
)

+ ex
(

Ax2 + (2A+B)x+B
)

−
− 2ex

(

Ax2 +Bx
)

= xex ¨«¨

ex(6Ax+ 2A+ 3B) = xex ⇒
{

6A = 1,

2A+ 3B = 0,
⇒











A =

1

6

,

B = −1

9

.
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�«¥¤®¢ â¥«ì­®, y
ç.­ =

xex(3x− 2)

18

.

�ª®­ç â¥«ì­® ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥-

­¨ï (84) ¨¬¥¥â ¢¨¤

y
®.­ = C

1

e−2x
+ C

2

ex +
xex(3x− 2)

18

. �

Ǳà¨¬¥à 25. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′′ − y′ = ex + x+ 2 sinx. (86)

� ¥ è ¥ ­ ¨ ¥. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ λ2−λ = 0 ¨¬¥¥â ¤¢ 

ª®à­ï λ
1

= 1 ¨ λ
2

= 0 ®¡  ªà â­®áâ¨ 1. �«¥¤®¢ â¥«ì­®, ®¤­®à®¤­®¥

ãà ¢­¥­¨¥

y′′ − y′ = 0

¨¬¥¥â ®¡é¥¥ à¥è¥­¨¥ y
®.® = C

1

ex + C
2

.

Ǳà ¢ ï ç áâì ãà ¢­¥­¨ï (86) ï¢«ï¥âáï áã¬¬®© âà¥å äã­ªæ¨©

á¯¥æ¨ «ì­®£® ¢¨¤ . � áá¬®âà¨¬ ¢á¯®¬®£ â¥«ì­ë¥ ãà ¢­¥­¨ï:

 )

y′′ − y′ = ex. (87)

�®£« á­® ä®à¬ã« ¬ (81), (83) §¤¥áì a = 1, b = 0, Pl(x) ≡ 1 ,

l = 0 = s. � ¬¥â¨¬, çâ® ¯ à ¬¥âàë «¥¢®© ç áâ¨ ¢ ¢¨¤¥ ç¨á« 

a+ bi = 1+0i á®¢¯ ¤ îâ á ª®à­¥¬ λ
1

= 1 ªà â­®áâ¨ k = 1. � áâ­®¥

à¥è¥­¨¥ ¨é¥¬ ¢ ¢¨¤¥ (82):

y
ç.­1 = Axex.

Ǳ®¤áâ ¢«ïï ¥£® ¢ ãà ¢­¥­¨¥ (87), ­ å®¤¨¬ A:

y′ = A(x + 1)ex, y′′ = A(x+ 2)ex ⇒
⇒ A(x+ 2)ex −A(x+ 1)ex = ex ¨«¨ Aex = ex ⇒ A = 1.

�«¥¤®¢ â¥«ì­®, y
ç.­1 = xex.

¡)

y′′ − y′ = x. (88)

�¬¥¥¬ a = 0 , b = 0 , Pl(x) = x , l = 1 = s
(

á¬. (81), (83)

)

. �­®¢  ¯ -

à ¬¥âàë ¯à ¢®© ç áâ¨ ®¡à §ãîâ ç¨á«® a+bi = 0+0i, á®¢¯ ¤ îé¥¥
á ª®à­¥¬ λ

2

= 0 ªà â­®áâ¨ k = 1. � áâ­®¥ à¥è¥­¨¥ ¡ã¤¥¬ ¨áª âì ¢

¢¨¤¥ (82):

y
ç.­2 = x(Bx+ C).
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Ǳ®¤áâ ¢«ïï ¥£® ¢ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (88), ­ å®¤¨¬ B
¨ C:

y′ = 2Bx+ C, y′′ = 2B ⇒ 2B − (2Bx+ C) = x⇔

⇔
{

2B − C = 0,

− 2B = 1,
⇔







B = −1

2

,

C = −1 .

�âáî¤  y
ç.­2 = −x2

2

− x.
¢)

y′′ − y′ = 2 sinx. (89)

�¤¥áì a = 0, b = 1, Pl(x) = 0, Qm(x) = 2, l = m = 0 = s
(

á¬. (81), (83)

)

. Ǳ à ¬¥âàë ¯à ¢®© ç áâ¨ ®¡à §ãîâ ç¨á«®

a+ bi = 0 + 1i, ­¥ á®¢¯ ¤ îé¥¥ ­¨ á ª ª¨¬ ¨§ λj , ¯®íâ®¬ã ç áâ­®¥
à¥è¥­¨¥ á«¥¤ã¥â ¨áª âì ¢ ¢¨¤¥

(

á¬. (82)

)

y
ç.­3 = D 
osx+E sinx.

�ëç¨á«ïï ¯®á«¥¤®¢ â¥«ì­® ¯à®¨§¢®¤­ë¥ y′ = −D sinx + E 
osx,
y′′ = −D 
osx−E sinx ¨ ¯®¤áâ ¢«ïï ¨å ¢ ãà ¢­¥­¨¥ (89), ¯®«ãç ¥¬

−D 
osx− E sinx+D sinx− E 
osx = 2 sinx.

�¯¨à ïáì ­  «¨­¥©­ãî ­¥§ ¢¨á¨¬®áâì 
osx ¨ sinx, á®áâ ¢«ï¥¬
á¨áâ¥¬ã  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©:

{ −D − E = 0,

− E +D = 2,
⇔
{

E = −1,
D = 1.

.

�­ ç¨â, y
ç.­3 = 
osx− sinx, ¨

y
ç.­ = y

ç.­1 + y
ç.­2 + y

ç.­3 = xex − x2

2

− x+ 
osx− sinx.

�ª®­ç â¥«ì­® ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (86)

¨¬¥¥â ¢¨¤

y
®.­ = C

1

ex + C
2

+ xex − x2

2

− x+ 
osx− sinx. �
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� § ¤ ç å 66|70 ­ ¯¨á âì ¢¨¤ ç áâ­®£® à¥è¥­¨ï á ­¥®¯à¥¤¥«¥­-

­ë¬¨ ª®íää¨æ¨¥­â ¬¨ (­¥ ­ å®¤ï ç¨á«®¢ëå §­ ç¥­¨©):

66. y′′ + 5y′ + 6y = x2 sin 3x.
67. y′′ − 3y′ + 2y = xe2x.
68. y′′ − 2y′ + y = x2ex.
69. y′′ + 2y′ + 5y = ex 
os2 x.
70. y′′ + 4y = x sin2 x.

�¥è¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¬¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå

ª®íää¨æ¨¥­â®¢:

71. y′′ − 3y′ + 2y = −200x 
os 2x.
72. y′′ − 4y′ + 4y = e2x sinx.
73. y′′ − 2y′ − 3y = −2e−x

(

6x2 + x+ 1

)

.

74. y′′ + 2y′ + 5y = 8e−xx2.
75. y′′ + 4y = 32x sin2 x.

10.3. �¨­¥©­ë¥ ­¥®¤­®à®¤­ë¥ ãà ¢­¥­¨ï,

¬¥â®¤ ¨§¬¥­¥­¨ï (¢ à¨ æ¨¨) ¯à®¨§¢®«ì­ëå

¯®áâ®ï­­ëå � £à ­� 

� ®¡é¥¬ á«ãç ¥ «¨­¥©­®£® ­¥®¤­®à®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï (79) á § ¤ ­­®© ­¥¯à¥àë¢­®© äã­ªæ¨¥© q(x) ¢ ¯à ¢®©

ç áâ¨ ¬®�­® ¯à¨ ¯®¬®é¨ ª¢ ¤à âãà ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥, ¯®«ì-

§ãïáì ¬¥â®¤®¬ ¨§¬¥­¥­¨ï (¢ à¨ æ¨¨) ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå

� £à ­� .

Ǳãáâì ã�¥ ­ ©¤¥­® ®¡é¥¥ à¥è¥­¨¥ y
®.® = C

1

ϕ
1

(x) +C
2

ϕ
2

(x) «¨-
­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥­¨ï á â®© �¥ «¥¢®© ç áâìî. �®£¤  ®¡-

é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (79) ¬®�¥â ¡ëâì ¯®«ãç¥­® ¯® ä®à¬ã«¥

y
®.­ = u

1

(x)ϕ
1

(x) + u
2

(x)ϕ
2

(x),

£¤¥ u′j(x) ®¯à¥¤¥«ïîâáï ¨§  «£¥¡à ¨ç¥áª®© á¨áâ¥¬ë «¨­¥©­ëå ãà ¢-

­¥­¨©

{

u′
1

(x)ϕ
1

(x) + u′
2

(x)ϕ
2

(x) = 0,

u′
1

(x)ϕ′
1

(x) + u′
2

(x)ϕ′
2

(x) = q(x).
(90)

Ǳà¨¬¥à 26. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′′ + y =
1

sinx
. (91)
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� ¥ è ¥ ­ ¨ ¥. �®®â¢¥âáâ¢ãîé¥¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ¢¨¤

y′′ + y = 0. (92)

�®áâ ¢¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

λ2 + 1 = 0

¨ ­ ©¤¥¬ ¥£® ª®à­¨ λ
1,2 = ±i. �¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (92) ®¯à¥-

¤¥«¨¬ ¯® ä®à¬ã«¥ (78):

y
®.® = C

1


osx+ C
2

sinx.

�¥¯¥àì ¡ã¤¥¬ ¨áª âì ®¡é¥¥ à¥è¥­¨¥ y
®.­ ãà ¢­¥­¨ï (91) ¢ ¢¨¤¥

y
®.­ = u

1

(x) 
osx+ u
2

(x) sin x, (93)

£¤¥ u
1

(x) ¨ u
2

(x) | ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨ ®â x. �«ï ¨å ­ å®�¤¥­¨ï
á®áâ ¢¨¬ á¨áâ¥¬ã (90):







u′
1

(x) 
osx+ u′
2

(x) sin(x) = 0,

− u′
1

(x) sinx+ u′
2

(x) 
osx =
1

sinx
.

(94)

�¬­®�¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (94) ­  
osx,   ¢â®à®¥ ­ 

(− sinx) ¨ á«®�¨¬ ¨å:

u′
1

(x)
(


os

2 x+ sin

2 x
)

= −1 ¨«¨ u′
1

(x) = −1.

�­ «®£¨ç­® u′
2

(x) = 
tgx. �âáî¤ , ¨­â¥£à¨àãï, ­ å®¤¨¬

u
1

(x) = −x+ ~C
1

, u
2

(x) = ln | sinx|+ ~C
2

.

Ǳ®¤áâ ¢«ïï ¢ëà �¥­¨ï u
1

(x) ¨ u
2

(x) ¢ (84), ¯®«ãç ¥¬ ®¡é¥¥ à¥è¥-

­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï (91):

y
®.­ =

~C
1


osx+ ~C
2

sinx− x 
osx+ sinx ln | sinx|.

�¤¥áì y
ç.­ = −x 
osx+sinx ln | sinx| ï¢«ï¥âáï ç áâ­ë¬ à¥è¥­¨¥¬

¨áå®¤­®£® ­¥®¤­®à®¤­®£® ãà ¢­¥­¨ï, â. ¥. ®¡é¥¥ à¥è¥­¨¥ ¨ ¢ íâ®¬

á«ãç ¥ ¨¬¥¥â ¢¨¤ (80). �
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�¥è¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¬¥â®¤®¬ ¨§¬¥­¥­¨ï ¯à®-

¨§¢®«ì­ëå ¯®áâ®ï­­ëå � £à ­� :

76. y′′ + y =
1


osx
.

77. y′′ − y′ = e2x 
os ex.

78. y′′ − 2y′ + y =
ex

x2 + 1

.

79. y′′ + 4y = 8 
tgx.

80. y′′ + y = 3

(

sin

5 x 
osx
)−1/2

.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
13

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

13.1. y′′ − 4y′ + 3y = 0.

13.2. y′′ − 4y′ + 4y = 0.

13.3. y′′ + 4y = 0.

13.4. y′′ − y′ − 2y = 0.

13.5. y′′ − 2y′ = 0.

13.6. y′′ − 2y′ + 2y = 0.

13.7. y′′ + 5y′ + 4y = 0.

13.8. y′′ + 6y′ + 9y = 0.

13.9. y′′ + 25y = 0.

13.10. y′′ − 2y′ − 3y = 0.

13.11. y′′ + 3y′ = 0.

13.12. y′′ + 6y′ + 10y = 0.

13.13. y′′ − 5y′ + 4y = 0.

13.14. y′′ − 8y′ + 16y = 0.

13.15. y′′ + 16y = 0.

13.16. y′′ + 2y′ − 3y = 0.

13.17. y′′ − 3y′ = 0.

13.18. y′′ − 4y′ + 5y = 0.

13.19. y′′ + 4y′ + 3y = 0.

13.20. y′′ + 4y′ + 4y = 0.

13.21. y′′ + 9y = 0.

13.22. y′′ + y′ − 2y = 0.

13.23. y′′ + 2y′ = 0.

13.24. y′′ + 2y′ + 2y = 0.

13.25. y′′ − 5y′ + 6y = 0.

13.26. y′′ − 4y = 0.
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13.27. y′′ − 6y′ + 10y = 0.

13.28. y′′ + 2y′ + y = 0.

13.29. y′′ + 3y′ − 4y = 0.

13.30. y′′ + 2y′ + 6y = 0.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
14

� ª �¤®¬ ¢ à¨ ­â¥ ­ ¯¨á âì ¢¨¤ ç áâ­®£® à¥è¥­¨ï á ­¥®¯à¥¤¥-

«¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ (­¥ ­ å®¤ï ¨å ç¨á«®¢ëå §­ ç¥­¨©):

14.1. y′′ − 5y′ + 4y = xe4x + sin 4x+ 
osx.
14.2. y′′ − 6y′ + 10y = e3x sinx+ e3x + 
osx.
14.3. y′′ + 25y = x5e5x + sin 5x+ 
os 25x.
14.4. y′′ + 3y′ = x3e−3x

+ x3 + sin 3x.
14.5. y′′ − y′ − 2y = x2e2x + sinx+ 
os 2x.
14.6. y′′ + y′ − 2y = xe2x + sin 2x+ 
osx.
14.7. y′′ − 4y′ = x4e4x + x4 + sin 4x.
14.8. y′′ + 16y = x4e4x + sin 4x+ 
os 16x.
14.9. y′′ + 5y′ + 4y = xe−x

+ sin 4x+ 
osx.
14.10. y′′ + 9y = x3e3x + sin 9x+ 
os 3x.
14.11. y′′ − 2y′ + 2y = ex sinx+ ex + 
osx.
14.12. y′′ − 4y′ + 3y = x3ex + sinx+ 
os 3x.
14.13. y′′ + 6y′ + 9y = x2e−3x

+ sin 3x+ e3x.
14.14. y′′ + 2y′ + 2y = e−x

sinx+ e−x
+ 
osx.

14.15. y′′ + 2y′ + y = x2e−x
+ sinx+ ex.

14.16. y′′ − 2y′ + 5y = ex 
os 2x+ ex + sin 2x.
14.17. y′′ − 2y′ − 3y = x3e3x + sin 3x+ 
osx.
14.18. y′′ − 5y′ + 6y = x3e2x + sin 2x+ 
os 3x.
14.19. y′′ + 2y′ = x2e−2x

+ x2 + sin 2x.
14.20. y′′ + 6y′ + 10y = e−3x


osx+ e−3x
+ sinx.

14.21. y′′ + 4y′ + 3y = x2e−x
+ sinx+ 
os 3x.

14.22. y′′ + 2y′ − 3y = xex + sin 3x+ 
osx.
14.23. y′′ − 4y′ + 4y = x2e2x + sin 2x+ 
osx.
14.24. y′′ − 2y′ = x2e2x + x2 + sin 2x.
14.25. y′′ + 3y′ − 4y = xex + sinx+ 
os 4x.
14.26. y′′ − 4y′ + 5y = e2x 
osx+ e2x + sinx.
14.27. y′′ + 4y′ + 4y = xe−2x

+ 
os 2x+ e2x.
14.28. y′′ − 3y′ = x3e3x + x3 + sin 3x.
14.29. y′′ − 8y′ + 16y = x4e4x + sinx+ 
os 4x.
14.30. y′′ + 4y = x2e2x + sin 4x+ 
os 2x.
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�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
15

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

15.1. y′′ − 10y′ + 26y = ex(8 
osx+ 24 sinx).
15.2. y′′ + 8y′ + 17y = ex(60 
osx+ 5 sinx).
15.3. y′′ − 8y′ + 25y = ex(45 
osx+ 35 sinx).
15.4. y′′ + 6y′ + 10y = ex(72 
osx− 16 sinx).
15.5. y′′ − 6y′ + 18y = ex(56 
osx+ 32 sinx).
15.6. y′′ + 4y′ + 5y = ex(60 
osx− 27 sinx).
15.7. y′′ − 4y′ + 20y = ex(110 
osx+ 30 sinx).
15.8. y′′ + 2y′ + 2y = ex(36 
osx− 28 sinx).
15.9. y′′ + 10y′ + 29y = ex(363 
osx− 69 sinx).
15.10. y′′ − 10y′ + 34y = ex(232 
osx+ 104 sinx).
15.11. y′′ + 8y′ + 20y = ex(318 
osx− 82 sinx).
15.12. y′′ − 8y′ + 17y = ex(102 
osx+ 81 sinx).
15.13. y′′ + 6y′ + 13y = ex(255 
osx− 85 sinx).
15.14. y′′ − 6y′ + 10y = ex(52 
osx+ 60 sinx).
15.15. y′′ + 4y′ + 8y = ex(186 
osx− 78 sinx).
15.16. y′′ − 4y′ + 13y = ex(142 
osx+ 41 sinx).
15.17. y′′ + 2y′ + 5y = ex(123 
osx− 61 sinx).
15.18. y′′ + 10y′ + 34y = ex(804 
osx− 172 sinx).
15.19. y′′ − 10y′ + 29y = ex(353 
osx+ 171 sinx).
15.20. y′′ + 8y′ + 25y = ex(670 
osx− 167 sinx).
15.21. y′′ − 8y′ + 20y = ex(246 
osx+ 138 sinx).
15.22. y′′ + 6y′ + 18y = ex(536 
osx− 152 sinx).
15.23. y′′ − 6y′ + 13y = ex(157 
osx+ 99 sinx).
15.24. y′′ + 4y′ + 13y = ex(414 
osx− 127 sinx).
15.25. y′′ − 4y′ + 8y = ex(98 
osx+ 54 sinx).
15.26. y′′ + 2y′ + 10y = ex(316 
osx− 92 sinx).
15.27. y′′ + 10y′ + 26y = ex(984 
osx− 288 sinx).
15.28. y′′ − 4y′ + 5y = ex(26 
osx+ 57 sinx).
15.29. y′′ + 4y′ + 20y = ex(702 
osx− 150 sinx).
15.30. y′′ − 6y′ + 25y = ex(566 
osx+ 139 sinx).

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
16

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

16.1. y′′ + 4y = 4 
os2x− 16 sin2x.
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16.2. y′′ + 9y = 12 
os 3x− 24 sin 3x.
16.3. y′′ + 16y = 24 
os 4x− 32 sin4x.
16.4. y′′ + 25y = 40 
os 5x− 40 sin5x.
16.5. y′′ + 36y = 60 
os 6x− 48 sin6x.
16.6. y′′ + 49y = 84 
os 7x− 56 sin7x.
16.7. y′′ + 64y = 112 
os 8x− 64 sin 8x.
16.8. y′′ + 81y = 144 
os 9x− 72 sin 9x.
16.9. y′′ + 4y = 36 
os 2x− 16 sin 2x.
16.10. y′′ + 9y = 60 
os 3x− 6 sin 3x.
16.11. y′′ + 16y = 8 
os 4x− 8 sin 4x.
16.12. y′′ + 25y = 20 
os 5x− 10 sin5x.
16.13. y′′ + 36y = 36 
os 6x− 12 sin6x.
16.14. y′′ + 49y = 56 
os 7x− 14 sin7x.
16.15. y′′ + 64y = 80 
os 8x− 16 sin8x.
16.16. y′′ + 81y = 108 
os 9x− 18 sin 9x.
16.17. y′′ + 4y = 28 
os 2x− 4 sin 2x.
16.18. y′′ + 9y = 48 
os 3x− 6 sin 3x.
16.19. y′′ + 16y = 72 
os 4x− 8 sin 4x.
16.20. y′′ + 25y = 100 
os 5x− 20 sin 5x.
16.21. y′′ + 36y = 12 
os 6x− 24 sin6x.
16.22. y′′ + 49y = 28 
os 7x− 28 sin7x.
16.23. y′′ + 64y = 48 
os 8x− 32 sin8x.
16.24. y′′ + 81y = 72 
os 9x− 36 sin9x.
16.25. y′′ + 4y = 20 
os 2x− 8 sin 2x.
16.26. y′′ + 9y = 36 
os 3x− 12 sin 3x.
16.27. y′′ + 16y = 56 
os 4x− 16 sin4x.
16.28. y′′ + 25y = 80 
os 5x− 20 sin5x.
16.29. y′′ + 36y = 108 
os 6x− 24 sin 6x.
16.30. y′′ + 49y = 140 
os 7x− 42 sin 7x.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
17

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

17.1. y′′ − 4y′ + 5y = e2x 
ose
x.
17.2. y′′ + 100y = 10 tg5x.

17.3. y′′ − 4y′ + 4y =
e2x

x
.

17.4. y′′ + 9y = 6 tg 3x.
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17.5. y′′ + 2y′ + 10y =
se
 3x

ex
.

17.6. y′′ + 36y = 36 se
 6x.

17.7. y′′ + 9y′ + 18y =
9

1 + e3x
.

17.8. y′′ − y′ − 6y =
1 + 2x+ 24x2√

x3
.

17.9. y′′ + 64y = 8 tg 4x.

17.10. y′′ − 2y′ + y =
ex

x2
.

17.11. y′′ + 4y′ =
16

1 + e−4x
.

17.12. y′′ + 4y′ + 8y =
se
 2x

e2x
.

17.13. y′′ + 16y = 32 
tg 4x.

17.14. y′′ − 12y′ + 32y =
16e8x

1 + e4x
.

17.15. y′′ + 4y =
4x2 + 12

x5
.

17.16. y′′ − 2y′ + 2y = ex 
ose
x.
17.17. y′′ + 36y = 6 tg 3x.

17.18. y′′ − 4y′ + 4y =
e2x

x2
.

17.19. y′′ + 4y = 6 tg 2x.

17.20. y′′ + 4y′ + 5y =
se
x

e2x
.

17.21. y′′ + 64y = 64 se
 8x.

17.22. y′′ + 9y′ + 18y =
9

e3x (1 + e3x)
.

17.23. y′′ + y′ − 2y =
1− 2x+ 8x2√

x3
.

17.24. y′′ + 16y = 4 tg 2x.

17.25. y′′ − 2y′ + y =
ex

x3
.

17.26. y′′ − 5y′ =
25

1 + e5x
.

17.27. y′′ + 2y′ + 17y =
se
 4x

ex
.

17.28. y′′ + 9y = 18 
tg3x.

17.29. y′′ − 12y′ + 32y =
16

1 + e−4x
.

17.30. y′′ + y =
x+ 6

x4
.
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§11. �«¥¬¥­âë â¥®à¨¨ «¨­¥©­ëå ãà ¢­¥­¨© ¢ëáè¨å

¯®àï¤ª®¢ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

11.1. �¨­¥©­ë¥ ®¤­®à®¤­ë¥ ãà ¢­¥­¨ï ¢ëáè¨å ¯®àï¤ª®¢

á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

�¨­¥©­®¥ ®¤­®à®¤­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

n-£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨¬¥¥â ¢¨¤

y(n) + p
1

y(n−1)

+ . . .+ pn−1

y′ + pny = 0, (95)

£¤¥ p
1

, p
2

, . . . , pn | § ¤ ­­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç¨á« . �£® ®¡é¨¬

à¥è¥­¨¥¬ ï¢«ï¥âáï äã­ªæ¨ï

y
®.® = C

1

ϕ
1

(x) + C
2

ϕ
2

(x) + . . .+ Cnϕn(x), (96)

£¤¥ ϕ
1

(x), ϕ
2

(x), . . . , ϕn(x) | «¨­¥©­® ­¥§ ¢¨á¨¬ë¥* ç áâ­ë¥ à¥-

è¥­¨ï ãà ¢­¥­¨ï (95),   C
1

, C
2

, . . . , Cn | ¯à®¨§¢®«ì­ë¥ ¯®áâ®-

ï­­ë¥. � à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ á®áâ ¢«ï¥âáï  ­ «®£¨ç­®

ãà ¢­¥­¨î (75):

λn + p
1

λn−1

+ . . .+ pn−1

λ+ pn = 0. (97)

� �¤®¬ã ¢¥é¥áâ¢¥­­®¬ã ª®à­î λ ãà ¢­¥­¨ï (97) ªà â­®áâ¨

k > 1 á®®â¢¥âáâ¢ã¥â k «¨­¥©­® ­¥§ ¢¨á¨¬ëå ç áâ­ëå à¥è¥­¨© eλx,
xeλx, . . . , xk−1eλx.

� �¤®© ¯ à¥ ª®¬¯«¥ªá­ëå ª®à­¥© λ = α ± βi ªà â­®áâ¨ k > 1

á®®â¢¥âáâ¢ã¥â k ¯ à «¨­¥©­® ­¥§ ¢¨á¨¬ëå ç áâ­ëå à¥è¥­¨©

{

eαx 
osβx, xeαx 
osβx, . . . , xk−1eαx 
osβx,
eαx sinβx, xeαx sinβx, . . . , xk−1eαx sinβx.

Ǳà¨¬¥à 27. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y(IV ) − 2y′′′ + 5y′′ − 8y′ + 4y = 0. (98)

� ¥ è ¥ ­ ¨ ¥. �®®â¢¥âáâ¢ãîé¥¥ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

λ4 − 2λ3 + 5λ2 − 8λ+ 4 = 0

* �ã­ªæ¨¨ ϕ1(x), . . . , ϕk(x) ­ §ë¢ îâáï «¨­¥©­® ­¥§ ¢¨á¨¬ë¬¨, ¥á«¨
¢ë¯®«­¥­¨¥ â®�¤¥áâ¢  α1ϕ1(x)+ . . .+αkϕk(x) ≡ 0 ¯à¨ ¢á¥å x ∈ 〈a, b〉 ¢®§¬®�­®
«¨èì â®£¤ , ª®£¤  α1 = 0, . . . , αk = 0.
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¬®�­® § ¯¨á âì ¢ ¢¨¤¥

(

λ2 + 4

)

(λ− 1)

2

= 0.

�­® ¨¬¥¥â ¤¢®©­®© ¢¥é¥áâ¢¥­­ë© ª®à¥­ì λ
1

= λ
2

= 1 (ªà â­®áâì

ª®à­ï k = 2) ¨ ¯ àã ¯à®áâëå ª®¬¯«¥ªá­®-á®¯àï�¥­­ëå ª®à­¥©

λ
3,4 = ±2i. �¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï (98)

y
®.® = (C

1

+ C
2

x)ex + C
3


os 2x+ C
4

sin 2x. �

Ǳà¨¬¥à 28. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y(IV ) − 3y′′′ + 3y′′ − y′ = 0. (99)

� ¥ è ¥ ­ ¨ ¥. �®áâ ¢¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

λ4 − 3λ3 + 3λ2 − λ = 0 ⇔ λ(λ− 1)

3

= 0.

� ©¤¥¬ ¥£® ª®à­¨ λ
1

= 0, λ
2

= λ
3

= λ
4

= 1. �«¥¤®¢ â¥«ì­®, ®¡é¥¥

à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï (99) ¨¬¥¥â ¢¨¤

y
®.® = C

1

+ C
2

ex + C
3

xex + C
4

x2ex. �

11.2. �¨­¥©­ë¥ ­¥®¤­®à®¤­ë¥ ãà ¢­¥­¨ï ¢ëáè¨å

¯®àï¤ª®¢ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

�¡é¥¥ à¥è¥­¨¥ «¨­¥©­®£® ­¥®¤­®à®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï n-£® ¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

y(n) + p
1

y(n−1)

+ . . .+ pn−1

y′ + pny = q(x) (100)

­ å®¤¨âáï ¯® ä®à¬ã«¥

y
®.­ = y

®.® + y
ç.­, (101)

£¤¥ y
®.® | ®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï á â®© �¥ «¥¢®©

ç áâìî,   y
ç.­ | ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (100).

� á«ãç ¥, ¥á«¨ q(x) | äã­ªæ¨ï á¯¥æ¨ «ì­®£® ¢¨¤  (81), ç áâ-

­®¥ à¥è¥­¨¥ ¬®�­® ­ ©â¨ ¬¥â®¤®¬ ­¥®¯à¥¤¥«¥­­ëå ª®íää¨æ¨¥­-

â®¢ (¯. 10.2).
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Ǳà¨¬¥à 29. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′′′ − y′ = sinx. (102)

� ¥ è ¥ ­ ¨ ¥. �®áâ ¢¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

λ3 − λ = 0.

� ©¤¥¬ ¥£® ª®à­¨: λ
1

= −1, λ
2

= 0, λ
3

= 1. �«¥¤®¢ â¥«ì­®,

®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï, á®®â¢¥âáâ¢ãîé¥£® ãà ¢­¥-

­¨î (102), ¨¬¥¥â ¢¨¤

y
®.® = C

1

e−x
+ C

2

+ C
3

ex. (103)

� ª ª ª a = 0, b = 1, l = m = s = 0, 0 + i 6= λj , k = 0

(

á¬. (81),

(82)

)

, â® ¨é¥¬ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (102) ¢ ¢¨¤¥

y
ç.­ = A 
osx+B sinx. (104)

�«ï ­ å®�¤¥­¨ï A ¨ B ¯à®¤¨ää¥à¥­æ¨àã¥¬ ¢ëà �¥­¨¥ (104) âà¨

à §  ¨ ¯®¤áâ ¢¨¬ ¯®«ãç¥­­®¥ ¢ (102). �ã¤¥¬ ¨¬¥âì

2A sinx− 2B 
osx = sinx ⇒
{

2A = 1

− 2B = 0

⇒







A =

1

2

,

B = 0.

Ǳ®¤áâ ¢«ïï A ¨ B ¢ ä®à¬ã«ã (104) ¨, ¤ «¥¥, (104) ¨ (103) ¢ (101),

¯à¨å®¤¨¬ ª ®¡é¥¬ã à¥è¥­¨î ãà ¢­¥­¨ï (102):

y
®.­ = C

1

e−x
+ C

2

+ C
3

ex +

osx

2

. �

� á«ãç ¥, ¥á«¨ q(x) ­¥ ï¢«ï¥âáï äã­ªæ¨¥© á¯¥æ¨ «ì­®£® ¢¨-

¤  (81) (¨«¨ ¨å áã¬¬®©), ¤«ï ­ å®�¤¥­¨ï ®¡é¥£® à¥è¥­¨ï ¬®�­®

¯à¨¬¥­¨âì ¬¥â®¤ ¨§¬¥­¥­¨ï (¢ à¨ æ¨¨) ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå

� £à ­� . �¬¥áâ® ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå Ck ¢ ä®à¬ã«ã (96)

¢¢¥¤¥¬ ­¥¨§¢¥áâ­ë¥ äã­ªæ¨¨ uk:

y
®.­ = u

1

(x)ϕ
1

(x) + u
2

(x)ϕ
2

(x) + . . .+ un(x)ϕn(x). (105)
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Ǳà®¨§¢®¤­ë¥ ®â äã­ªæ¨© uk ¤®«�­ë ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥ «¨-

­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

(

áà. ¯. 10.3 ¨ (90)

)

:







































u′
1

(x)ϕ
1

(x) + u′
2

(x)ϕ
2

(x) + . . .+ u′n(x)ϕn(x) = 0,

u′
1

(x)ϕ′
1

(x) + u′
2

(x)ϕ′
2

(x) + . . .+ u′n(x)ϕ
′
n(x) = 0,

.

.

. (106)

u′
1

(x)ϕ
(n−2)

1

(x) + u′
2

(x)ϕ
(n−2)

2

(x) + . . .+ u′n(x)ϕ
(n−2)

n (x) = 0,

u′
1

(x)ϕ
(n−1)

1

(x) + u′
2

(x)ϕ
(n−1)

2

(x) + . . .+ u′n(x)ϕ
(n−1)

n (x) = f(x).

Ǳà¨¬¥à 30. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y(IV ) − 2y′′′ + y′′ =
24 + 12x+ 2x2

x5
. (107)

� ¥ è ¥ ­ ¨ ¥. �®áâ ¢¨¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

λ4 − 2λ3 + λ2 = 0.

� ©¤¥¬ ¥£® ª®à­¨: λ
1

= λ
2

= 0, λ
3

= λ
4

= 1. �«¥¤®¢ â¥«ì­®,

®¡é¥¥ à¥è¥­¨¥ ®¤­®à®¤­®£® ãà ¢­¥­¨ï, á®®â¢¥âáâ¢ãîé¥£® ãà ¢­¥-

­¨î (107), ¨¬¥¥â ¢¨¤

y
®.® = C

1

+ C
2

x+ (C
3

+ C
4

x)ex.

�é¥¬ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (107) ¢ ¢¨¤¥

y
®.­ = u

1

(x) + u
2

(x)x+
(

u
3

(x) + u
4

(x)x
)

ex. (108)

�«ï ­ å®�¤¥­¨ï ­¥¨§¢¥áâ­ëå äã­ªæ¨© uk § ¯¨è¥¬ á¨áâ¥¬ã (106):































u′
1

(x) + u′
2

(x)x+
(

u′
3

(x) + u′
4

(x)x
)

ex = 0,

u′
2

(x)+
(

u′
3

(x) + u′
4

(x)(x + 1)

)

ex = 0,
(

u′
3

(x) + u′
4

(x)(x + 2)

)

ex = 0,

(

u′
3

(x) + u′
4

(x)(x + 3)

)

ex =
24 + 12x+ 2x2

x5
.

�ëç¨â ï ¨§ ç¥â¢¥àâ®£® ãà ¢­¥­¨ï âà¥âì¥, ¯®«ãç ¥¬

u′
4

(x) =
24 + 12x+ 2x2

x5
e−x.
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� «¥¥ ¯®á«¥¤®¢ â¥«ì­® ®¯à¥¤¥«ï¥¬

u′
3

(x) = −u′
4

(x)(x + 2) = −2x3 + 16x2 + 48x+ 48

x5
e−x,

u′
2

(x) = u′
4

(x)ex =
24 + 12x+ 2x2

x5
,

u′
1

(x) = −u′
2

(x)x + 2u′
4

(x)ex =

= −24x+ 12x2 + 2x3

x5
+ 2

24 + 12x+ 2x2

x5
=

−2x3 − 8x2 + 48

x5
.

�­â¥£à¨àãï íâ¨ à ¢¥­áâ¢ , ­ å®¤¨¬

u
1

(x) =
2

x
+

4

x2
− 12

x4
+ C

1

,

u
2

(x) = − 6

x4
− 4

x3
− 1

x2
+ C

2

,

u
3

(x) =

(

12

x4
+

12

x3
+

2

x2

)

e−x
+ C

3

,

u
4

(x) =

(

− 6

x4
− 2

x3

)

e−x
+ C

4

.

Ǳà¨ ¨­â¥£à¨à®¢ ­¨¨ ¬®�­® ¢®á¯®«ì§®¢ âìáï à¥ªãàà¥­â­ë¬¨ ä®à-

¬ã« ¬¨ ¤«ï ¨­â¥£à «®¢ Ik =
∫

dx
xkex . Ǳà¨ k > 1 á¯à ¢¥¤«¨¢®

Ik = − 1

k − 1

(

1

xk−1ex
+ Ik−1

)

.

�â¨ ä®à¬ã«ë ¬®£ãâ ¡ëâì ¯®«ãç¥­ë ¯à®áâë¬ ¨­â¥£à¨à®¢ ­¨¥¬ ¯®

ç áâï¬.

Ǳ®¤áâ ¢«ïï â¥¯¥àì äã­ªæ¨¨ uk ¢ à ¢¥­áâ¢® (108), ¯à¨å®¤¨¬ ª

®¡é¥¬ã à¥è¥­¨î ãà ¢­¥­¨ï (107):

y
®.­ = C

1

+ C
2

x+ (C
3

+ C
4

x)ex +
1

x
. �
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� ©â¨ à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

81. y(V ) − 3y(IV )

+ 3y′′′ − 3y′′ + 2y′ = 0.

82. y′′′ − 6y′′ + 10y′ = 30x2 + 4x+ 12.

83. y(IV )

+ 5y′′′ + 6y′′ − 4y′ − 8y = e−2x
(
osx− 3 sinx).

84. y(IV ) − y′′′ − y′′ − y′ − 2y = 20 sinx.

85. y′′′ − 3y′′ + 4y =
3 + 6x+ 32x2

x2
√
x

.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
18

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

18.1. y′′′ − 4y′′ − 5y′ = −15x2 − 44x− 15.

18.2. y′′′ − 9y′′ + 20y′ = 60x2 + 26x+ 10.

18.3. y′′′ − 7y′′ + 12y′ = 36x2 − 66x+ 56.

18.4. y′′′ − 5y′′ + 6y′ = 18x2 − 42x+ 40.

18.5. y′′′ − 3y′′ + 2y′ = −6x2 + 26x− 8.

18.6. y′′′ − 3y′′ − 10y′ = 30x2 − 22x− 78.

18.7. y′′′ − 2y′′ − 8y′ = 24x2 + 28x− 58.

18.8. y′′′ − y′′ − 6y′ = 18x2 + 18x− 52.

18.9. y′′′ + y′′ − 2y′ = −6x2 − 2x+ 8.

18.10. y′′′ − 3y′′ − 4y′ = −12x2 − 34x− 14.

18.11. y′′′ − 2y′′ − 3y′ = −9x2 − 6x+ 1.

18.12. y′′′ − y′′ − 2y′ = −6x2 − 2x.
18.13. y′′′ − 8y′′ + 15y′ = −45x2 + 108x+ 37.

18.14. y′′′ − 7y′′ + 10y′ = −30x2 + 82x+ 26.

18.15. y′′′ − 6y′′ + 5y′ = −15x2 + 26x+ 41.

18.16. y′′′ − 5y′′ + 4y′ = −12x2 + 22x+ 36.

18.17. y′′′ − 6y′′ + 8y′ = 24x2 − 4x− 10.

18.18. y′′′ − 4y′′ + 3y′ = 9x2 − 12x− 4.

18.19. y′′′ − 2y′′ − 15y′ = −45x2 + 18x− 35.

18.20. y′′′ − y′′ − 12y′ = −36x2 + 18x− 40.

18.21. y′′′ + y′′ − 6y′ = 18x2 − 30x− 32.

18.22. y′′′ + 2y′′ − 3y′ = 9x2 − 24x− 16.

18.23. y′′′ + 3y′′ − 4y′ = 12x2 − 10x− 40.

18.24. y′′′ + 2y′′ − 8y′ = 24x2 + 4x− 74.

18.25. y′′′ + y′′ − 12y′ = −36x2 − 42x− 2.

18.26. y′′′ − y′′ − 20y′ = −60x2 − 86x− 38.

18.27. y′′′ + 4y′′ − 5y′ = −15x2 + 34x− 17.

73



18.28. y′′′ + 3y′′ − 10y′ = −30x2 + 38x− 40.

18.29. y′′′ + 2y′′ − 15y′ = 45x2 − 72x− 73.

18.30. y′′′ + y′′ − 20y′ = 60x2 − 86x− 122.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
19

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï:

19.1. y′′′ + 5y′′ − y′ − 5y = e2x(21x+ 52).

19.2. y′′′ + 4y′′ − 7y′ − 10y = ex(−12x− 20).

19.3. y′′′ + 3y′′ − 13y′ − 15y = ex(−24x− 76).

19.4. y′′′ + 2y′′ − 18y′ − 20y = ex(−35x− 151).

19.5. y′′′ − 3y′′ − 9y′ − 5y = ex(−16x− 92).

19.6. y′′′ − 8y′′ + 11y′ + 20y = ex(24x+ 142).

19.7. y′′′ − 6y′′ + 5y′ + 12y = ex(12x+ 80).

19.8. y′′′ − 4y′′ + y′ + 6y = ex(4x+ 28).

19.9. y′′′ − 3y′′ − y′ + 3y = e2x(−3x− 4).

19.10. y′′′ − 2y′′ − 13y′ − 10y = ex(−24x− 62).

19.11. y′′′ − y′′ − 10y′ − 8y = ex(−18x− 63).

19.12. y′′′ − 7y′ − 6y = ex(−12x− 52).

19.13. y′′′ + 2y′′ − y′ − 2y = e2x(12x+ 79).

19.14. y′′′ − 2y′′ − 7y′ − 4y = ex(−12x− 80).

19.15. y′′′ − y′′ − 5y′ − 3y = ex(−8x− 60).

19.16. y′′′ − 3y′ − 2y = ex(−4x− 32).

19.17. y′′′ − 7y′′ + 7y′ + 15y = ex(16x+ 12).

19.18. y′′′ − 6y′′ + 3y′ + 10y = ex(8x+ 10).

19.19. y′′′ − 5y′′ − y′ + 5y = e2x(−9x− 36).

19.20. y′′′ − 4y′′ − y′ + 4y = e2x(−6x− 29).

19.21. y′′′ − 5y′′ + 2y′ + 8y = ex(6x+ 25).

19.22. y′′′ − 3y′′ − y′ + 3y = e2x(−3x− 19).

19.23. y′′′ − y′′ − 17y′ − 15y = ex(−32x− 240).

19.24. y′′′ − 13y′ − 12y = ex(−24x− 202).

19.25. y′′′ + 2y′′ − 5y′ − 6y = ex(−8x− 6).

19.26. y′′′ + 3y′′ − y′ − 3y = e2x(15x+ 53).

19.27. y′′′ + 4y′′ − y′ − 4y = e2x(18x+ 81).

19.28. y′′′ + 3y′′ − 6y′ − 8y = ex(−10x− 37).

19.29. y′′′ + 2y′′ − 11y′ − 12y = ex(−20x− 104).

19.30. y′′′ − 21y′ − 20y = ex(−40x− 258).

74



§12. �à ¢­¥­¨ï �©«¥à 

�¤­®à®¤­®¥ ãà ¢­¥­¨¥ �©«¥à * ¨¬¥¥â ¢¨¤

xny(n) + a
1

xn−1y(n−1)

+ . . .+ an−1

xy′ + any = 0, (109)

£¤¥ ¢á¥ a
1

, a
2

, . . . , an | ¨§¢¥áâ­ë¥ ¯®áâ®ï­­ë¥. �­® ¯à¨¢®¤¨âáï

ª ®¤­®à®¤­®¬ã «¨­¥©­®¬ã ãà ¢­¥­¨î á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­-

â ¬¨, ¥á«¨ ¢¬¥áâ® x ¢¢¥áâ¨ ­®¢ãî ¯¥à¥¬¥­­ãî t ¯® ä®à¬ã«¥

x = et.

�àã£®© á¯®á®¡ § ª«îç ¥âáï ¢ â®¬, çâ®¡ë ¨áª âì à¥è¥­¨¥ ãà ¢-

­¥­¨ï (109) ¢ ¢¨¤¥ y = xλ.
�¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ �©«¥à 

xny(n) + a
1

xn−1y(n−1)

+ . . .+ an−1

xy′ + any = f(x)

á ¯®¬®éìî â®© �¥ § ¬¥­ë t = lnx ⇔ x = et ¯à¨¢®¤¨âáï ª «¨­¥©-

­®¬ã ­¥®¤­®à®¤­®¬ã ãà ¢­¥­¨î, ª®â®à®¥ ¨­â¥£à¨àã¥âáï ¬¥â®¤ ¬¨

¨§ ¯¯. 10.2, 10.3, 11.2.

�® ¥á«¨ ¨¬¥¥âáï ­¥®¤­®à®¤­®¥ ãà ¢­¥­¨¥ ¢¨¤ 

xny(n) + a
1

xn−1y(n−1)

+ . . .+ an−1

xy′ + any = xaPm(lnx), (110)

£¤¥ Pm(lnx) | ¯®«¨­®¬ áâ¥¯¥­¨ m ®â lnx, â® ç áâ­®¥ à¥è¥­¨¥

ãà ¢­¥­¨ï (110) ¯®  ­ «®£¨¨ á ¯. 10.2 ¬®�­® ¨áª âì ¢ ¢¨¤¥

y = (lnx)kxaQm(ln x),

£¤¥ Qm(lnx) | ¯®«¨­®¬ áâ¥¯¥­¨ m ®â lnx á ­¥¨§¢¥áâ­ë¬¨ ª®íä-

ä¨æ¨¥­â ¬¨ ¨ k | ªà â­®áâì ª®à­ï λ = a á®®â¢¥âáâ¢ãîé¥£® å -

à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï.

Ǳà¨¬¥à 31. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

x2y′′ − 4xy′ + 6y = 0. (111)

* �. �©«¥à (L. Euler, 1707|1783) | è¢¥©æ àáª¨© ¬ â¥¬ â¨ª, à ¡®â « ¢

Ǳ¥â¥à¡ãà£áª®© �� (1726|1741, 1766|1783).
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� ¥ è ¥ ­ ¨ ¥.

�¯®á®¡ 1. �áãé¥áâ¢¨¬ ¢ ãà ¢­¥­¨¨ (111) § ¬¥­ã ¯¥à¥¬¥­­®©

x = et. �®£¤ 

y′ =
dy

dx
=

dy

dt

/

dx

dt
= e−ty′t,

y′′ =
dy′

dx
=

dy′

dt

/

dx

dt
=

(

d2y

dt2
− dy

dt

)

e−t

/

et = e−2t
(y′′t2 − y′t) ,

¨ ãà ¢­¥­¨¥ (111) ¯à¨¬¥â ¢¨¤

y′′t2 − y′t − 4y′t + 6y = 0 ¨«¨ y′′t2 − 5y′t + 6y = 0.

�£® å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

λ2 − 5λ+ 6 = 0

¨¬¥¥â ª®à­¨ λ
1

= 2, λ
2

= 3. Ǳ®íâ®¬ã ®¡é¨¬ à¥è¥­¨¥¬ ¯®á«¥¤­¥£®

ãà ¢­¥­¨ï ï¢«ï¥âáï

y = C
1

e2t + C
2

e3t.

�¥« ï §¤¥áì ®¡à â­ãî § ¬¥­ã, ¯®«ãç ¥¬ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥-

­¨ï (111):

y = C
1

x2 + C
2

x3.

�¯®á®¡ 2. �ã¤¥¬ ¨áª âì à¥è¥­¨¥ ãà ¢­¥­¨ï (111) ¢ ¢¨¤¥

y = xλ, £¤¥ λ | ­¥¨§¢¥áâ­®¥ ç¨á«®. �®£¤  ¯®á«¥ ¯®¤áâ ­®¢ª¨ ¥£® ¢

ãà ¢­¥­¨¥ (111) ¯®«ãç ¥¬

x2λ(λ−1)xλ−2−4xλxλ−1

+6xλ = 0 ¨«¨ xλ
(

λ2 − λ− 4λ+ 6

)

= 0.

� ª ª ª xk 6≡ 0, â® λ2 − 5λ + 6 = 0. � å®¤ï ®âáî¤  ª®à­¨ λ
1

= 2,

λ
2

= 3, § ¯¨áë¢ ¥¬ ¤¢  «¨­¥©­® ­¥§ ¢¨á¨¬ëå à¥è¥­¨ï ãà ¢­¥-

­¨ï (111): ϕ
1

(x) = x2 ¨ ϕ
2

(x) = x3. �«¥¤®¢ â¥«ì­®, ®¡é¥¥ à¥è¥­¨¥
¨¬¥¥â ¢¨¤

y = C
1

x2 + C
2

x3. �

Ǳà¨¬¥à 32. �¥è¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

x2y′′ − 4xy′ + 6y = lnx. (112)

� ¥ è ¥ ­ ¨ ¥. �®®â¢¥âáâ¢ãîé¥¥ ®¤­®à®¤­®¥ ãà ¢­¥­¨¥ à¥è¥­®

¢ ¯à¨¬¥à¥ 31. �áâ «®áì ­ ©â¨ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (112).
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�â® ãà ¢­¥­¨¥ ¨¬¥¥â ¢¨¤ (110) ¯à¨ a = 0, m = 1. � ª ª ª ª®à­¨ å -

à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï λ
1,2 6= 0 (á¬. ¯à¨¬¥à 31), â® à¥è¥­¨¥

¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

y = A lnx+B.

Ǳ®¤áâ ¢«ïï íâ® ¢ëà �¥­¨¥ ¢ ãà ¢­¥­¨¥ (112), ¯®«ãç ¥¬

x2
(

− A

x2

)

−4xA
x
+6(A lnx+B) = lnx ¨«¨ −5A+6B+6A lnx = lnx.

�á¯®«ì§ãï «¨­¥©­ãî ­¥§ ¢¨á¨¬®áâì 1 ¨ lnx, á®áâ ¢«ï¥¬ á¨áâ¥¬ã

{

6A = 1,

− 5A+ 6B = 0,

ª®â®à ï ¨¬¥¥â à¥è¥­¨¥ A =

1

6

, B =

5

36

. � à¥§ã«ìâ â¥ ®¡é¥¥ à¥è¥-

­¨¥ ãà ¢­¥­¨ï (112) ¨¬¥¥â ¢¨¤

y = C
1

x2 + C
2

x3 +
1

6

lnx+
5

36

. �

�¥è¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï:

86. x2y′′ + 2xy′ − 2y = 0.

87. x2y′′ − 5xy′ + 9y = 0.

88. x3y′′′ + xy′ − y = 0.

89. x2y′′ − 6xy′ + 10y = 3x2.
90. xy′′ − 2y′ = 4x lnx.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
20

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï �©«¥à :

20.1. x3y′′′ − x2y′′ − 4xy′ + 4y = x2(−6 lnx− 29).

20.2. x3y′′′ + 2x2y′′ − 5xy′ − 3y = x(−8 lnx− 60).

20.3. x3y′′′ + x2y′′ − 14xy′ − 10y = x(−24 lnx− 62).

20.4. x3y′′′ − 11xy′ − 5y = x(−16 lnx− 92).

20.5. x3y′′′ + 3x2y′′ − 12xy′ − 12y = x(−24 lnx− 202).

20.6. x3y′′′ − 2x2y′′ − 5xy′ + 5y = x2(−9 lnx− 36).

20.7. x3y′′′ + x2y′′ − 8xy′ − 4y = x(−12 lnx− 80).

20.8. x3y′′′ − 3xy′ + 3y = x2(−3 lnx− 4).
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20.9. x3y′′′ + 5x2y′′ − 15xy′ − 20y = x(−35 lnx− 151).

20.10. x3y′′′ + 7x2y′′ + 4xy′ − 4y = x2(18 lnx+ 81).

20.11. x3y′′′ + 2x2y′′ − 17xy′ − 15y = x(−32 lnx− 240).

20.12. x3y′′′ − 3x2y′′ − 2xy′ + 10y = x(8 ln x+ 10).

20.13. x3y′′′ + 5x2y′′ + 2xy′ − 2y = x2(12 lnx+ 79).

20.14. x3y′′′ − x2y′′ − 2xy′ + 6y = x(4 ln x+ 28).

20.15. x3y′′′ + 6x2y′′ − 9xy′ − 15y = x(−24 lnx− 76).

20.16. x3y′′′ + 5x2y′′ − 8xy′ − 12y = x(−20 lnx− 104).

20.17. x3y′′′ + 6x2y′′ + 3xy′ − 3y = x2(15 lnx+ 53).

20.18. x3y′′′ − 3xy′ + 3y = x2(−3 lnx− 19).

20.19. x3y′′′ − 4x2y′′ + xy′ + 15y = x(16 lnx+ 12).

20.20. x3y′′′ + 3x2y′′ − 6xy′ − 6y = x(−12 lnx− 52).

20.21. x3y′′′ − 3x2y′′ + 12y = x(12 lnx+ 80).

20.22. x3y′′′ + 7x2y′′ − 2xy′ − 10y = x(−12 lnx− 20).

20.23. x3y′′′ + 3x2y′′ − 20xy′ + 20y = x(−40 lnx− 158).

20.24. x3y′′′ + 6x2y′′ − 2xy′ − 8y = x(−10 lnx− 37).

20.25. x3y′′′ + 5x2y′′ − 2xy′ − 6y = x(−8 lnx− 6).

20.26. x3y′′′ − 2x2y′′ − 2xy′ + 8y = x(6 lnx+ 25).

20.27. x3y′′′ + 3x2y′′ − 2xy′ − 2y = x(−4 lnx− 32).

20.28. x3y′′′ + 2x2y′′ − 10xy′ − 8y = x(−18 lnx− 63).

20.29. x3y′′′ − 5x2y′′ + 4xy′ + 20y = x(24 lnx+ 142).

20.30. x3y′′′ + 8x2y′′ + 5xy′ − 5y = x2(21 lnx+ 52).

§13. �¨áâ¥¬ë «¨­¥©­ëå ãà ¢­¥­¨©

á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

Ǳãáâì ¨¬¥¥âáï á¨áâ¥¬  «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥-

­¨©



























y′
1

= a
11

y
1

+ a
12

y
2

+ . . .+ a
1nyn + f

1

(t),

y′
2

= a
21

y
1

+ a
22

y
2

+ . . .+ a
2nyn + f

2

(t),

.

.

.

y′n = an1y1 + an2y2 + . . .+ annyn + fn(t),

(113)

£¤¥ yk = yk(t) | ¨áª®¬ë¥ äã­ªæ¨¨, y′k | ¨å ¯à®¨§¢®¤­ë¥

dyk

dt ¨

aij | § ¤ ­­ë¥ ¯®áâ®ï­­ë¥ ª®íää¨æ¨¥­âë.

�¨­¥©­ ï á¨áâ¥¬  ­ §ë¢ ¥âáï ®¤­®à®¤­®©, ¥á«¨ ¢á¥ fi(t) ≡ 0.

�¥è¥­¨¥¬ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (113) ­ §ë¢ ¥â-

áï á®¢®ªã¯­®áâì äã­ªæ¨© y
1

= ϕ
1

(t), y
2

= ϕ
2

(t), . . . , yn = ϕn(t),
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®¯à¥¤¥«¥­­ëå ¨ ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬ëå ¢ ¨­â¥à¢ «¥ (a, b),
â ª¨å, çâ® ¯à¨ ¯®¤áâ ­®¢ª¥ ¨å ¢ ãà ¢­¥­¨ï á¨áâ¥¬ë (113)â¥ ¯à¥-

¢à é îâáï ¢ â®�¤¥áâ¢ , á¯à ¢¥¤«¨¢ë¥ ¤«ï ¢á¥å §­ ç¥­¨©

t ∈ (a, b).
�¤­®à®¤­ ï á¨áâ¥¬  «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

¢á¥£¤  ¨¬¥¥â âà¨¢¨ «ì­®¥ à¥è¥­¨¥

y
1

≡ y
2

≡ . . . ≡ yn ≡ 0.

�¥è¥­¨ï á¨áâ¥¬ë (113) ¨­â¥à¯à¥â¨àãîâáï £¥®¬¥âà¨ç¥áª¨ ¢ ¢¨¤¥

¨­â¥£à «ì­ëå ªà¨¢ëå ¢ (n + 1)-¬¥à­®¬ ¯à®áâà ­áâ¢¥ á ª®®à¤¨­ -

â ¬¨ t, y
1

, y
2

, . . . , yn (áà. §1).
� ª ¨ ¢ á«ãç ¥ ®¤­®£® ãà ¢­¥­¨ï (á¬. §1, §9), ¨¬¥¥â ¬¥áâ®
3. �¥®à¥¬  áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨: ¥á«¨ äã­ª-

æ¨¨ fi(t), i = 1, 2, . . . , n, ­¥¯à¥àë¢­ë ­  (a, b), â® áãé¥áâ¢ã¥â ®¤-

­® ¨ â®«ìª® ®¤­® à¥è¥­¨¥ á¨áâ¥¬ë (113) yi = ϕi(t), i = 1, 2, . . . , n,
ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­ë¬ ãá«®¢¨ï¬

y
1

(t
0

) = y
(0)

1

, y
2

(t
0

) = y
(0)

2

, . . . , yn(t0) = y(0)n , (114)

£¤¥ t
0

∈ (a, b), y
(0)

i | «î¡ë¥ § ¤ ­­ë¥ ç¨á« . �¥®à¥¬  ¤®ª § ­  ¢

à ¡®â¥ [2℄.

�¡é¨¬ à¥è¥­¨¥¬ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© (113)

­ §ë¢ ¥âáï á®¢®ªã¯­®áâì äã­ªæ¨©

yi = ϕi(t, C1

, C
2

, . . . , Cn), i = 1, 2, . . . , n, (115)

§ ¢¨áïé¨å ®â n ¯à®¨§¢®«ì­ëå ¯®áâ®ï­­ëå Ck, â ª ï çâ®:

1) ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® ­ ¡®à  ¯®áâ®ï­­ëå Ck á®¢®ªã¯-

­®áâì (115) ï¢«ï¥âáï à¥è¥­¨¥¬ (ç áâ­ë¬) á¨áâ¥¬ë (113);

2) ¤«ï «î¡ëå t
0

∈ (a, b), y
(0)

1

, y
(0)

2

, . . . , y
(0)

n ¬®�­® ¯®¤®¡à âì

â ª¨¥ §­ ç¥­¨ï C◦
1

, C◦
2

, . . . , C◦
n, çâ® á®®â¢¥âáâ¢ãîé¥¥ à¥è¥­¨¥

(115) ¡ã¤¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬ (114), â. ¥. ¡ã¤ãâ ¢ë¯®«­¥-

­ë à ¢¥­áâ¢ 

ϕi (t0, C
◦
1

, C◦
2

, . . . , C◦
n) = y

(0)

i , i = 1, 2, . . . , n.

�«ï á¨áâ¥¬ (113) à §à ¡®â ­® ­¥áª®«ìª® ¬¥â®¤®¢ ¨­â¥£à¨à®¢ -

­¨ï. �áâ ­®¢¨¬áï ­  á ¬®¬ ¯à®áâ®¬ | á¢¥¤¥­¨¨ á¨áâ¥¬ë ª ®¤­®¬ã
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ãà ¢­¥­¨î. �â®â ¬¥â®¤ ­ §ë¢ ¥âáï ¬¥â®¤®¬ ¨áª«îç¥­¨ï. �àã£¨¥

¬¥â®¤ë á¬. [3, â. III, ç. 1; 6; 7; 8℄.

Ǳà¨¬¥à 33. � ©â¨ ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨©











x′ = −4x+ 2y + 5z,

y′ = 6x− y − 6z,

z′ = −8x+ 3y + 9z.

(116)

� ¥ è ¥ ­ ¨ ¥. �ëà � ï z ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï

z =
1

5

(x′ + 4x− 2y) (117)

¨ ¤¨ää¥à¥­æ¨àãï ¥£®

z′ =
1

5

(x′′ + 4x′ − 2y′) ,

¯®¤áâ ¢«ï¥¬ íâ¨ ¢ëà �¥­¨ï ¢® ¢â®à®¥ ¨ âà¥âì¥ ãà ¢­¥­¨ï á¨áâ¥-

¬ë:











y′ = 6x− y − 6

5

(x′ + 4x− 2y) ,

1

5

(x′′ + 4x′ − 2y′) = −8x+ 3y +
9

5

(x′ + 4x− 2y) ,

¨«¨







y′ =
1

5

(−6x′ + 6x+ 7y) ,

x′′ = 5x′ + 2y′ − 4x− 3y.
(118)

�áª«îç ï ®âáî¤  y′:

x′′ = 5x′ +
2

5

(−6x′ + 6x+ 7y)− 4x− 3y,

¢ëà §¨¬ y:
y = −5x′′ + 13x′ − 8x. (119)

�¨ää¥à¥­æ¨àãï ¯®á«¥¤­¥¥ à ¢¥­áâ¢®:

y′ = −5x′′′ + 13x′′ − 8x′, (120)

¯®¤áâ ¢«ï¥¬ (119) ¨ (120) ¢ ¯¥à¢®¥ ãà ¢­¥­¨¥ (118):

− 5x′′′ + 13x′′ − 8x′ =
1

5

(−6x′ + 6x− 35x′′ + 91x′ − 56x)

¨«¨ x′′′ − 4x′′ + 5x′ − 2x = 0. (121)
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�®áâ ¢«ï¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

λ3 − 4λ2 + 5λ− 2 = 0

¨ ­ å®¤¨¬ ¥£® ª®à­¨: λ
1

= λ
2

= 1, λ
3

= 2. �®£« á­® ¯. 11.1 ®¡é¥¥

à¥è¥­¨¥ ãà ¢­¥­¨ï (121) ¨¬¥¥â ¢¨¤

x = (C
1

+ C
2

t)et + C
3

e2t.

�âáî¤ , ãç¨âë¢ ï ãà ¢­¥­¨¥ (119), ¯®«ãç ¥¬

y = 3C
2

et − 2C
3

e2t.

� ª®­¥æ, ¯®¤áâ ¢«ïï ¢ëà �¥­¨ï x ¨ y ¢ ãà ¢­¥­¨¥ (117), ­ å®¤¨¬

z = (C
1

− C
2

+ C
2

t)et + 2C
3

e2t.

�â ª, ®¡é¥¥ à¥è¥­¨¥ á¨áâ¥¬ë (116)











x = (C
1

+ C
2

t)et + C
3

e2t,

y = 3C
2

et − 2C
3

e2t,

z = (C
1

− C
2

+ C
2

t)et + 2C
3

e2t. �

�¥è¨âì á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©:

91.

{

x′ = 3x+ y,

y′ = 2x+ 4y.
92.

{

x′ = 5x+ y,

y′ = −17x− 3y.

93.











x′ = 2x− y − z,

y′ = 3x− 2y − 3z,

z′ = −x+ y + 2z.

94.

{

x′ = 2x− y + 2et,

y′ = 3x− 2y + 4et.

95.

{

x′ = y + tg

2 t− 1,

y′ = −x+ tg t.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
21

� ª �¤®¬ ¢ à¨ ­â¥ à¥è¨âì á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-

­¥­¨© ¬¥â®¤®¬ ¨áª«îç¥­¨ï:
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21.1.

{

y′ = 3y + 2z,

z′ = 3y + 4z.
21.2.

{

y′ = 3y − 4z,

z′ = y − 2z.
21.3.

{

y′ = 2y − z,

z′ = 5y − 2z.

21.4.

{

y′ = y − 2z,

z′ = 7y − 8z.
21.5.

{

y′ = 3y − 2z,

z′ = 2y − z.
21.6.

{

y′ = 4y − 2z,

z′ = y + 2z.

21.7.

{

y′ = 5y + 3z,

z′ = y + 3z.
21.8.

{

y′ = 2y − z,

z′ = 5y − 4z.
21.9.

{

y′ = 3y − z,

z′ = 13y − 3z.

21.10.

{

y′ = y − 3z,

z′ = 7y − 9z.
21.11.

{

y′ = 5y − 3z,

z′ = 3y − z.
21.12.

{

y′ = y − 9z,

z′ = y + z.

21.13.

{

y′ = 4y + z,

z′ = 2y + 5z.
21.14.

{

y′ = 5y − 3z,

z′ = 4y − 3z.
21.15.

{

y′ = y − 2z,

z′ = 13y − z.

21.16.

{

y′ = −5y + z,

z′ = 2y − 4z.
21.17.

{

y′ = 6y − z,

z′ = y + 4z.
21.18.

{

y′ = y − 2z,

z′ = y + 3z.

21.19.

{

y′ = y − 3z,

z′ = 5y + 9z.
21.20.

{

y′ = 2y − z,

z′ = 4y − 3z.
21.21.

{

y′ = 4y − 5z,

z′ = 5y − 4z.

21.22.

{

y′ = −7y + 3z,

z′ = −y − 3z.
21.23.

{

y′ = 9y − 5z,

z′ = 5y − z.
21.24.

{

y′ = y − 2z,

z′ = 2y + z.

21.25.

{

y′ = 8y − 3z,

z′ = 2y + 3z.
21.26.

{

y′ = 2y + z,

z′ = 4y − z.
21.27.

{

y′ = 2y − 5z,

z′ = 4y − 2z.

21.28.

{

y′ = −2y − 3z,

z′ = 4y − 9z.
21.29.

{

y′ = 7y − 4z,

z′ = 4y − z.
21.30.

{

y′ = y − z,

z′ = y + z.

§14. �¢â®­®¬­ë¥ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

¨ ¨å ä §®¢ë¥ ¯à®áâà ­áâ¢ 

14.1. �¢â®­®¬­ë¥ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

�á«¨ f ­¥ á®¤¥à�¨â t ¢ ª ç¥áâ¢¥  à£ã¬¥­â , â® á¨áâ¥¬  ®¡ëª-
­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ­ §ë¢ ¥âáï  ¢â®­®¬­®©:

y′i =
dyi
dt

= fi(y1, y2, . . . , yn), i = 1, 2, . . . , n. (122)
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� �¤®¬ã à¥è¥­¨î

yi = ϕi(t), i = 1, 2, . . . , n , (123)

 ¢â®­®¬­®© á¨áâ¥¬ë (122) ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¤¢¨�¥­¨¥ â®çª¨

¢ n-¬¥à­®¬ ¯à®áâà ­áâ¢¥ (¢ ®â«¨ç¨¥ ®â § 13), § ¤ ¢ ¥¬®¥ ãà ¢­¥-
­¨ï¬¨ (123), £¤¥ y

1

, y
2

, . . . , yn | ª®®à¤¨­ âë â®çª¨ ¢ ¯à®áâà ­-

áâ¢¥,   t | ¢à¥¬ï. � ¯à®æ¥áá¥ á¢®¥£® ¤¢¨�¥­¨ï â®çª  ®¯¨áë¢ ¥â

­¥ª®â®àãî ªà¨¢ãî | ä §®¢ãî âà ¥ªâ®à¨î ¤¢¨�¥­¨ï. � §®¢ ï

âà ¥ªâ®à¨ï ï¢«ï¥âáï ¯à®¥ªæ¨¥© ­  ¯à®áâà ­áâ¢® ¯¥à¥¬¥­­ëå y
1

,

y
2

, . . . , yn ¨­â¥£à «ì­®© ªà¨¢®© ¢ ¯à®áâà ­áâ¢¥ t, y
1

, y
2

, . . . , yn
(à¨á. 11). Ǳà®áâà ­áâ¢® à §¬¥à­®áâ¨ n, ¢ ª®â®à®¬ ¨­â¥à¯à¥â¨àã-

îâáï à¥è¥­¨ï  ¢â®­®¬­®© á¨áâ¥¬ë (122) ¢ ¢¨¤¥ ä §®¢ëå âà ¥ª-

â®à¨© ¨  ¢â®­®¬­ ï á¨áâ¥¬  ¢ ¢¨¤¥ ¢¥ªâ®à­®£® ¯®«ï, ­ §ë¢ ¥âáï

ä §®¢ë¬ ¯à®áâà ­áâ¢®¬ á¨áâ¥¬ë (122).

t

O
y
2

y
1

�¨á. 11.

Ǳ®«®�¥­¨¥¬ à ¢­®¢¥á¨ï á¨áâ¥¬ë (122) (¨«¨ ®á®¡®© â®çª®© á¨-

áâ¥¬ë, ¨«¨ â®çª®© ¯®ª®ï á¨áâ¥¬ë) ­ §ë¢ ¥âáï â ª ï â®çª 

(y
1

, y
2

, . . . , yn) ∈ R
n
, ¢ ª®â®à®©

fi(y1, y2, . . . , yn) = 0, i = 1, 2, . . . , n.

Ǳà¨¬¥à 34. �«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

y′ = (y − 1)(y − 2) (124)

¨§®¡à §¨âì ä §®¢ë¥ âà ¥ªâ®à¨¨ ­  ä §®¢®© ¯àï¬®©.
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� ¥ è ¥ ­ ¨ ¥.

�¯®á®¡ 1. �â® ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª . � ©¤¥¬ ®¡é¨© ¨­â¥-

£à « (á¬. §3):

ln

∣

∣

∣

∣

y − 2

y − 1

∣

∣

∣

∣

= t+ C
1

¨«¨

y = 1 +

1

1− Cet
.

y

2

1

tO

�¨á. 12.

0 1 2

y

�¨á. 13.

�§®¡à §¨¬ ¯®«¥ ¨­â¥£à «ì­ëå ªà¨¢ëå ­  ¯«®áª®áâ¨ Oty (à¨á. 12).
�¤¥áì ¢¨¤­®, çâ® ¯à¨ C > 0 ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ § ¯®«­ïîâ ®¡« -

áâ¨ y > 2 ¨ y < 1,   ¯à¨ C < 0 | ®¡« áâì 1 < y < 2. � áâ-

­ë¥ à¥è¥­¨ï y = 1 ¨ y = 2 á®®â¢¥âáâ¢ãîâ §­ ç¥­¨ï¬ C = ∞ ¨

C = 0. � § ¢¨á¨¬®áâ¨ ®â ª®­ªà¥â­®£® §­ ç¥­¨ï C ª àâ¨­  ¡ã-

¤¥â á¬¥é âìáï ¢¤®«ì ®á¨ Ot. Ǳà®¥ªâ¨àãï ¥¥ ­  ®áì Oy
(

¨ ¯®¢®-

à ç¨¢ ï ­  (−90◦)
)

, ¯®«ãç ¥¬ ä §®¢ë© ¯®àâà¥â ãà ¢­¥­¨ï (124)
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(à¨á. 13). �âà¥«ª¨ ®¡®§­ ç îâ ­ ¯à ¢«¥­¨¥ ¨§¬¥­¥­¨ï y(t) ¯à¨
ã¢¥«¨ç¥­¨¨ t (t→ +∞).

�¯®á®¡ 2. Ǳà ¢ ï ç áâì ãà ¢­¥­¨ï (124) ­¥¯à¥àë¢­ , ¨¬¥¥â ­¥-

¯à¥àë¢­ãî ¯à®¨§¢®¤­ãî ­  ¢á¥© ¯àï¬®© R ¨§¬¥­¥­¨ï ¯¥à¥¬¥­-

­®© y ¨ ®¡à é ¥âáï ¢ ­ã«ì ¯à¨ y = 1 ¨ y = 2. �â¨ â®çª¨ ï¢«ïîâáï

¯®«®�¥­¨ï¬¨ à ¢­®¢¥á¨ï ãà ¢­¥­¨ï ¨, á«¥¤®¢ â¥«ì­®, ¯à¥¤áâ ¢«ï-

îâ ¤¢  à¥è¥­¨ï ãà ¢­¥­¨ï (124). � §®¢®¥ ¯à®áâà ­áâ¢® á®¢¯ ¤ ¥â

á® ¢á¥© ¯àï¬®©, ¯®«®�¥­¨ï à ¢­®¢¥á¨ï à §¡¨¢ îâ ¥¥ ­  âà¨ ¨­â¥à-

¢ « , ª �¤ë© ¨§ ª®â®àëå ¤ ¥â ä §®¢ãî âà ¥ªâ®à¨î. � ¯à ¢«¥­¨¥

ãª §ë¢ ¥â ¢®§à áâ ­¨¥ y (¥á«¨ y′ > 0) ¨«¨ ã¡ë¢ ­¨¥ y (¥á«¨ y′ < 0)

(à¨á. 13).

Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 1 ï¢«ï¥âáï ãáâ®©ç¨¢ë¬,   ¯®«®�¥-

­¨¥ à ¢­®¢¥á¨ï y = 2 | ­¥ãáâ®©ç¨¢ë¬. �

14.2. � §®¢ ï ¯«®áª®áâì

�â®¡ë ¯®áâà®¨âì âà ¥ªâ®à¨¨ á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢-

­¥­¨©

{

y′ = f
1

(y, z),

z′ = f
2

(y, z)
(125)

­  ä §®¢®© ¯«®áª®áâ¨ Oyz, ¬®�­® ¨«¨ ¨áá«¥¤®¢ âì ­¥¯®áà¥¤áâ¢¥­-
­® íâã á¨áâ¥¬ã, ¨«¨, à §¤¥«¨¢ ®¤­® ãà ¢­¥­¨¥ ­  ¤àã£®¥, á¢¥áâ¨ ¥¥

ª ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¯¥à¢®£® ¯®àï¤ª 

dz

dy
=

f
2

(y, z)

f
1

(y, z)
. (126)

� §®¢ë¥ âà ¥ªâ®à¨¨ á¨áâ¥¬ë (125) ï¢«ïîâáï ¨­â¥£à «ì­ë¬¨ ªà¨-

¢ë¬¨ ãà ¢­¥­¨ï (126). �å ¬®�­® ¯®áâà®¨âì, ¨«¨ à¥è¨¢ ãà ¢­¥-

­¨¥ (126)

(

ç áâ® ®­® à¥è ¥âáï ¯à®é¥, ç¥¬ á¨áâ¥¬  (125)

)

, ¨«¨ á

¯®¬®éìî ¬¥â®¤  ¨§®ª«¨­ (á¬. §2), ¯à¨ íâ®¬ ­¥®¡å®¤¨¬® ¨áá«¥¤®-

¢ âì ¯®«®�¥­¨ï à ¢­®¢¥á¨ï á¨áâ¥¬ë (125) ¬¥â®¤ ¬¨ ¨§ ¯. 14.3.

�«ï ¯®áâà®¥­¨ï âà ¥ªâ®à¨© ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª 

y′′ = f(y, y′) ­  ä §®¢®© ¯«®áª®áâ¨ á«¥¤ã¥â ®â íâ®£® ãà ¢­¥­¨ï

¯¥à¥©â¨ ª á¨áâ¥¬¥

{

y′ = z,

z′ = f(y, z),

ª®â®à ï ¨áá«¥¤ã¥âáï â ª �¥, ª ª á¨áâ¥¬  (125).
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Ǳà¨¬¥à 35. �«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®-

àï¤ª 

y′′ = y (127)

¯®áâà®¨âì âà ¥ªâ®à¨¨ ­  ä §®¢®© ¯«®áª®áâ¨.

� ¥ è ¥ ­ ¨ ¥. �¡®§­ ç¨¬ y′ = z ¨ à áá¬®âà¨¬ á¨áâ¥¬ã

{

y′ = z,

z′ = y,
(128)

ª®â®à ï á¢®¤¨âáï ª ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î ¯¥à¢®£® ¯®-

àï¤ª 

dz

dy
=

y

z
. (129)

�¡é¨¬ ¨­â¥£à «®¬ (á¬. §3) ãà ¢­¥­¨ï (129) ï¢«ï¥âáï á¥¬¥©áâ¢®

£¨¯¥à¡®«:

z2 = y2 + C.

y ′

yO
(1, 0)

�¨á. 14.

�«ï ®¯à¥¤¥«¥­¨ï ­ ¯à ¢«¥­¨ï ¤¢¨�¥­¨ï ¯® âà ¥ªâ®à¨ï¬ à á-

á¬®âà¨¬ ¢¥ªâ®à áª®à®áâ¨

(

dy
dt ,

dz
dt

)

¢ â®çª¥ (1, 0). � á¨«ã (128) ®­

à ¢¥­ (z, y). � â®çª¥ (1, 0) ¨¬¥¥¬ (0, 1). �¥©áâ¢ãï  ­ «®£¨ç­® ¨ á

¤àã£¨¬¨ âà ¥ªâ®à¨ï¬¨, ¯®«ãç ¥¬ ä §®¢ë© ¯®àâà¥â á¨áâ¥¬ë (128)

¨ ãà ¢­¥­¨ï (127) (à¨á. 14). �
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14.3. �áá«¥¤®¢ ­¨¥ ¯®«®�¥­¨ï à ¢­®¢¥á¨ï «¨­¥©­®©

®¤­®à®¤­®© á¨áâ¥¬ë á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨

�«ï ¨áá«¥¤®¢ ­¨ï ¯®«®�¥­¨ï à ¢­®¢¥á¨ï «¨­¥©­®© ®¤­®à®¤­®©

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨-

¥­â ¬¨

{

y′ = ay + bz,

z′ = cy + gz
(130)

¨«¨ ãà ¢­¥­¨ï

dz

dy
=

cy + gz

ay + bz
(131)

á«¥¤ã¥â ­ ©â¨ ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï

∣

∣

∣

∣

a− λ b
c g − λ

∣

∣

∣

∣

= 0. (132)

z z

O y O y

�¨á. 15. �¨á. 16.

�á«¨ ª®à­¨

(

®­¨ �¥ á®¡áâ¢¥­­ë¥ ç¨á«  ¬ âà¨æë ª®íää¨æ¨¥­â®¢

á¨áâ¥¬ë (130)

)

λ
1

, λ
2

¢¥é¥áâ¢¥­­ë¥, à §­ë¥ ¨ ®¤­®£® §­ ª , â®

¯®«®�¥­¨¥ à ¢­®¢¥á¨ï | ãáâ®©ç¨¢ë© ã§¥« (¯à¨ λ
1

< 0, λ
2

< 0,

à¨á. 15; á¬. ¯à¨¬¥à 38) ¨«¨ ­¥ãáâ®©ç¨¢ë© ã§¥« (¯à¨ λ
1

> 0, λ
2

> 0,

à¨á. 16 ¨ 28; á¬. ¯à¨¬¥àë 39 ¨ 36, á®®â¢¥âáâ¢¥­­®); ¥á«¨ à §­ëå

§­ ª®¢ | á¥¤«® (à¨á. 17; á¬. ¯à¨¬¥à 40); ¥á«¨ ª®à­¨ à ¢­ë¥ ¨ ­¥-

­ã«¥¢ë¥, â® ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï ¬®�¥â ¡ëâì ãáâ®©ç¨¢ë¬ ¢ëà®-

�¤¥­­ë¬ ã§«®¬ (à¨á. 18; á¬. ¯à¨¬¥à 41) ¨ ãáâ®©ç¨¢ë¬ ¤¨ªà¨â¨-

ç¥áª¨¬ ã§«®¬ (¯à¨ λ
1

= λ
2

< 0, à¨á. 19; á¬. ¯à¨¬¥à 42) ¨«¨ ¬®�¥â
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¡ëâì ­¥ãáâ®©ç¨¢ë¬ ¢ëà®�¤¥­­ë¬ ã§«®¬ (à¨á. 20; á¬. ¯à¨¬¥à 43)

¨ ­¥ãáâ®©ç¨¢ë¬ ¤¨ªà¨â¨ç¥áª¨¬ ã§«®¬ (¯à¨ λ
1

= λ
2

> 0, à¨á. 21;

á¬. ¯à¨¬¥à 44), ¯à¨ç¥¬ ¤¨ªà¨â¨ç¥áª¨© ã§¥« ¨¬¥¥â ¬¥áâ® â®«ìª® ¢

á«ãç ¥ á¨áâ¥¬ë

{

y′ = ay,

z′ = az

¨«¨ ãà ¢­¥­¨ï

dz
dy =

z
y . �á«¨ ª®à­¨ λ

1,2 = α ± βi | ª®¬¯«¥ªá­ë¥

á ¢¥é¥áâ¢¥­­®© ç áâìî, ®â«¨ç­®© ®â ­ã«ï, â® ¯®«®�¥­¨¥ à ¢­®¢¥-

á¨ï | ãáâ®©ç¨¢ë© ä®ªãá (¯à¨ α < 0, à¨á. 22 ¨ 29; á¬. ¯à¨¬¥àë 45

¨ 37 á®®â¢¥âáâ¢¥­­®) ¨«¨ ­¥ãáâ®©ç¨¢ë© ä®ªãá (¯à¨ α > 0, à¨á. 23;

á¬. ¯à¨¬¥à 46); ¥á«¨ ç¨áâ® ¬­¨¬ë¥ | æ¥­âà (à¨á. 24; á¬. ¯à¨-

¬¥à 47).

z z

O y O y

�¨á. 17. �¨á. 18.

�á«¨ �¥ ®¤¨­ ¨«¨ ®¡  ª®à­ï ãà ¢­¥­¨ï (132) à ¢­ë ­ã«î, â®

∣

∣

∣

∣

a b
c g

∣

∣

∣

∣

= 0 ¨, á«¥¤®¢ â¥«ì­®, ¤à®¡ì ¢ ¯à ¢®© ç áâ¨ ãà ¢­¥­¨ï (131)

á®ªà é ¥âáï. �à ¢­¥­¨¥ ¯à¨­¨¬ ¥â ¢¨¤

dz
dy = k, ¨ à¥è¥­¨ï ­ 

¯«®áª®áâ¨ Oyz ¨§®¡à � îâáï ¯ à ««¥«ì­ë¬¨ ¯àï¬ë¬¨

z = ky + C. (133)

�á¥ â®çª¨ ¯àï¬®©

ay + bz = 0 (134)

ï¢«ïîâáï ¯®«®�¥­¨ï¬¨ à ¢­®¢¥á¨ï. � á«ãç ¥ λ
1

< 0, λ
2

= 0 ¤¢¨-

�¥­¨¥ ¯à®¨áå®¤¨â ¯® ¯àï¬ë¬ (133) ¢ ­ ¯à ¢«¥­¨¨ ª ¯àï¬®© (134)
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z z

O y O y

�¨á. 19. �¨á. 20.

z z

O y O y

�¨á. 21. �¨á. 22.

z z

O y O y

�¨á. 23. �¨á. 24.
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(à¨á. 25),   ¢ á«ãç ¥ λ
1

> 0, λ
2

= 0 | ¯® â¥¬ �¥ ¯àï¬ë¬ ¢

­ ¯à ¢«¥­¨¨ ®â ¯àï¬®© (134) (à¨á. 26).

�á«¨ �¥ ¨¬¥¥âáï ¥¤¨­áâ¢¥­­®¥ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥

λ
1

= λ
2

= 0, â® ¢ á«ãç ¥, ª®£¤  ¢á¥ ª®íää¨æ¨¥­âë á¨áâ¥¬ë (130)

à ¢­ë ­ã«î, ®¡é¥¥ à¥è¥­¨¥ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

{

y = C
1

,

z = C
2

,
, £¤¥ C

1

¨ C
2

| ¯à®¨§¢®«ì­ë¥ ª®­áâ ­âë, ¨ ª �¤ ï â®çª  ¯«®áª®áâ¨ Oyz
ï¢«ï¥âáï ¯®«®�¥­¨¥¬ à ¢­®¢¥á¨ï.

z z

O y O y

�¨á. 25. �¨á. 26.

� á«ãç ¥, ª®£¤  á¨áâ¥¬  (130) ¨¬¥¥â ¢¨¤

{

y = bz,

z = 0,
b 6= 0, ®¡é¥¥

à¥è¥­¨¥ § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

z = C
2

, y = C
1

+ bC
2

t.

�¢¨�¥­¨¥ ¯à®¨áå®¤¨â à ¢­®¬¥à­® ¯® ª �¤®© ¨§ ¯àï¬ëå

z = 
onst. �á¥ â®çª¨ ¯àï¬®© z = 0 ï¢«ïîâáï ¯®«®�¥­¨ï¬¨ à ¢­®-

¢¥á¨ï (à¨á. 27).

�â®¡ë ­ ç¥àâ¨âì ¨­â¥£à «ì­ë¥ ªà¨¢ë¥ ­  ¯«®áª®áâ¨ ¢ á«ãç ¥

ã§« , á¥¤«  ¨ ¢ëà®�¤¥­­®£® ã§« , á«¥¤ã¥â ¯à¥�¤¥ ¢á¥£® ­ ©â¨

â¥ à¥è¥­¨ï, ª®â®àë¥ ¨§®¡à � îâáï ¯àï¬ë¬¨, ¯à®å®¤ïé¨¬¨ ç¥à¥§

®á®¡ãî â®çªã. �â¨ ¯àï¬ë¥ ¢á¥£¤  ­ ¯à ¢«¥­ë ¢¤®«ì á®¡áâ¢¥­­ëå

¢¥ªâ®à®¢ ¬ âà¨æë

(

a b
c g

)

, á®áâ ¢«¥­­®© ¨§ ª®íää¨æ¨¥­â®¢ ¤ ­-

­®© á¨áâ¥¬ë (130). � á«ãç ¥ ã§«  ªà¨¢ë¥ ª á îâáï â®© ¯àï¬®©,
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ª®â®à ï ­ ¯à ¢«¥­  ¢¤®«ì á®¡áâ¢¥­­®£® ¢¥ªâ®à , á®®â¢¥âáâ¢ãîé¥-

£® ¬¥­ìè¥¬ã ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ §­ ç¥­¨î λ.
� á«ãç ¥ ®á®¡®© â®çª¨ â¨¯  ä®ªãá âà¥¡ã¥âáï ãáâ ­®¢¨âì ­ ¯à -

¢«¥­¨¥ § ªàãç¨¢ ­¨ï ¨«¨ à áªàãç¨¢ ­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå.

�«ï íâ®£®, ¢®-¯¥à¢ëå, ­¥®¡å®¤¨¬® ®¯à¥¤¥«¨âì ¯® §­ ªã Reλ ª ª®©

¨¬¥­­® ä®ªãá, ¨, ¢®-¢â®àëå, | ¢ ª ª®¬ ­ ¯à ¢«¥­¨¨ ¢®ªàã£ ¯®«®-

�¥­¨ï à ¢­®¢¥á¨ï ¯à®¨áå®¤¨â ¤¢¨�¥­¨¥ ¯® âà ¥ªâ®à¨ï¬ (á¬. ¯à¨-

¬¥à 37).

�­ «®£¨ç­® ¨áá«¥¤ã¥âáï ­ ¯à ¢«¥­¨¥ ¤¢¨�¥­¨ï ¢ á«ãç ¥ ¢ëà®-

�¤¥­­®£® ã§« .

z z

O y O y

�¨á. 27. �¨á. 28.

Ǳà¨¬¥à 36. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = 3y + z,

z′ = 4y + 3z.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë¥

¢¥ªâ®àë

∣

∣

∣

∣

3− λ 1

4 3− λ

∣

∣

∣

∣

= 0, λ
1

= 1, λ
2

= 5, v

1

=

(

1

−2

)

, v

2

=

(

1

2

)

.

�¨á«  λ
1

, λ
2

¢¥é¥áâ¢¥­­ë, à §«¨ç­ë, ¯®«®�¨â¥«ì­ë, ¯®íâ®¬ã ¯®-

«®�¥­¨¥ à ¢­®¢¥á¨ï | ­¥ãáâ®©ç¨¢ë© ã§¥«. Ǳ® ­ ¯à ¢«¥­¨ï¬ ¢¥ª-

â®à®¢ v

1

¨ v

2

¨§ â®çª¨ (0, 0) ¢ëå®¤ïâ ¯àï¬®«¨­¥©­ë¥ âà ¥ªâ®-

à¨¨ z = −2y, z = 2y,   ®áâ «ì­ë¥ âà ¥ªâ®à¨¨ ª á îâáï ¯àï¬®©
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z = −2y, â ª ª ª |λ
1

| < |λ
2

| (à¨á. 28). �à ¢­¥­¨ï ¨­â¥£à «ì­ëå

ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz, ï¢«ïîé¨åáï ¯ à ¡®« ¬¨, ¨¬¥îâ ¢¨¤

2y+ z = C(2y− z)5. Ǳà¨ ¯®áâà®¥­¨¨ £à ä¨ª®¢ á ¯®¬®éìî ª®¬¯ìî-

â¥à  ã¤®¡­® ¯¥à¥©â¨ ª ª®á®ã£®«ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â á ®áï¬¨,

­ ¯à ¢«¥­­ë¬¨ ¢¤®«ì ¯àï¬®«¨­¥©­ëå âà ¥ªâ®à¨© á¨áâ¥¬ë. �

Ǳà¨¬¥à 37. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = −y + 4z,

z′ = −y − z.
(135)

z

yO

(1, 0)

�¨á. 29.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

∣

∣

∣

∣

−1− λ 4

−1 −1− λ

∣

∣

∣

∣

= 0, (λ+ 1)

2

+ 4 = 0, λ
1,2 = −1± 2i.

Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï | ãáâ®©ç¨¢ë© ä®ªãá, â ª ª ª

Reλ
1,2 = −1 < 0. �â®¡ë ®¯à¥¤¥«¨âì ­ ¯à ¢«¥­¨¥ § ªàãç¨¢ ­¨ï

âà ¥ªâ®à¨©, áâà®¨¬ ¢ ª ª®©-­¨¡ã¤ì â®çª¥, ­ ¯à¨¬¥à ¢ â®çª¥ (1, 0),
¢¥ªâ®à áª®à®áâ¨ (y′, z′). �§ (135) ¯à¨ y = 1, z = 0 ¯®«ãç ¥¬ ¢¥ªâ®à

(y′, z′) = (−1,−1). Ǳà¨ ¢®§à áâ ­¨¨ t ¨§ â®çª¨ (1,0) ¯® ­ ¯à ¢«¥-

­¨î íâ®£® ¢¥ªâ®à  ¢ëå®¤¨â âà ¥ªâ®à¨ï; â ª ª ª ä®ªãá ãáâ®©ç¨-

¢ë©, â® ¯à¨ t → +∞ ®­  ¤®«�­  ¢å®¤¨âì ¢ â®çªã (0, 0). Ǳ®íâ®¬ã
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âà ¥ªâ®à¨¨ § ªàãç¨¢ îâáï ¯® ç á®¢®© áâà¥«ª¥. �à ¢­¥­¨ï ¨­â¥-

£à «ì­ëå ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz ¨¬¥îâ ¢¨¤

ln

y2 + 4z2

C2

= ar
tg

2z

y
.

Ǳà¨ ¨å ¯®áâà®¥­¨¨ ­  ª®¬¯ìîâ¥à¥ ã¤®¡­® ¯¥à¥©â¨ ª ¯®«ïà­®© á¨-

áâ¥¬¥ ª®®à¤¨­ â ρ ¨ ϕ:

{

y = ρ 
osϕ,

z = ρ sinϕ,
¢ ª®â®à®© íâ¨ ãà ¢­¥­¨ï

¨¬¥îâ ¢¨¤ (à¨á. 29)

ρ = C

√

ear
tg(2 tgϕ)

1 + 3 sin

2 ϕ
. �

Ǳà¨¬¥à 38. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©







y′ = −y + 3

2

z,

z′ = −2z.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë¥

¢¥ªâ®àë

∣

∣

∣

∣

−1− λ 3

2

0 −2− λ

∣

∣

∣

∣

= 0, λ
1

= −2, λ
2

= −1;

v

1

=

(

−3
2

)

, v

2

=

(

1

0

)

.

�¨á«  λ
1

, λ
2

¢¥é¥áâ¢¥­­ë, à §«¨ç­ë, ®âà¨æ â¥«ì­ë, ¯®íâ®¬ã ¯®-

«®�¥­¨¥ à ¢­®¢¥á¨ï | ãáâ®©ç¨¢ë© ã§¥«. Ǳ® ­ ¯à ¢«¥­¨ï¬ ¢¥ª-

â®à®¢ v

1

¨ v

2

¢ â®çªã (0, 0) ¢å®¤ïâ ¯àï¬®«¨­¥©­ë¥ âà ¥ªâ®à¨¨

z = −2y, z = 0,   ®áâ «ì­ë¥ âà ¥ªâ®à¨¨ ª á îâáï ¯àï¬®©

z = 0, â ª ª ª |λ
2

| < |λ
1

| (á¬. à¨á. 15). �à ¢­¥­¨ï ¨­â¥£à «ì­ëå

ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz, ï¢«ïîé¨åáï ¯ à ¡®« ¬¨, ¨¬¥îâ ¢¨¤

z = C(2y + 3z)2. Ǳà¨ ¯®áâà®¥­¨¨ £à ä¨ª®¢ á ¯®¬®éìî ª®¬¯ìî-

â¥à  ã¤®¡­® ¯¥à¥©â¨ ª ª®á®ã£®«ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â á ®áï¬¨,

­ ¯à ¢«¥­­ë¬¨ ¢¤®«ì ¯àï¬®«¨­¥©­ëå âà ¥ªâ®à¨© á¨áâ¥¬ë. �
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Ǳà¨¬¥à 39. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©







y′ = y − 1

2

z,

z′ = 2z.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë¥

¢¥ªâ®àë

∣

∣

∣

∣

1− λ − 1

2

0 2− λ

∣

∣

∣

∣

= 0, λ
1

= 1, λ
2

= 2, v

1

=

(

1

0

)

, v

2

=

(

1

−2

)

.

�¨á«  λ
1

, λ
2

¢¥é¥áâ¢¥­­ë, à §«¨ç­ë, ¯®«®�¨â¥«ì­ë, ¯®íâ®¬ã ¯®-

«®�¥­¨¥ à ¢­®¢¥á¨ï | ­¥ãáâ®©ç¨¢ë© ã§¥«. Ǳ® ­ ¯à ¢«¥­¨ï¬ ¢¥ª-

â®à®¢ v

1

¨ v

2

¨§ â®çª¨ (0, 0) ¢ëå®¤ïâ ¯àï¬®«¨­¥©­ë¥ âà ¥ªâ®-

à¨¨ z = 0, z = −2y,   ®áâ «ì­ë¥ âà ¥ªâ®à¨¨ ª á îâáï ¯àï¬®©

z = 0, â ª ª ª |λ
1

| < |λ
2

| (á¬. à¨á. 16). �à ¢­¥­¨ï ¨­â¥£à «ì-

­ëå ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz, ï¢«ïîé¨åáï ¯ à ¡®« ¬¨, ¨¬¥îâ

¢¨¤ z = C(2y+ z)2. Ǳà¨ ¯®áâà®¥­¨¨ £à ä¨ª®¢ á ¯®¬®éìî ª®¬¯ìî-

â¥à  ã¤®¡­® ¯¥à¥©â¨ ª ª®á®ã£®«ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â á ®áï¬¨,

­ ¯à ¢«¥­­ë¬¨ ¢¤®«ì ¯àï¬®«¨­¥©­ëå âà ¥ªâ®à¨© á¨áâ¥¬ë. �

Ǳà¨¬¥à 40. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©











y′ = −1

2

y +
3

4

z,

z′ = 3y − 1

2

z.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë¥

¢¥ªâ®àë

∣

∣

∣

∣

− 1

2

− λ 3

4

3 − 1

2

− λ

∣

∣

∣

∣

= 0, λ
1

= −2, λ
2

= 1,

v

1

=

(

1

−2

)

, v

2

=

(

1

2

)

.

�¨á«  λ
1

, λ
2

¢¥é¥áâ¢¥­­ë, à §­ëå §­ ª®¢, ¯®íâ®¬ã ¯®«®�¥­¨¥ à ¢-

­®¢¥á¨ï | á¥¤«®. � ª ª ª λ
1

< 0, ¯® ­ ¯à ¢«¥­¨î ¢¥ªâ®à  v

1

¢
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â®çªã (0, 0) ¢å®¤ïâ ¯àï¬®«¨­¥©­ë¥ âà ¥ªâ®à¨¨ z = −2y, ¨ â ª ª ª
λ
2

> 0, â® ¯® ­ ¯à ¢«¥­¨î ¢¥ªâ®à  v

2

(¯àï¬ ï z = 2y) | ¢ëå®-

¤ïâ (á¬. à¨á. 17). �à ¢­¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå ­  ¯«®áª®áâ¨

Oyz, ï¢«ïîé¨åáï £¨¯¥à¡®« ¬¨, ¨¬¥îâ ¢¨¤ (2y − z)(2y + z)2 = C.
Ǳà¨ ¯®áâà®¥­¨¨ £à ä¨ª®¢ á ¯®¬®éìî ª®¬¯ìîâ¥à  ã¤®¡­® ¯¥à¥©â¨

ª ª®á®ã£®«ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â á ®áï¬¨, ­ ¯à ¢«¥­­ë¬¨ ¢¤®«ì

¯àï¬®«¨­¥©­ëå âà ¥ªâ®à¨© á¨áâ¥¬ë. �

Ǳà¨¬¥à 41. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = −y + 2z,

z′ = −z.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë©

¢¥ªâ®à

∣

∣

∣

∣

−1− λ 2

0 −1− λ

∣

∣

∣

∣

= 0, λ
1,2 = −1, v =

(

1

0

)

.

�¨á«  λ
1

, λ
2

®¤¨­ ª®¢ë¥, ®âà¨æ â¥«ì­ë¥ ¨ ¨¬ á®®â¢¥âáâ¢ã¥â ®¤¨­

á®¡áâ¢¥­­ë© ¢¥ªâ®à, ¯®íâ®¬ã ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï | ãáâ®©ç¨-

¢ë© ¢ëà®�¤¥­­ë© ã§¥«. � ª ª ª λ
1,2 < 0, ¯® ­ ¯à ¢«¥­¨î ¢¥ª-

â®à  v ¢ â®çªã (0, 0) ¢å®¤ïâ ¯àï¬®«¨­¥©­ë¥ âà ¥ªâ®à¨¨ z = 0

(á¬. à¨á. 18). �à ¢­¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz
¨¬¥îâ ¢¨¤ y = z

(

C − 2 ln |z|
)

. �

Ǳà¨¬¥à 42. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = −y,
z′ = −z.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë¥

¢¥ªâ®àë

∣

∣

∣

∣

−1− λ 0

0 −1− λ

∣

∣

∣

∣

= 0, λ
1,2 = −1.

�¨á«  λ
1

, λ
2

®¤¨­ ª®¢ë¥, ®âà¨æ â¥«ì­ë¥, ¨ ¢á¥ ­¥­ã«¥¢ë¥ ¢¥ª-

â®àë ¯«®áª®áâ¨ ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨, ¯®íâ®¬ã ¯®«®�¥­¨¥ à ¢-

­®¢¥á¨ï | ãáâ®©ç¨¢ë© ¤¨ªà¨â¨ç¥áª¨© ã§¥«. � ª ª ª λ
1,2 < 0,

¯® ¢á¥¬ «ãç ¬ ¢ â®çªã (0, 0) ¢å®¤ïâ ¯àï¬®«¨­¥©­ë¥ âà ¥ªâ®à¨¨
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Ay + Bz = 0. (á¬. à¨á. 19). �à ¢­¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå ­ 

¯«®áª®áâ¨ Oyz ¨¬¥îâ ¢¨¤ z = Cy. �

Ǳà¨¬¥à 43. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = y,

z′ = 2y + z.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë©

¢¥ªâ®à

∣

∣

∣

∣

−1− λ 0

2 −1− λ

∣

∣

∣

∣

= 0, λ
1,2 = 1, v =

(

0

1

)

.

�¨á«  λ
1

, λ
2

®¤¨­ ª®¢ë¥, ¯®«®�¨â¥«ì­ë¥ ¨ ¨¬ á®®â¢¥âáâ¢ã¥â ®¤¨­

á®¡áâ¢¥­­ë© ¢¥ªâ®à, ¯®íâ®¬ã ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï | ­¥ãáâ®©ç¨-

¢ë© ¢ëà®�¤¥­­ë© ã§¥«. � ª ª ª λ
1,2 > 0, ¯® ­ ¯à ¢«¥­¨î ¢¥ª-

â®à  v ¨§ â®çª¨ (0, 0) ¢ëå®¤ïâ ¯àï¬®«¨­¥©­ë¥ âà ¥ªâ®à¨¨ y = 0

(á¬. à¨á. 20). �à ¢­¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz
¨¬¥îâ ¢¨¤ z = y

(

2 ln |y|+ C
)

. �

Ǳà¨¬¥à 44. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = 2y,

z′ = 2z.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¨ á®¡áâ¢¥­­ë¥

¢¥ªâ®àë

∣

∣

∣

∣

2− λ 0

0 2− λ

∣

∣

∣

∣

= 0, λ
1,2 = 2.

�¨á«  λ
1

, λ
2

®¤¨­ ª®¢ë¥, ¯®«®�¨â¥«ì­ë¥, ¨ ¢á¥ ­¥­ã«¥¢ë¥ ¢¥ª-

â®àë ¯«®áª®áâ¨ ï¢«ïîâáï á®¡áâ¢¥­­ë¬¨, ¯®íâ®¬ã ¯®«®�¥­¨¥ à ¢-

­®¢¥á¨ï | ­¥ãáâ®©ç¨¢ë© ¤¨ªà¨â¨ç¥áª¨© ã§¥«. � ª ª ª λ
1,2 > 0,

¯® ¢á¥¬ «ãç ¬ ¢ â®çªã (0, 0) ¢å®¤ïâ ¯àï¬®«¨­¥©­ë¥ âà ¥ªâ®à¨¨

Ay + Bz = 0 (á¬. à¨á. 21). �à ¢­¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå ­ 

¯«®áª®áâ¨ Oyz ¨¬¥îâ ¢¨¤ z = Cy. �

Ǳà¨¬¥à 45. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = −y + z,

z′ = −y − z.
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� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

∣

∣

∣

∣

−1− λ 1

−1 −1− λ

∣

∣

∣

∣

= 0, λ
1,2 = −1± i.

Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï | ãáâ®©ç¨¢ë© ä®ªãá, â ª ª ª

Reλ
1,2 = −1 < 0. � ¯à ¢«¥­¨¥ § ªàãç¨¢ ­¨ï âà ¥ªâ®à¨© ¬®�-

­® ®¯à¥¤¥«¨âì, ¯®áâà®¨¢ ¢ â®çª¥ (1, 0) ¢¥ªâ®à áª®à®áâ¨ (y′, z′).
Ǳ®¤áâ ¢«ïï y = 1, z = 0 ¢ ¨áå®¤­ãî á¨áâ¥¬ã, ¯®«ãç ¥¬ ¢¥ªâ®à

(y′, z′) = (−1,−1). �â®à ï ª®¬¯®­¥­â  íâ®£® ¢¥ªâ®à  ®âà¨æ â¥«ì­ ,
¨ íâ® ®§­ ç ¥â, çâ® âà ¥ªâ®à¨¨ § ªàãç¨¢ îâáï ¯® ç á®¢®© áâà¥«ª¥.

�à ¢­¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz ¢ ¯®«ïà­®©

á¨áâ¥¬¥ ª®®à¤¨­ â ρ ¨ ϕ:

{

y = ρ 
osϕ,

z = ρ sinϕ
¨¬¥îâ ¢¨¤ ρ = eϕ+C

(á¬. à¨á. 22). �

Ǳà¨¬¥à 46. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = y + 2z,

z′ = −2y + z.

� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

∣

∣

∣

∣

1− λ 2

−2 1− λ

∣

∣

∣

∣

= 0, λ
1,2 = 1± 2i.

Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï | ­¥ãáâ®©ç¨¢ë© ä®ªãá, â ª ª ª

Reλ
1,2 = 1 > 0. � ¯à ¢«¥­¨¥ § ªàãç¨¢ ­¨ï âà ¥ªâ®à¨© ¬®�-

­® ®¯à¥¤¥«¨âì, ¯®áâà®¨¢ ¢ â®çª¥ (1, 0) ¢¥ªâ®à áª®à®áâ¨ (y′, z′).
Ǳ®¤áâ ¢«ïï y = 1, z = 0 ¢ ¨áå®¤­ãî á¨áâ¥¬ã, ¯®«ãç ¥¬ ¢¥ªâ®à

(y′, z′) = (1,−2). �â®à ï ª®¬¯®­¥­â  íâ®£® ¢¥ªâ®à  ®âà¨æ â¥«ì­ ,

¨ íâ® ®§­ ç ¥â, çâ® âà ¥ªâ®à¨¨ à áªàãç¨¢ îâáï ¯® ç á®¢®© áâà¥«-

ª¥. �à ¢­¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz ¢ ¯®«ïà-

­®© á¨áâ¥¬¥ ª®®à¤¨­ â ρ ¨ ϕ:

{

y = ρ 
osϕ,

z = ρ sinϕ,
¨¬¥îâ ¢¨¤ ρ = eC−ϕ

2

(á¬. à¨á. 23). �

Ǳà¨¬¥à 47. �áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = y + z,

z′ = −2y − z.
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� ¥ è ¥ ­ ¨ ¥. � å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

∣

∣

∣

∣

1− λ 1

−2 −1− λ

∣

∣

∣

∣

= 0, λ
1,2 = ±i.

Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï | æ¥­âà, â ª ª ª á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï

ç¨áâ® ¬­¨¬ë¥: Reλ
1,2 = 0. � ¯à ¢«¥­¨¥ § ªàãç¨¢ ­¨ï âà ¥ªâ®-

à¨© ¬®�­® ®¯à¥¤¥«¨âì, ¯®áâà®¨¢ ¢ â®çª¥ (1, 0) ¢¥ªâ®à áª®à®áâ¨

(y′, z′). Ǳ®¤áâ ¢«ïï y = 1, z = 0 ¢ ¨áå®¤­ãî á¨áâ¥¬ã, ¯®«ãç ¥¬

¢¥ªâ®à (y′, z′) = (1,−2). �â®à ï ª®¬¯®­¥­â  íâ®£® ¢¥ªâ®à  ®âà¨-

æ â¥«ì­ , ¨ íâ® ®§­ ç ¥â, çâ® âà ¥ªâ®à¨¨ § ªàãç¨¢ îâáï ¯® ç á®-

¢®© áâà¥«ª¥. �à ¢­¥­¨ï ¨­â¥£à «ì­ëå ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz,
ï¢«ïîé¨åáï í««¨¯á ¬¨, ¨¬¥îâ ¢¨¤ y2 + (y + z)2 = C2

. Ǳà¨ ¨å

¯®áâà®¥­¨¨ ­  ª®¬¯ìîâ¥à¥ ã¤®¡­® ¯¥à¥©â¨ ª ¯®«ïà­®© á¨áâ¥¬¥ ª®-

®à¤¨­ â ρ ¨ ϕ:

{

y = ρ 
osϕ,

z = ρ sinϕ,
¢ ª®â®à®© íâ¨ ãà ¢­¥­¨ï ¨¬¥îâ ¢¨¤

ρ = C√
1+sin 2ϕ+
os

2 ϕ
(á¬. à¨á. 24). �

�«ï ¤ ­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯®áâà®¨âì ä §®¢ë¥

âà ¥ªâ®à¨¨:

96. y′ = y2.
97. y′ = sin y.
98. y′′ + 4y = 0.

99. y′′ + 3y′ + 2y = 0.

100. y′′ + 2y′ + 2y = 0.

�áá«¥¤®¢ âì ¯®«®�¥­¨ï à ¢­®¢¥á¨ï ãª § ­­ëå á¨áâ¥¬ ¤¨ää¥-

à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ¨§®¡à §¨âì ¨å âà ¥ªâ®à¨¨ ­  ¯«®áª®áâ¨

Oyz:

101.

{

y′ = 3y + 4z,

z′ = 2y + z.
102.

{

y′ = z,

z′ = −2y + z.
103.

{

y′ = 2y + 3z,

z′ = y + 4z.

104.

{

y′ = 2y,

z′ = 2z.
105.

{

y′ = −2y − z,

z′ = y.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
22

� ª �¤®¬ ¢ à¨ ­â¥ ¯®áâà®¨âì ä §®¢ë¥ âà ¥ªâ®à¨¨ ¤«ï ¤¨ää¥-

à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï íâ®£® �¥ ¢ à¨ ­â  ¨§ ª®­âà®«ì­®£® § ¤ -

­¨ï N

◦
13.
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�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
23

� ª �¤®¬ ¢ à¨ ­â¥ ¨áá«¥¤®¢ âì ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï ¤ ­­®©

á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ¨§®¡à §¨âì ¥¥ ä §®¢ë¥

âà ¥ªâ®à¨¨ ­  ¯«®áª®áâ¨ Oyz.

23.1.

{

y′ = 3y − z,

z′ = 13y − 3z.
23.2.

{

y′ = y − 3z,

z′ = 7y − 9z.
23.3.

{

y′ = 5y − 3z,

z′ = 3y − z.

23.4.

{

y′ = y − 9z,

z′ = y + z.
23.5.

{

y′ = 4y + z,

z′ = 2y + 5z.
23.6.

{

y′ = 5y − 3z,

z′ = 4y − 3z.

23.7.

{

y′ = y − 2z,

z′ = 13y − z.
23.8.

{

y′ = −5y + z,

z′ = 2y − 4z.
23.9.

{

y′ = 6y − z,

z′ = y + 4z.

23.10.

{

y′ = y − 2z,

z′ = y + 3z.
23.11.

{

y′ = y − 3z,

z′ = 5y + 9z.
23.12.

{

y′ = 2y − z,

z′ = 4y − 3z.

23.13.

{

y′ = 4y − 5z,

z′ = 5y − 4z.
23.14.

{

y′ = −7y + 3z,

z′ = −y − 3z.
23.15.

{

y′ = 9y − 5z,

z′ = 5y − z.

23.16.

{

y′ = y − 2z,

z′ = 2y + z.
23.17.

{

y′ = 8y − 3z,

z′ = 2y + 3z.
23.18.

{

y′ = 2y + z,

z′ = 4y − z.

23.19.

{

y′ = 2y − 5z,

z′ = 4y − 2z.
23.20.

{

y′ = −2y − 3z,

z′ = 4y − 9z.
23.21.

{

y′ = 7y − 4z,

z′ = 4y − z.

23.22.

{

y′ = y − z,

z′ = y + z.
23.23.

{

y′ = 3y + 2z,

z′ = 3y + 4z.
23.24.

{

y′ = 3y − 4z,

z′ = y − 2z.

23.25.

{

y′ = 2y − z,

z′ = 5y − 2z.
23.26.

{

y′ = y − 2z,

z′ = 7y − 8z.
23.27.

{

y′ = 3y − 2z,

z′ = 2y − z.

23.28.

{

y′ = 4y − 2z,

z′ = y + 2z.
23.29.

{

y′ = 5y + 3z,

z′ = y + 3z.
23.30.

{

y′ = 2y − z,

z′ = 5y − 4z.
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§15. �áâ®©ç¨¢®áâì ¯®«®�¥­¨ï à ¢­®¢¥á¨ï

Ǳãáâì

y′i = fi(y1, y2, . . . , yn), i = 1, 2, . . . , n , (136)

 ¢â®­®¬­ ï á¨áâ¥¬ , ¨

y

′
= f(y) (137)

¥¥ ¢¥ªâ®à­ ï § ¯¨áì. �â­®á¨â¥«ì­® äã­ªæ¨© fi(y1, y2, . . . , yn),
i = 1, 2, . . . , n, ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®­¨ ®¯à¥¤¥«¥­ë ¨ ¨¬¥îâ

­¥¯à¥àë¢­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯¥à¢®£® ¨ ¢â®à®£® ¯®àï¤ª®¢ ¢

­¥ª®â®à®© ®¡« áâ¨ 
 ¯à®áâà ­áâ¢  y
1

, y
2

, . . . , yn.
�¥ ¤ ¢ ï ä®à¬ «ì­®£® ®¯à¥¤¥«¥­¨ï ãáâ®©ç¨¢®áâ¨ ¯®

�ï¯ã­®¢ã,* ®áâ ­®¢¨¬áï ­  ¥¥ ¨¤¥¥. Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï

a = (a
1

, a
2

, . . . , an) ãà ¢­¥­¨ï (137) á«¥¤ã¥â áç¨â âì ãáâ®©ç¨¢ë¬

¯® �ï¯ã­®¢ã, ¥á«¨ ¢áïª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (137), ¨áå®¤ïé¥¥ ¯à¨

t = 0 ¨§ â®çª¨, ¤®áâ â®ç­® ¡«¨§ª®© ª a, ®áâ ¥âáï ¢ â¥ç¥­¨¥ ¢á¥£®

¤ «ì­¥©è¥£® á¢®¥£® ¨§¬¥­¥­¨ï (â. ¥. ¯à¨ t > 0) ¢¡«¨§¨ â®çª¨ a.

�áâ®©ç¨¢®¥ ¯® �ï¯ã­®¢ã ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï a ãà ¢­¥­¨ï (137)

¡ã¤¥â ­ §ë¢ âìáï  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬, ¥á«¨ ¢áïª®¥ à¥-

è¥­¨¥ ãà ¢­¥­¨ï (137), ¨áå®¤ïé¥¥ ¯à¨ t = 0 ¨§ â®çª¨, ¤®áâ â®ç­®

¡«¨§ª®© ª a, ¡ã¤¥â ¯à¨¡«¨� âìáï ª íâ®¬ã ¯®«®�¥­¨î à ¢­®¢¥á¨ï

¯à¨ t → +∞ áª®«ì ã£®¤­® ¡«¨§ª®

(

áâà®£®¥ ®¯à¥¤¥«¥­¨¥ á¬. ¢ [2℄

)

.

� ª, à áá¬®âà¥­­ë¥ ¢ ¯. 14.3 ¯®«®�¥­¨ï à ¢­®¢¥á¨ï á¨áâ¥-

¬ë (130) ãáâ®©ç¨¢ë© ä®ªãá, ãáâ®©ç¨¢ë© ã§¥«, ãáâ®©ç¨¢ë© ¢ë-

à®�¤¥­­ë© ã§¥« ¨ ãáâ®©ç¨¢ë© ¤¨ªà¨â¨ç¥áª¨© ã§¥« | ï¢«ïîâ-

áï  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¬¨. Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï æ¥­âà

ãáâ®©ç¨¢® ¯® �ï¯ã­®¢ã. Ǳ®«®�¥­¨ï à ¢­®¢¥á¨ï á¥¤«®, ­¥ãáâ®©ç¨-

¢ë© ã§¥«, ­¥ãáâ®©ç¨¢ë© ¢ëà®�¤¥­­ë© ã§¥«, ­¥ãáâ®©ç¨¢ë© ¤¨ªà¨-

â¨ç¥áª¨© ã§¥«, ­¥ãáâ®©ç¨¢ë© ä®ªãá | ï¢«ïîâáï ­¥ãáâ®©ç¨¢ë¬¨.

�¢ï§ì ¬¥�¤ã â¨¯ ¬¨ ¯®«®�¥­¨© à ¢­®¢¥á¨ï á¨áâ¥¬ë (130) ¨

§­ ç¥­¨ï¬¨ ª®à­¥© å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï (132) ¬®�­®

¯à¥¤áâ ¢¨âì ­ £«ï¤­®. �«ï íâ®£® ¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï σ = −(a+g),
� = ag−bc. �®£¤  å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ § ¯¨è¥âáï ¢ ¢¨¤¥
λ2 + σλ+� = 0.

� áá¬®âà¨¬ ¯«®áª®áâì á ¯àï¬®ã£®«ì­®© ¤¥ª àâ®¢®© á¨áâ¥¬®©

ª®®à¤¨­ â � ¨ σ ¨ ®â¬¥â¨¬ ­  ­¥© ®¡« áâ¨, á®®â¢¥âáâ¢ãîé¨¥ à §-

«¨ç­ë¬ â¨¯ ¬ ¯®«®�¥­¨© à ¢­®¢¥á¨ï (à¨á. 30; á¬. â ª�¥ à¨á. 62).

�§ ¯à¨¢¥¤¥­­®© ¢ëè¥ ª« áá¨ä¨ª æ¨¨ á«¥¤ã¥â, çâ® ãá«®¢¨ï-

* �.�. �ï¯ã­®¢ (1857|1918) | àãááª¨© ¬ â¥¬ â¨ª ¨ ¬¥å ­¨ª.
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¬¨ ãáâ®©ç¨¢®áâ¨ ¯®«®�¥­¨ï à ¢­®¢¥á¨ï ï¢«ïîâáï Reλ
1

< 0,

Reλ
2

< 0. �­¨ ¢ë¯®«­ïîâáï ¯à¨ � > 0 ¨ σ > 0, â. ¥. ¤«ï

â®ç¥ª (�, σ), ª®â®àë¥ ­ å®¤ïâáï ¢ ¯¥à¢®© ç¥â¢¥àâ¨. �á«¨ λ
1

¨

λ
2

| ª®¬¯«¥ªá­ë¥, â® ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï | â¨¯  ä®ªãá .

�â®¬ã ãá«®¢¨î ã¤®¢«¥â¢®àïîâ â®çª¨ (�, σ), ª®â®àë¥ «¥� â ¬¥-

�¤ã ¢¥â¢ï¬¨ ¯ à ¡®«ë σ2 = 4� ¨ ­¥ ¯à¨­ ¤«¥� â ®á¨ O� (â. ¥.

σ2 < 4�, σ 6= 0).

�®çª¨ ¯®«ã®á¨ σ = 0, ¤«ï ª®â®àëå � > 0, á®®â¢¥âáâ¢ãîâ ¯®«®-

�¥­¨ï¬ à ¢­®¢¥á¨ï â¨¯  æ¥­âà .

�®çª¨, à á¯®«®�¥­­ë¥ ¢­¥ ¯ à ¡®«ë σ2 = 4� (σ2 > 4� > 0),

á®®â¢¥âáâ¢ãîâ ¯®«®�¥­¨ï¬ à ¢­®¢¥á¨ï â¨¯  ã§« .

�®çª¨ «¥¢®© ¯®«ã¯«®áª®áâ¨, £¤¥ � < 0, á®®â¢¥âáâ¢ãîâ ¯®«®�¥-

­¨ï¬ à ¢­®¢¥á¨ï â¨¯  á¥¤« .

σ
�áâ®©ç¨¢ë¥ ã§«ë

σ2 = 4�\

�áâ®©ç¨¢ë¥

¢ëà®�¤¥­­ë¥ ¨

¤¨ªà¨â¨ç¥áª¨¥ ã§«ë

�¥¤« 

�áâ®©ç¨¢ë¥

ä®ªãáë

�

O \
�¥­âàë

�¥ãáâ®©ç¨¢ë¥

ä®ªãáë

/
�¥ãáâ®©ç¨¢ë¥

¢ëà®�¤¥­­ë¥ ¨

¤¨ªà¨â¨ç¥áª¨¥ ã§«ë

�¥¤« 

�¥ãáâ®©ç¨¢ë¥ ã§«ë

�¨á. 30.

�áª«îç ï ®á®¡ë¥ á«ãç ¨ (¯à®å®�¤¥­¨¥ ç¥à¥§ ­ ç «® ª®®à¤¨-

­ â), § ¬¥ç ¥¬, çâ® á¥¤«® ¬®�¥â ¯¥à¥©â¨ ¢ ã§¥« ãáâ®©ç¨¢ë© ¨«¨ ­¥-

ãáâ®©ç¨¢ë© (à¨á. 30). �áâ®©ç¨¢ë© ã§¥« ¬®�¥â ¯¥à¥©â¨ «¨¡® ¢ á¥¤-

«®, «¨¡® ¢ ãáâ®©ç¨¢ë© ä®ªãá. �«ãç © à ¢­ëå ª®à­¥© λ
1

= λ
2

®â-

¢¥ç ¥â £à ­¨æ¥ ¬¥�¤ã ã§« ¬¨ ¨ ä®ªãá ¬¨, â. ¥. ¯ à ¡®«¥ σ2 = 4�.

�áâ®©ç¨¢®áâì ¯®«®�¥­¨ï à ¢­®¢¥á¨ï a ¨áá«¥¤ã¥âáï ¯® â¥®à¥-

¬¥ �ï¯ã­®¢ . Ǳãáâì ¢á¥ äã­ªæ¨¨ fi,
∂fi
∂xj

¨

∂2fi
∂xj∂xk

­¥¯à¥àë¢­ë.

�®áâ ¢¨¬ ¬ âà¨æã A ¨§ §­ ç¥­¨© ¯à®¨§¢®¤­ëå

∂fi
∂xj

¢ ¨áá«¥¤ã¥¬®©

â®çª¥ a:
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A =









∂f
1

∂y
1

∂f
1

∂y
2

. . . ∂f
1

∂yn

∂f
2

∂y
1

∂f
2

∂y
2

. . . ∂f
2

∂yn

. . . . . . . . . . . .
∂fn
∂y

1

∂fn
∂y

2

. . . ∂fn
∂yn









∣

∣

∣

∣

∣

∣

∣

∣

y=a

.

�á«¨ ¢á¥ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï íâ®© ¬ âà¨æë ¨¬¥îâ ®âà¨æ â¥«ì-

­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç áâ¨, â® ¯®«®�¥­¨¥ à ¢­®¢¥á¨ï  á¨¬¯â®â¨ç¥-

áª¨ ãáâ®©ç¨¢®,   ¥á«¨ å®âï ¡ë ®¤­  ¨§ ¢¥é¥áâ¢¥­­ëå ç áâ¥© ¯®«®-

�¨â¥«ì­ , â® ­¥ãáâ®©ç¨¢® [2℄.

Ǳà¨¬¥à 48. � ©â¨ ¢á¥ ¯®«®�¥­¨ï à ¢­®¢¥á¨ï á¨áâ¥¬ë ¤¨ää¥-

à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

{

y′ = z − y2 − y,

z′ = 3y − y2 − z
(138)

¨ ª �¤®¥ ¨§ ­¨å ¨áá«¥¤®¢ âì ­  ãáâ®©ç¨¢®áâì.

� ¥ è ¥ ­ ¨ ¥. Ǳ®«®�¥­¨ï à ¢­®¢¥á¨ï ®¯à¥¤¥«ïîâáï ¨§ á¨áâ¥¬ë

{

z − y2 − y = 0,

3y − y2 − z = 0.

�­  ¨¬¥¥â ¤¢  à¥è¥­¨ï

{

y = 0,

z = 0

¨

{

y = 1,

z = 2.
� âà¨æ  ¨§ ç áâ­ëå

¯à®¨§¢®¤­ëå ®â ¯à ¢ëå ç áâ¥© á¨áâ¥¬ë (138) ¨¬¥¥â ¢¨¤

(

∂f
1

∂y
∂f

1

∂z
∂f

2

∂y
∂f

2

∂z

)

=

(

−2y − 1 1

3− 2y −1

)

.

� å®¤¨¬ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¬ âà¨æë ¯à¨ y = 0, z = 0:

A =

(

−1 1

3 −1

)

,

∣

∣

∣

∣

−1− λ 1

3 −1− λ

∣

∣

∣

∣

= 0, λ
1,2 = −1±

√
3.

� ª ª ª −1 +
√
3 > 0, â®çª  (0, 0) ­¥ãáâ®©ç¨¢ .

Ǳà¨ y = 1, z = 2 ¨¬¥¥¬

A =

(

−3 1

1 −1

)

,

∣

∣

∣

∣

−3− λ 1

1 −1− λ

∣

∣

∣

∣

= 0, λ
1,2 = −2±

√
2.
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� ª ª ª λ
1

< 0 ¨ λ
2

< 0, â®çª  (1, 2)  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ . �

�«ï á«¥¤ãîé¨å á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ­ ©â¨

¢á¥ ¯®«®�¥­¨ï à ¢­®¢¥á¨ï ¨ ª �¤®¥ ¨§ ­¨å ¨áá«¥¤®¢ âì ­  ãáâ®©-

ç¨¢®áâì:

106.

{

y′ = (y − 1)(z − 1),

z′ = yz − 2.
107.

{

y′ = 3−
√

4 + y2 + z,

z′ = ln

(

y2 − 3

)

.

108.

{

y′ = z,

z′ = sin(y + z).
109.

{

y′ = ez − ey,

z′ =
√

3y + z2 − 2.

110.

{

y′ = y3 − z,

z′ = y + z3.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
24

� ª �¤®¬ ¢ à¨ ­â¥ ­ ©â¨ ¢á¥ ¯®«®�¥­¨ï à ¢­®¢¥á¨ï ¤ ­­®© á¨-

áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨ ª �¤®¥ ¨§ ­¨å ¨áá«¥¤®¢ âì

­  ãáâ®©ç¨¢®áâì.

24.1.

{

y′ = 6y + y2 − z,

z′ = y + y2 + 4z.
24.2.

{

y′ = y + y2 − 2z,

z′ = y − y2 + 3z.

24.3.

{

y′ = y − 3z + z2,

z′ = 5y + 9z + z2.
24.4.

{

y′ = 2y − y2 − z,

z′ = 4y − y2 − 3z.

24.5.

{

y′ = 4y − 5z + yz,

z′ = 5y − 4z + yz.
24.6.

{

y′ = −7y + 3z − z2,

z′ = −y − 3z − z2.

24.7.

{

y′ = 2y − 5z − yz,

z′ = 5y − z − yz.
24.8.

{

y′ = y − y2 − 2z,

z′ = 2y + y2 + z.

24.9.

{

y′ = 8y − 3z − 7yz,

z′ = 2y + 3z + 2yz.
24.10.

{

y′ = 2y + z − z2,

z′ = 4y − z + z2.

24.11.

{

y′ = 2y − 5z + 3yz,

z′ = 4y − 2z − 2yz.
24.12.

{

y′ = −2y − 3z + z2,

z′ = 4y − 9z − z2.
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24.13.

{

y′ = 7y + y2 − 4z,

z′ = 4y + y2 − z.
24.14.

{

y′ = y − z + 2yz,

z′ = y + z.

24.15.

{

y′ = 3y − y2 + 2z,

z′ = 3y + y2 + 4z.
24.16.

{

y′ = 3y − 4z + z2,

z′ = y − 2z + z2.

24.17.

{

y′ = 2y − z + yz,

z′ = 5y − 2z + 3yz.
24.18.

{

y′ = y − 2z − z2,

z′ = 7y − 8z + z2.

24.19.

{

y′ = 3y − y2 − 2z,

z′ = 2y − y2 − z.
24.20.

{

y′ = 4y − 2z + z2,

z′ = y + 2z − z2.

24.21.

{

y′ = 5y + y2 + 3z,

z′ = y − y2 + 3z.
24.22.

{

y′ = 2y − z − yz,

z′ = 5y − 4z − yz.

24.23.

{

y′ = 3y − z + yz,

z′ = 13y − 3z + 5yz.
24.24.

{

y′ = y − 3z − z2,

z′ = 7y − 9z − z2.

24.25.

{

y′ = 5y + y2 − 3z,

z′ = 3y + y2 − z.
24.26.

{

y′ = y − 9z + z2,

z′ = y + z − z2.

24.27.

{

y′ = 4y − y2 + z,

z′ = 2y + y2 + 5z.
24.28.

{

y′ = 5y − 3z + z2,

z′ = 4y − 3z + z2.

24.29.

{

y′ = y − y2 − 2z,

z′ = 13y − y2 − z.
24.30.

{

y′ = −5y + z − yz,

z′ = 2y − 4z + yz.

§16. �®áâ ¢«¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

� â¥¬ â¨ª  ¤«ï á¯¥æ¨ «¨áâ  ï¢«ï¥âáï ¨­áâàã¬¥­â®¬ à¥è¥­¨ï

¯à®ä¥áá¨®­ «ì­ëå § ¤ ç. �¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï | ®¤¨­

¨§ ¢ �­¥©è¨å â ª¨å ¨­áâàã¬¥­â®¢. � ¨áá«¥¤®¢ â¥«ìáª®© à ¡®â¥

ã¬¥­¨¥ á®áâ ¢¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯® ãá«®¢¨ï¬ à¥-

 «ì­®© § ¤ ç¨ ï¢«ï¥âáï ¤ �¥ ¡®«¥¥ ¢ �­ë¬, ­¥�¥«¨ ã¬¥­¨¥ à¥-

è¨âì ¥£®, ¯®áª®«ìªã à¥è¥­¨¥ ¬®�¥â ¡ëâì ¯®«ãç¥­® á ¯®¬®éìî

ª®¬¯ìîâ¥à . �®áâ ¢«¥­¨î ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯®á¢ï-

é¥­  ®¡è¨à­ ï «¨â¥à âãà , ­ ¯à¨¬¥à à ¡®âë [10|19℄.

�ãé¥áâ¢ã¥â ¤¢  ®á­®¢­ëå ¬¥â®¤  á®áâ ¢«¥­¨ï ¤¨ää¥à¥­æ¨ «ì-

­ëå ãà ¢­¥­¨©: ¬¥â®¤ ¯à®¨§¢®¤­®© ¨ ¬¥â®¤ ¤¨ää¥à¥­æ¨ «®¢.
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Ǳ¥à¢ë© ¯à¨¬¥­ï¥âáï ¢ á«ãç ¥, ª®£¤  ¬®�­® ãáâ ­®¢¨âì § ª®­ ¨§-

¬¥­¥­¨ï áª®à®áâ¨ ¨§ãç ¥¬®£® ¯à®æ¥áá ; ®­ ¯à¨¢®¤¨â ª ãà ¢­¥­¨î,

á®¤¥à� é¥¬ã ¯à®¨§¢®¤­ãî. �® ¢â®à®¬ã ¬¥â®¤ã ®¡à é îâáï, ¥á«¨

¬®�­® á®áâ ¢¨âì ¡ « ­á ¯à¨â®ª  ¨ ®ââ®ª  ª ª¨å-â® ¢¥«¨ç¨­ (ãà ¢-

­¥­¨¥ á ¤¨ää¥à¥­æ¨ « ¬¨). �â¨ ¬¥â®¤ë ¢§ ¨¬®á¢ï§ ­ë.

�¤­®© ¨§ § ¬¥ç â¥«ì­ëå ®á®¡¥­­®áâ¥© ¯à¨à®¤ë ï¢«ï¥âáï â®,

çâ® à §­®®¡à §­ë¥ ¯à®æ¥ááë ¬®£ãâ ®¯¨áë¢ âìáï ®¤­¨¬ ãà ¢­¥­¨-

¥¬. Ǳ®§­ ª®¬¨¬áï á â ª¨¬ â¨¯®¬ ¯à®æ¥áá®¢.

�§¢¥áâ­®, çâ® ¬­®£¨¥ ¯à®æ¥ááë ¢ ¯à¨à®¤¥ ¨§¬¥­ïîâ áª®à®áâì

¨¬¥­­® ¯à®¯®àæ¨®­ «ì­® ­ ª®¯«¥­­®¬ã ª®«¨ç¥áâ¢ã ¢¥é¥áâ¢ .

�¥à¬¨­ "ª®«¨ç¥áâ¢® ¢¥é¥áâ¢ ", ª®­¥ç­®, ãá«®¢­ë© | íâ® ¬®�¥â

¡ëâì ç¨á«® ®á®¡¥© ¢ ¯®¯ã«ïæ¨¨, ç¨á«® �ãà­ «ì­ëå áâ â¥©, ç¨-

á«® ­¥©âà®­®¢ ¢ ï¤¥à­ëå à¥ ªâ®à å, ª®«¨ç¥áâ¢® å¨¬¨ç¥áª®£® ¢¥-

é¥áâ¢ , à §¬¥à ªà¨áâ ««  ¨ â. ¯.

�¯à¥¤¥«¥­¨¥. � ­ ç «ì­ë© ¬®¬¥­â t = 0 ¨¬¥¥âáï ­¥ª®â®à®¥

ª®«¨ç¥áâ¢® ¢¥é¥áâ¢  y
0

, ¨ á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ®­® ã¢¥«¨ç¨¢ ¥â-

áï (¨«¨ ã¬¥­ìè ¥âáï). �á«¨ ¢ ª �¤ë© ¬®¬¥­â ¢à¥¬¥­¨ áª®à®áâì

¯à®æ¥áá  v(t) ¯à®¯®àæ¨®­ «ì­  ­ ª®¯«¥­­®¬ã (¨«¨ ®áâ ¢è¥¬ãáï)

ª®«¨ç¥áâ¢ã ¢¥é¥áâ¢  y(t), â. ¥. ¥á«¨ á¯à ¢¥¤«¨¢ § ª®­

v(t) = ay(t), t > 0, (139)

â® íâ®â ¯à®æ¥áá ­ §ë¢ ¥âáï ¥áâ¥áâ¢¥­­ë¬ à®áâ®¬. Ǳ à ¬¥âà a
¨¬¥¥â á¢®¥ ä¨ªá¨à®¢ ­­®¥ §­ ç¥­¨¥ ¤«ï ª �¤®£® ª®­ªà¥â­®£® ¯à®-

æ¥áá  ¨ å à ªâ¥à¨§ã¥â ¡ëáâà®âã ¨§¬¥­¥­¨ï áª®à®áâ¨: ç¥¬ ¬¥­ì-

è¥ a, â¥¬ ¬¥¤«¥­­¥¥ ¨§¬¥­ï¥âáï áª®à®áâì.

Ǳà¨¬¥à 49. � ¤ ç  ® ¥áâ¥áâ¢¥­­®¬ à®áâ¥. � ­ ç «ì­ë©

¬®¬¥­â ¨¬¥¥âáï ª®«¨ç¥áâ¢® ¢¥é¥áâ¢  y
0

, ¨ á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ®­®

¨§¬¥­ï¥âáï ¯® § ª®­ã ¥áâ¥áâ¢¥­­®£® à®áâ  (139). � ©â¨ ä®à¬ã-

«ã y = y(t), ¯® ª®â®à®© ¬®�­® à ááç¨â âì ª®«¨ç¥áâ¢® ¢¥é¥áâ¢  ¢

«î¡®© ¬®¬¥­â t > 0.

� ¥ è ¥ ­ ¨ ¥. �§ ®¯à¥¤¥«¥­¨ï áª®à®áâ¨ ¨ ®¯à¥¤¥«¥­¨ï ¯à®¨§¢®¤-

­®© á«¥¤ã¥â, çâ® v(t) = y′(t). � à ªâ¥à¨áâ¨ç¥áª®¥ á¢®©áâ¢® (139)

¯à®æ¥áá  ¯à¥¢à é ¥âáï ¢ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

y′ = ay. (140)

�¥è ï ¥£® ¬¥â®¤®¬ ¨§ §3, ­ å®¤¨¬ ®¡é¥¥ à¥è¥­¨¥ y = Ceat ¨
à¥è¥­¨¥ ­ ç «ì­®© § ¤ ç¨ (§ ª®­ � «ìâãá *)

y = y
0

eat. (141)

* �.�. � «ìâãá (T.R. Maltus, 1766|1834) |  ­£«¨©áª¨© íª®­®¬¨áâ ¨

á¢ïé¥­­¨ª.
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�  à¨á. 31. ¨§®¡à �¥­ë £à ä¨ª¨ à¥è¥­¨© (141) ¯à¨ a = 1 ¨ à §-

«¨ç­ëå y
0

. �¨¤­®, çâ® ç¥¬ ¡®«ìè¥ ¢¥é¥áâ¢  y
0

¡ë«® ¢ ­ ç «¥

¯à®æ¥áá , â¥¬ ªàãç¥ ¨¤¥â ¢¢¥àå £à ä¨ª íªá¯®­¥­âë, â¥¬ ¡®«ìè¥

áª®à®áâì ¯à®æ¥áá . �  à¨á. 32 ¯®ª § ­ å®¤ ã¡ë¢ îé¨å ¯à®æ¥áá®¢

¯à¨ a = −1.

y = y
0

et

y = y
0

et
y
0

y
0

y y

O 1 t O 1 t

�¨á. 31. �¨á. 32.

Ǳ à ¨ ¬ ¥ ç   ­ ¨ ¥. �¥è¥­¨¥ à¥ «ì­®© § ¤ ç¨ á¢¥«®áì ª à¥è¥­¨î

¬ â¥¬ â¨ç¥áª®© § ¤ ç¨: ­ ©â¨ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (140),

ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­®¬ã ãá«®¢¨î y(0) = y
0

. Ǳ®¤®¡­ë¥ ¬ â¥-

¬ â¨ç¥áª¨¥  ­ «®£¨ à¥ «ì­ëå § ¤ ç ­ §ë¢ îâ ¬ â¥¬ â¨ç¥áª¨¬¨

¬®¤¥«ï¬¨. �

16.1. �¨®«®£¨ç¥áª¨¥ ¨ íª®«®£¨ç¥áª¨¥ § ¤ ç¨

Ǳà¨¬¥à 50. � ¤ ç  ®¡ ¨§®«¨à®¢ ­­®© ª®«®­¨¨ ¬¨ªà®-

®à£ ­¨§¬®¢ ¢ ¨¤¥ «ì­ëå ãá«®¢¨ïå. �ª®à®áâì à §¬­®�¥­¨ï

¡ ªâ¥à¨© ¢ ¨¤¥ «ì­ëå ãá«®¢¨ïå ¯à®¯®àæ¨®­ «ì­  ¨å ç¨á«ã. � ­ -

ç «ì­ë© ¬®¬¥­â ¨¬¥«®áì 100 ¡ ªâ¥à¨©,   ¢ â¥ç¥­¨¨ âà¥å ç á®¢ ¨å

ç¨á«® ã¤¢®¨«®áì. �® áª®«ìª® à § ã¢¥«¨ç¨âáï ç¨á«® ¡ ªâ¥à¨© ¢

â¥ç¥­¨¥ ¤¥¢ïâ¨ ç á®¢?

� ¥ è ¥ ­ ¨ ¥. � ª ª ª à §¬­®�¥­¨¥ ¡ ªâ¥à¨© ï¢«ï¥âáï ¯à®æ¥á-

á®¬ ¥áâ¥áâ¢¥­­®£® à®áâ , â® ç¨á«¥­­®áâì ¡ ªâ¥à¨© y(t) ã¤®¢«¥â¢®-
àï¥â ãà ¢­¥­¨î (140) ¨ ¨¬¥¥â ¢¨¤ (141) (§ ª®­ � «ìâãá ). � íâ®©
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§ ¤ ç¥

y = 100eat.

�§ ãá«®¢¨ï ¨¬¥¥¬ 200 = 100e3a ¨«¨ e3a = 2. �âáî¤  ¯®«ãç ¥¬

y(9) = 100e9a = 100 · 23 = 800, â. ¥. §  9 ç á®¢ ç¨á«® ¡ ªâ¥à¨©

ã¢¥«¨ç¨âáï ¢ 8 à §. �

Ǳà¨¬¥à 51. � ©â¨ § ¢¨á¨¬®áâì ¬¥�¤ã ¢ëá®â®© ¬¥áâ  ­ ¤ ãà®¢-

­¥¬ ¬®àï ¨ ¤ ¢«¥­¨¥¬ ¢®§¤ãå .

� ¥ è ¥ ­ ¨ ¥. �¡®§­ ç¨¬ ¢ëá®âã ¬¥áâ  ­ ¤ ãà®¢­¥¬ ¬®àï ç¥-

à¥§ h ¨ ¤ ¢«¥­¨¥ ¢®§¤ãå  ç¥à¥§ p. � áá¬®âà¨¬ ¯à¨§¬ â¨ç¥áª¨©

áâ®«¡ ¢®§¤ãå , ®¯¨à îé¨©áï ­  £®à¨§®­â «ì­ãî ¯«®é ¤ªã ¥¤¨­¨ç-

­®© ¯«®é ¤¨, à á¯®«®�¥­­ãî ­  ãà®¢­¥ ¬®àï.

� ¢«¥­¨¥ ¢®§¤ãå  p ¢ á¥ç¥­¨¨ íâ®£® áâ®«¡  ­  ¢ëá®â¥ h ®¯à¥-

¤¥«ï¥âáï ¢¥á®¬ ç áâ¨ áâ®«¡ , ®¯¨à îé¥©áï ­  ãª § ­­®¥ á¥ç¥­¨¥.

�¢¥«¨ç¥­¨¥ ¢ëá®âë h ­  ¡¥áª®­¥ç­® ¬ «ãî ¢¥«¨ç¨­ã dh ¢«¥ç¥â § 
á®¡®© ã¬¥­ìè¥­¨¥ ¤ ¢«¥­¨ï ­  ¡¥áª®­¥ç­® ¬ «ãî ¢¥«¨ç¨­ã, ¨§¬¥-

àï¥¬ãî ¢¥á®¬ á«®ï ¢®§¤ãå  ¬¥�¤ã ¤¢ã¬ï á¥ç¥­¨ï¬¨ (h) ¨ (h+dh).
�«¥¤®¢ â¥«ì­®, ¯®«ãç ¥âáï ãà ¢­¥­¨¥

−dp = S dh,

£¤¥ S | ¢¥á ¢®§¤ãå  ¢ ¥¤¨­¨ç­®¬ ®¡ê¥¬¥ ¯®¤ ¤ ¢«¥­¨¥¬ p (§¤¥áì
¯à¥­¥¡à¥£ ¥¬ â¥¬, çâ® S ¬¥­ï¥âáï ¯à¨ ¯¥à¥å®¤¥ ®â ­¨�­¥£® á¥ç¥-

­¨ï ª ¢¥àå­¥¬ã), ­® ¢¥«¨ç¨­  S á ¬  ¯à®¯®àæ¨®­ «ì­  ¤ ¢«¥­¨î,

çâ® ¢ëâ¥ª ¥â ¨§ § ª®­  �®©«ï*|� à¨®ââ ** (pV = p
0

V
0

), â. ¥.

S = kp, £¤¥ k | ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨. Ǳ®¤áâ ¢«ïï

íâ® ¢ëà �¥­¨¥ ¤«ï S ¢ ãà ¢­¥­¨¥ −dp = S dh, ¯®«ãç ¥¬

−dp = kp dh ⇔ dp

p
= −k dh.

�­â¥£à¨àãï ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥, ­ å®¤¨¬

p = Ce−kh.

Ǳãáâì p = p
0

¯à¨ h = 0 (â. ¥. ¤ ¢«¥­¨¥ ­  ãà®¢­¥ ¬®àï à ¢­® p
0

),

â®£¤  C = p
0

.

* �. �®©«ì (R. Boyle, 1627|1691) |  ­£«¨©áª¨© ä¨§¨ª ¨ å¨¬¨ª.

** �. � à¨®ââ (A. Mariotte, 1620|1684) | äà ­æã§áª¨© ä¨§¨ª.
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� ª¨¬ ®¡à §®¬, ¨áª®¬ ï § ¢¨á¨¬®áâì ãáâ ­ ¢«¨¢ ¥âáï ä®à¬ã-

«®©

p = p
0

e−kh.

�®íää¨æ¨¥­â k ®¯à¥¤¥«ï¥âáï ¨§ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨©.
�¥è ï ¯®«ãç¥­­®¥ ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® h, ¯®«ãç ¥¬ ä®à¬ã-

«ã

h =
1

k
ln

p
0

p
, (142)

¯®§¢®«ïîéãî ¢ëç¨á«¨âì ¢ëá®âã h ­ ¤ ãà®¢­¥¬ ¬®àï ¯® ¤ ¢«¥­¨î

¢®§¤ãå  p. �

Ǳà¨¬¥à 52. � ª®­ ®å« �¤¥­¨ï â¥« . Ǳãáâì â¥«® ¢ ä®à¬¥

è à  á ¬ áá®© m ¨ ¯®áâ®ï­­®© â¥¯«®¥¬ª®áâìî c ¨¬¥¥â â¥¬¯¥à -

âãàã T
1

,   ®ªàã� îé ï ¥£® áà¥¤  | ¯®áâ®ï­­ãî â¥¬¯¥à âãàã T
0

,

¯à¨ç¥¬ T
0

< T
1

. �à¥¡ã¥âáï ­ ©â¨ § ª®­ ®å« �¤¥­¨ï â¥«  ¯à¨

ãá«®¢¨¨, çâ® k | ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨ ª®«¨ç¥áâ¢ 

â¥¯«®âë, ®â¤ ­­®© â¥«®¬ §  ¬ «®¥ ¢à¥¬ï �t = dt, ¨ à §­®áâ¨ â¥¬-
¯¥à âãà â¥«  ¨ ®ªàã� îé¥© áà¥¤ë.

� ¥ è ¥ ­ ¨ ¥. �® ¢à¥¬ï ®å« �¤¥­¨ï â¥¬¯¥à âãà  â¥«  ¯ ¤ ¥â

®â T
1

¤® T
0

. �®¯ãáâ¨¬, çâ® ¢ ¬®¬¥­â ¢à¥¬¥­¨ t â¥¬¯¥à âãà  â¥« 
à ¢­  T ¨, á«¥¤®¢ â¥«ì­®, ¯à¥¢ëè ¥â â¥¬¯¥à âãàã ®ªàã� îé¥©

áà¥¤ë ­  (T − T
0

). �§¢¥áâ­®, çâ® ª®«¨ç¥áâ¢® â¥¯«®âë �Q, ®â-
¤ ­­®© â¥«®¬ §  ¬ «®¥ ¢à¥¬ï �t = dt, ¯à®¯®àæ¨®­ «ì­® à §­®áâ¨
â¥¬¯¥à âãà â¥«  ¨ ®ªàã� îé¥© áà¥¤ë:

−�Q ≈ k(T − T
0

)�t = −dQ, (143)

£¤¥ k | ¯®áâ®ï­­ ï.

�®«¨ç¥áâ¢® â¥¯«®âë, ®â¤ ­­®© â¥«®¬ ¯à¨ ®å« �¤¥­¨¨ ®â T
¤® T

0

, ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© Q = mc(T − T
0

). Ǳà®¤¨ää¥à¥­æ¨-

à®¢ ¢ íâ® à ¢¥­áâ¢®: dQ = mcdT , ¯®¤áâ ¢¨¬ ¯®«ãç¨¢è¥¥áï ¢ (143):

−mcdT = k(T − T
0

)dt.

�­â¥£à¨àãï, ¯®«ãç ¥¬

−mc
k

ln(T − T
0

) = t+ C.

�ç¨âë¢ ï ­ ç «ì­®¥ ãá«®¢¨¥ T = T
1

¯à¨ t = 0, ­ å®¤¨¬

C = −mc
k ln(T

1

− T
0

) ¨, á«¥¤®¢ â¥«ì­®,

t =
mc

k
ln

T
1

− T
0

T − T
0

.
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�¥è ï íâ® ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® T , ­ å®¤¨¬ § ª®­ ®å« �¤¥­¨ï

â¥« :

T = T
0

+ (T
1

− T
0

)e−
kt
mc . � (144)

Ǳà¨¬¥à 53. �à ¢­¥­¨¥ ¢¥­â¨«ïæ¨¨. � ¯®¬¥é¥­¨¨ á ®¡ê-

¥¬®¬ V ¯®¤ ¢«¨ï­¨¥¬ â¥å­®«®£¨ç¥áª¨å ¯à®æ¥áá®¢ à §¢¨¢ îâáï

¢à¥¤­ë¥ ¢ë¤¥«¥­¨ï, ª®­æ¥­âà æ¨ï ª®â®àëå §  ¬¨­ãâã á®áâ ¢«ï-

¥â a. �¥­â¨«ïâ®àë ¯à¨­®áïâ M ¬

3/¬¨­ á¢¥�¥£® ¢®§¤ãå , ¯à¨ç¥¬

¯à¨â®ç­ë© ¢®§¤ãå á®¤¥à�¨â âã �¥ "¢à¥¤­®áâì" ª®­æ¥­âà æ¨¨ b.
� ©â¨ ä®à¬ã«ã y = y(t), ¯® ª®â®à®© ¬®�­® à ááç¨âë¢ âì ª®­æ¥­-
âà æ¨î ¢à¥¤­ëå ¯à¨¬¥á¥© ¢ ¯®¬¥é¥­¨¨ ¢ «î¡®© ¬®¬¥­â t. � -

ç «ì­®¥ §­ ç¥­¨¥ íâ®© ª®­æ¥­âà æ¨¨ (®áâ â®ª ¯à¥¤ë¤ãé¥£® ¤­ï)

à ¢­® y
0

.

M V M

Mb My

V a

�¨á. 33.

�á«®¢¨¥ ¤ ­­®© § ¤ ç¨ ­¥áª®«ìª® á«®�­¥¥, ç¥¬ ãá«®¢¨ï ¯à¥¤ë-

¤ãé¨å. �¥«®áâ­®¬ã ¢®á¯à¨ïâ¨î ¯®¬®£ ¥â áå¥¬  ­  à¨á. 33. Ǳ¥à¥-

ç¨â ©â¥ § ¤ çã ¥é¥ à §, á¬®âàï ­  íâã áå¥¬ã (çâ® ®§­ ç ¥â Mb?).
� ¥ è ¥ ­ ¨ ¥. � è  æ¥«ì | ­ ©â¨ ª®­æ¥­âà æ¨î ¢à¥¤­ëå ¯à¨-

¬¥á¥© y(t). � ¤ ¤¨¬áï ¢®¯à®á®¬ | ®â ç¥£® § ¢¨á¨â §­ ç¥­¨¥ y(t)?
� ª ï ¯à¨ç¨­  â®£®, çâ® ª®­æ¥­âà æ¨ï ¢à¥¤­ëå ¯à¨¬¥á¥© ª ¬®¬¥­-

âã t ¯à¨­¨¬ ¥â §­ ç¥­¨¥ y(t)? �á­®, çâ® íâ® §­ ç¥­¨¥ ®¯à¥¤¥«ï¥âáï
á®®â­®è¥­¨¥¬ ¬¥�¤ã ª®«¨ç¥áâ¢®¬ ¢à¥¤­ëå ¯à¨¬¥á¥© ¢­ãâà¨ à -

¡®ç¥£® ¯®¬¥é¥­¨ï ¨ ª®«¨ç¥áâ¢®¬ ¯à¨â¥ª îé¥£® á¢¥�¥£® ¢®§¤ãå .

� ¤ ç  ¢ â®¬, çâ®¡ë ¢ëà §¨âì íâ® á®®â­®è¥­¨¥ â®ç­®.

�ë¤¥«¨¬ ¬ «ë© ¢à¥¬¥­­®© ¨­â¥à¢ « (t, t+ dt) ¨ á®áâ ¢¨¬ ¡ -

« ­á ¯à¨â®ª  ¨ ®ââ®ª  ¢à¥¤­ëå ¯à¨¬¥á¥© §  íâ®â ¯à®¬¥�ãâ®ª ¢à¥-
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¬¥­¨. �á¯®«ì§ãï ­¥¨§¢¥áâ­ãî ¯®ª  äã­ªæ¨î y = y(t), ¬®�­® áª -
§ âì, çâ® §  ¢à¥¬ï dt ª®­æ¥­âà æ¨ï ¢à¥¤­ëå ¯à¨¬¥á¥© ã¢¥«¨ç¨âáï
(¨«¨ ã¬¥­ìè¨âáï) ­  ¢¥«¨ç¨­ã �y ≈ dy.

�«¥¤®¢ â¥«ì­®, ®¡é¥¥ ª®«¨ç¥áâ¢® ¢à¥¤­ëå ¯à¨¬¥á¥© ¨§¬¥­¨â-

áï ­  ¢¥«¨ç¨­ã V dy. �â® ¯à¨à é¥­¨¥ áª« ¤ë¢ ¥âáï ¨§ ¢¥«¨ç¨-

­ë V a dt, ª®â®à ï á®§¤ ¥âáï §  ¢à¥¬ï dt ¢ å®¤¥ â¥å­®«®£¨ç¥áª¨å

¯à®æ¥áá®¢, ¨§ ­¥¡®«ìè®© ¢¥«¨ç¨­ë Mbdt, ª®â®àãî ¯à¨¢­¥á á¢¥-

�¨© ¢®§¤ãå, ¬¨­ãá My dt, çâ® á®¤¥à�¨âáï ¢ ãè¥¤è¥¬ ¨§ ¯®¬¥-

é¥­¨ï ¯à¨ ¢¥­â¨«ïæ¨¨ ¢®§¤ãå¥ (á¬. à¨á. 33). � ¬¥â¨¬, çâ® ¤«ï

®¯à¥¤¥«¥­¨ï ¯®á«¥¤­¥© ¢¥«¨ç¨­ë ®¯ïâì ¨á¯®«ì§ã¥âáï ­¥¨§¢¥áâ­ ï

äã­ªæ¨ï y = y(t), ¢¥¤ì ¨¬¥­­® ®­  ¤ ¥â ª®­æ¥­âà æ¨î ¢¥«¨ç¨­ë

¢ à áá¬ âà¨¢ ¥¬ë© ¬®¬¥­â t.
�«¥¤®¢ â¥«ì­®, ¡ « ­á ¯à¨â®ª  ¨ ®ââ®ª  ¢à¥¤­ëå ¯à¨¬¥á¥© ¢ë-

£«ï¤¨â â ª:

V dy = V a dt+Mbdt−My dt. (145)

�â® ­¥ çâ® ¨­®¥ ª ª ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ­¥¨§¢¥áâ­®©

äã­ªæ¨¥© y = y(t). �­® ­ §ë¢ ¥âáï ®á­®¢­ë¬ ãà ¢­¥­¨¥¬ ¢¥­â¨-

«ïæ¨¨.

� ©¤¥¬ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (145). � §¤¥«¨¬ ¯¥à¥¬¥­­ë¥,

ãç¨âë¢ ï, çâ® V , M , a, b | ¯®áâ®ï­­ë¥ (á¬. §3):

V dy = (V a+Mb−My)dt,
V dy

(V a+Mb)−My
= dt.

�­â¥£à¨àãï ®¡¥ ç áâ¨ ãà ¢­¥­¨ï:

− V

M
ln

∣

∣

(V a+Mb)−My
∣

∣

= t+ C
1

,

§ ¯¨è¥¬ ®¡é¥¥ à¥è¥­¨¥ ¢ ï¢­®¬ ¢¨¤¥:

y =

(

V a

M
+ b

)

− Ce−
M
V

t.

Ǳ®¤áâ ¢¨¢ ¢ ®¡é¥¥ à¥è¥­¨¥ ­ ç «ì­®¥ ãá«®¢¨¥ y(0) = y
0

, ­ ©¤¥¬

§­ ç¥­¨¥ ¯®áâ®ï­­®© C:

C =

(

V a

M
+ b

)

− y
0

.
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�ª®­ç â¥«ì­® à¥è¥­¨¥ § ¤ ç¨ ®¯à¥¤¥«ï¥âáï äã­ªæ¨¥©

y =

(

V a

M
+ b

)

+

(

y
0

−
(

V a

M
+ b

))

e−
M
V

t. (146)

y

tO

A < y
0

A = y
0

A > y
0

�¨á. 34.

�  ¯¥à¢ë© ¢§£«ï¤ ­ ©¤¥­­ ï äã­ªæ¨ï (146) ¨¬¥¥â á«®�­®¥ ¢ëà -

�¥­¨¥. �® ®¡à â¨¬ ¢­¨¬ ­¨¥ ­  ¢ëà �¥­¨ï ¢ áª®¡ª å | ¢¥¤ì íâ®

ª®­áâ ­âë, ¨, á«¥¤®¢ â¥«ì­®, ¯¥à¥¤ ­ ¬¨ äã­ªæ¨ï ¢¨¤ 

y = A + Be−kt
. � ª ï äã­ªæ¨ï ¨¬¥¥â £®à¨§®­â «ì­ãî  á¨¬¯â®-

âã y = A ¯à¨ t → +∞. �â®£® ¤®áâ â®ç­®, çâ®¡ë ¯à¥¤áâ ¢¨âì å®¤

£à ä¨ª®¢ (à¨á. 34).

� ë ¢ ® ¤ ë. �á­®¢­®© ¢ë¢®¤ ¨§ à¥è¥­¨ï (146): ¢ ¯à®æ¥áá¥

¢¥­â¨«ïæ¨¨ ª®­æ¥­âà æ¨ï ¢à¥¤­ëå ¯à¨¬¥á¥©  á¨¬¯â®â¨ç¥áª¨ ¯à¨-

¡«¨� ¥âáï ª §­ ç¥­¨î

A =

V a

M
+ b. (147)

�­â¥à¥á¥­ ¨ â ª®© ¢ë¢®¤: ¢®§¬®�¥­ á«ãç ©, ª®£¤  ª®­æ¥­âà -

æ¨ï ¢à¥¤­ëå ¯à¨¬¥á¥© ®áâ ¥âáï ­¥¨§¬¥­­®© (à¨á. 34, y
0

= A). �®-
£« á¨â¥áì, çâ® ¤® ¯®«ãç¥­¨ï ®â¢¥â  âàã¤­® ¡ë«® ¯à¥¤¯®«®�¨âì

â ªãî ¢®§¬®�­®áâì. Ǳ®«ì§ãïáì ä®à¬ã«®© (147) ¬®�­® à ááç¨â âì

¬®é­®áâì ¢¥­â¨«ïâ®à®¢M , ª®â®à ï ®¡¥á¯¥ç¨â áâ ¡¨«ì­ë© ãà®¢¥­ì

§ £àï§­¥­­®áâ¨ ¯®¬¥é¥­¨ï, | ¤®áâ â®ç­® ­ ©â¨ M ¨§ ãà ¢­¥­¨ï

y
0

=

V a

M
+ b.
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� ¥é¥ ®¤­  ¯à ªâ¨ç¥áª ï æ¥­­®áâì à¥è¥­¨ï (146). � ¤ ç  ­ 

¯à ªâ¨ª¥ áâ ¢¨âáï ­¥áª®«ìª® ¨­ ç¥: ®¡ëç­® ¨§¢¥áâ­ë §­ ç¥­¨ï

¯ à ¬¥âà®¢ V , a, b ¨ y
0

,   ­ ¤® à ááç¨â âì ¬®é­®áâì ¢¥­â¨«ïâ®-

à®¢ M , çâ®¡ë ç¥à¥§ ®¯à¥¤¥«¥­­®¥ ¢à¥¬ï t
1

ãà®¢¥­ì § £àï§­¥­­®-

áâ¨ ­¥ ¯à¥¢ëè « § ¤ ­­®© ­®à¬ë y
1

. �á«¨ ¯®¤áâ ¢¨âì ¢ à¥è¥­¨¥

¢á¥ § ¤ ­­ë¥ ¯ à ¬¥âàë, ¢ª«îç ï t = t
1

¨ y = y
1

, â® ®­® ¯à¥-

¢à é ¥âáï ¢  «£¥¡à ¨ç¥áª®¥ ãà ¢­¥­¨¥, ¨§ ª®â®à®£® ¨ ­ å®¤¨âáï

­¥¨§¢¥áâ­ ï M .

Ǳ à ¨ ¬ ¥ ç   ­ ¨ ¥. �¡à â¨¬ ¢­¨¬ ­¨¥ ­  ®¤­® ¯à¥¤¯®«®�¥­¨¥,

¯à¨ ª®â®à®¬ á®áâ ¢«ï«®áì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ (145) ¨

ª®â®à®¥, ¢¥à®ïâ­®, ®áâ «®áì ­¥ § ¬¥ç¥­­ë¬. Ǳà¥¤¯®« £ «®áì, çâ®

¢ ª �¤ë© ¬®¬¥­â t ª®­æ¥­âà æ¨ï ¢à¥¤­ëå ¯à¨¬¥á¥© ®¤¨­ ª®¢  ¢®
¢á¥å ç áâïå ¯®¬¥é¥­¨ï, â. ¥. çâ® ¯¥à¥¬¥è¨¢ ­¨¥ ¯à®¨áå®¤¨«® ¬£­®-

¢¥­­®. Ǳ®­ïâ­®, çâ® ¢ à¥ «ì­®áâ¨ íâ® ­¥ â ª, ¨ ¯®íâ®¬ã ¯®«ãç¥­-

­®¥ â¥®à¥â¨ç¥áª¨ à¥è¥­¨¥ ¡ã¤¥â ¤ ¢ âì §­ ç¥­¨ï ª®­æ¥­âà æ¨¨,

­¥áª®«ìª® ®â«¨ç îé¨¥áï ®â à¥ «ì­ëå. �® â ª®¢® á¢®©áâ¢® «î¡®©

¬®¤¥«¨, ®­  ¬®¤¥«¨àã¥â à¥ «ì­®áâì ¢ £« ¢­®¬, ¯à¥­¥¡à¥£ ï ¤¥â -

«ï¬¨. �

Ǳà¨¬¥à 54. Ǳà®áâ¥©è ï ¬®¤¥«ì ®¤­®à®¤­®© ¯®¯ã«ïæ¨¨

¢ à¥ «ì­ëå ãá«®¢¨ïå. �®«®­¨ï ®à£ ­¨§¬®¢ ®¡¨â ¥â ¢ à¥ «ì­ëå

¯à¨à®¤­ëå ãá«®¢¨ïå | ª®­ªãà¥­â­ ï ¡®àì¡  ¢­ãâà¨ ¯®¯ã«ïæ¨¨,

­¥¤®áâ â®ª ¬¥áâ  ¨ ¯¨é¨, ¯¥à¥¤ ç  ¨­ä¥ªæ¨¨ ¨§-§  â¥á­®âë ¨ â. ¯.

� ©â¨ § ª®­ ¨§¬¥­¥­¨ï ®¡é¥£® ª®«¨ç¥áâ¢  �¨¢ëå ®à£ ­¨§¬®¢ ¢

ª®«®­¨¨.

� ¥ è ¥ ­ ¨ ¥. � ªâ®à á ¬®®âà ¢«¥­¨ï ãç¨âë¢ ¥âáï ¯à¨ à á-

ç¥â¥ ¯à¨à®áâ  ¯®¯ã«ïæ¨¨ �y ¯ãâ¥¬ ã¬¥­ìè¥­¨ï ¥£® ­  ¢¥«¨ç¨-

­ã h(y,�t), å à ªâ¥à¨§ãîéãî ¤¥©áâ¢¨â¥«ì­ë¥ ãá«®¢¨ï áãé¥áâ¢®-

¢ ­¨ï ª®«®­¨¨. �®£¤  ãà ¢­¥­¨¥ ¯à¨à®áâ  § ¯¨è¥âáï ¢ ¢¨¤¥

�y = ky�t− h(y,�t). (148)

�¥§ ®á®¡®© ®è¨¡ª¨ ¬®�­® áç¨â âì, çâ® ¢¥«¨ç¨­  h(y,�t) «¨­¥©­®
§ ¢¨á¨¬  ®â �t, â. ¥.

h(y,�t) = f(y)�t.

�ã­ªæ¨î f(y) ®¡ëç­® áç¨â îâ ª¢ ¤à â¨ç­®©, â. ¥.

f(y) = λy2,
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£¤¥ λ | ª®íää¨æ¨¥­â á ¬®®âà ¢«¥­¨ï (¨«¨ ¢­ãâà¥­­¥© ¡®àì¡ë ¢

¯®¯ã«ïæ¨¨). �®£¤ 

h(y,�t) = λy2�t. (149)

�â  ¢¥«¨ç¨­  §­ ç¨¬  ¯® áà ¢­¥­¨î á ky�t â®«ìª® ¯à¨ ¡®«ìè¨å

§­ ç¥­¨ïå y. Ǳà¨ ¬ «ëå y ®­  áâ ­®¢¨âáï ¡¥áª®­¥ç­® ¬ «®© ¡®«¥¥
¢ëá®ª®£® ¯®àï¤ª  ¬ «®áâ¨. Ǳ®íâ®¬ã § ¢¨á¨¬®áâì (149) ã¤®¢«¥â¢®-

à¨â¥«ì­® ®âà � ¥â â®â ä ªâ, çâ® ª®­ªãà¥­æ¨ï ¢­ãâà¨ ¯®¯ã«ïæ¨¨

­ ç¨­ ¥â § ¬¥â­® ®éãé âìáï â®«ìª® ¯à¨ ¡®«ìè®© ¯«®â­®áâ¨, â. ¥.

¯à¨ ¡®«ìè¨å §­ ç¥­¨ïå y ­  ®£à ­¨ç¥­­®© ¯«®é ¤¨. �à®¬¥ â®£®,

ª®­ªãà¥­æ¨ï ã¢¥«¨ç¨¢ ¥âáï á à®áâ®¬ ç¨á«  ¢áâà¥ç ¬¥�¤ã ç«¥­ ¬¨

ª®«®­¨¨,   ®­® ¯à®¯®àæ¨®­ «ì­® ¯à®¨§¢¥¤¥­¨î yy, â. ¥. y2. Ǳ®¤-

áâ ¢«ïï (149) ¢ ãà ¢­¥­¨¥ (148), ¤¥«ï ­  �t ¨ ¯¥à¥å®¤ï ª ¯à¥¤¥«ã
¯à¨ �t → 0, ¯®«ãç ¥¬ ãà ¢­¥­¨¥

dy

dt
= ky − λy2 ⇔ dy

dt
= ky

(

µ− y

µ

)

, (150)

£¤¥ µ = k
λ .

� íâ®¬ã �¥ ãà ¢­¥­¨î ¯à¨¤¥¬, ¥á«¨ ¡ã¤¥¬ à áá¬ âà¨¢ âì ¤¨­ -

¬¨ªã ¯®¯ã«ïæ¨¨, áç¨â ï, çâ® ¯®ª § â¥«¨ à®�¤ ¥¬®áâ¨ ¨ á¬¥àâ­®-

áâ¨ ï¢«ïîâáï ®¡®¡é¥­­ë¬¨ ¯ à ¬¥âà ¬¨, å à ªâ¥à¨§ãîé¨¬¨ ¢§ -

¨¬®¤¥©áâ¢¨¥ ¯®¯ã«ïæ¨¨ á ®ªàã� îé¥© áà¥¤®©.

�á«¨ ¯à¥¤¯®«®�¨âì, çâ® ¯®¯ã«ïæ¨ï à ¢­®¬¥à­® à á¯à¥¤¥«¥­  ¢

¯à®áâà ­áâ¢¥, ¢á¥ ®á®¡¨ ¢ ¯®¯ã«ïæ¨¨ ®¤¨­ ª®¢ë, ¯®ª®«¥­¨ï ¯¥à¥-

ªàë¢ îâáï,   ç¨á«¥­­®áâì ¨«¨ ¯«®â­®áâì ¯®¯ã«ïæ¨¨ y(t) | ­¥¯à¥-

àë¢­ ï ¤¨ää¥à¥­æ¨àã¥¬ ï äã­ªæ¨ï, â® ¤¨­ ¬¨ª  ¨§¬¥­¥­¨ï y(t)
¬®�¥â ¡ëâì ®¯¨á ­  ãà ¢­¥­¨¥¬

dy

dt
= (B −D)y,

£¤¥ B ¨ D | à®�¤ ¥¬®áâì ¨ á¬¥àâ­®áâì á®®â¢¥âáâ¢¥­­®, ª®â®àë¥

¢ ®¡é¥¬ á«ãç ¥ ¬®£ãâ § ¢¨á¥âì ®â y ¨ t. � ç áâ­®¬ á«ãç ¥, ¯à¨

B −D = ε = 
onst, ¯®«ãç ¥âáï § ª®­ íªá¯®­¥­æ¨ «ì­®£® à®áâ  ç¨-

á«¥­­®áâ¨ ¯®¯ã«ïæ¨¨ ¢ ­¥®£à ­¨ç¥­­®© áà¥¤¥ (§ ª®­ � «ìâãá )

(á¬. ¯à¨¬¥à 50).
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� ¬ ï ¯à®áâ ï (¤«ï ®¡é¥£® á«ãç ï) ä®à¬  § ¢¨á¨¬®áâ¨ ¬¥�¤ã

ε ¨ y | «¨­¥©­ ï. Ǳ®íâ®¬ã ¬®�­® ¯à¥¤¯®« £ âì, çâ® ε = k − λy;
k, λ > 0, ¨ ãà ¢­¥­¨¥ ¤¨­ ¬¨ª¨ ¯®¯ã«ïæ¨¨ § ¯¨áë¢ ¥âáï ¢ ¢¨-

¤¥ (150). �â® è¨à®ª® ¨§¢¥áâ­®¥ ¢ â¥®à¨¨ ¯®¯ã«ïæ¨© «®£¨áâ¨ç¥áª®¥

ãà ¢­¥­¨¥; ®­® ¨­â¥£à¨àã¥âáï ¬¥â®¤®¬ ¨§ § 3.
�á«¨ y

0

< µ, â® ¤«ï ¢á¥å t > 0 ¡ã¤¥â y(t) < µ,   ¯®á«¥ ¨­â¥£à¨-
à®¢ ­¨ï ¨¬¥¥¬

ln

y

µ− y
= kt+ lnC ⇔ y

µ− y
= Cekt.

�ç¨âë¢ ï ­ ç «ì­®¥ ãá«®¢¨¥ y(0) = y
0

< µ, ­ å®¤¨¬

C =

y
0

µ− y
0

,

¨, á«¥¤®¢ â¥«ì­®,

y

µ− y
=

y
0

µ− y
0

ekt.

�âáî¤  ¯®«ãç ¥¬ ¨áª®¬ë© § ª®­ (¬®¤¥«ì �¥àåî«ìáâ *|Ǳ¥à-

« **):

y(t) =
µy

0

ekt

µ+ y
0

(ekt − 1)

. (151)

�¥£ª® ¢¨¤¥âì, çâ® lim

t→+∞
y(t) = µ (à ¢­®¢¥á­ë© à §¬¥à), â. ¥. ç¨-

á«¥­­®áâì ¯®¯ã«ïæ¨¨ ­¥ ¢®§à áâ ¥â ¡¥á¯à¥¤¥«ì­®,   ®£à ­¨ç¥­ 

á¢¥àåã.

�à ä¨ª íâ®£® § ª®­  ­ §ë¢ îâ «®£¨áâ¨ç¥áª®© ªà¨¢®©

(áà. ¯à¨¬¥à 66). � ª®­ à®áâ  ª®«®­¨¨ ¯®ª § ­ ­  à¨á. 35 �¨à­®©

«¨­¨¥©, áª®à®áâì à®áâ  | â®­ª®©. �

� áá¬®âà¨¬ à §­ë¥ â¨¯ë § ¢¨á¨¬®áâ¨ ª®íää¨æ¨¥­â  ¯à¨à®áâ 

ε = 1

y
dy
dt ®â ç¨á«¥­­®áâ¨. �  à¨á. 36 ¨§®¡à �¥­  ¬®­®â®­­ ï § ¢¨-

á¨¬®áâì (1 | «®£¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥), ­  à¨á. 37 | ­¥¬®­®â®­-

­ ï â¨¯  �««¨***.

�  à¨á. 38, 39 ¯®ª § ­ë ä §®¢ë¥ ¤¨ £à ¬¬ë ¬®¤¥«¨

dy
dt = ε(y)y

¯à¨ à §­ëå â¨¯ å § ¢¨á¨¬®áâ¨ ε(y) (◦ | ­¥ãáâ®©ç¨¢ ï â®çª , • |
ãáâ®©ç¨¢ ï â®çª ).

* Ǳ.�. �¥àåî«ìáâ (P.F. Verhulst, 1804|1849) | ¡¥«ì£¨©áª¨© á®æ¨®«®£ ¨

¬ â¥¬ â¨ª.

** �. Ǳ¥à« (R. Pearl, 1879|1940) |  ¬¥à¨ª ­áª¨© ¡¨®«®£.

*** �.�. �««¨ (W.C. Allee, 1885|1955) |  ¬¥à¨ª ­áª¨© §®®«®£.
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y

O t

µ

y(t)

y
0

dy
dt

�¨á. 35.

ε = 1

y
dy
dt ε = 1

y
dy
dt

O y O y
y∗ y∗

1

y∗
2

y∗
3

2

1

3

�¨á. 36. �¨á. 37.

dy
dt

dy
dt

O y

O y

y∗
1

y∗
2

y∗
3

y∗

�¨á. 38. �¨á. 39.
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�«ï ¨áá«¥¤®¢ ­¨ï ãáâ®©ç¨¢®áâ¨ ¯®«®�¥­¨ï à ¢­®¢¥á¨ï y∗

(á¬. §15) ¢ëç¨á«ï¥¬ ¯à®¨§¢®¤­ãî

d

dy

(

ε(y)y
)

=

dε(y)

dy
y + ε(y),

®âªã¤  ¢ â®çª¥ y∗ ¯®«ãç ¥¬

d

dy

(

ε(y)y
)

∣

∣

∣

∣

y∗

=

dε(y∗)

dy
y∗,

â ª ª ª ε(y∗) = 0. �«¥¤®¢ â¥«ì­®, ¢ ¯¥à¢®¬ á«ãç ¥ ε(y) ¬®­®â®­­®
ã¬¥­ìè ¥âáï á à®áâ®¬ y. � ª®¢® ¡ë ­¨ ¡ë«® ­¥­ã«¥¢®¥ ­ ç «ì­®¥

§­ ç¥­¨¥ ç¨á«¥­­®áâ¨, ¯®¯ã«ïæ¨ï áâà¥¬¨âáï ª á®áâ®ï­¨î y∗, â ª
ª ª

dε
dy < 0 (á¬. §15). �® ¢â®à®¬ á«ãç ¥ ε(y) | ­¥¬®­®â®­­ ï ªà¨-

¢ ï �««¨. �á«¨ y
0

∈ (0, y∗
2

), â® ¯®¯ã«ïæ¨ï áâà¥¬¨âáï ª á®áâ®ï­¨î

y∗
1

, â ª ª ª

dε
dy (y

∗
1

) < 0 ¨

dε
dy (y

∗
2

) > 0,   ¥á«¨ y
0

∈ (y∗
2

,+∞), | â® ª

á®áâ®ï­¨î y∗
3

, â ª ª ª

dε
dy (y

∗
3

) < 0.

�§ íâ¨å £à ä¨ª®¢ ¢¨¤­®, çâ® ¢ «î¡®¬ á«ãç ¥ á®áâ®ï­¨¥ á ­ã-

«¥¢®© ç¨á«¥­­®áâìî ­¥ãáâ®©ç¨¢®. �«ï ¬®­®â®­­ëå § ¢¨á¨¬®áâ¥©

¯¥à¢®£® â¨¯  ¥¤¨­áâ¢¥­­®¥ ­¥âà¨¢¨ «ì­®¥ áâ æ¨®­ à­®¥ á®áâ®ï­¨¥

ãáâ®©ç¨¢® (¢ ç áâ­®áâ¨, ãáâ®©ç¨¢® ¯à¥¤¥«ì­®¥ §­ ç¥­¨¥ ç¨á«¥­­®-

áâ¨ y∞ = µ ¢ «®£¨áâ¨ç¥áª®© ¬®¤¥«¨). �á«¨ �¥ § ¢¨á¨¬®áâì ε(y)
¨§®¡à � ¥âáï ªà¨¢®© �««¨, â® ¢®§­¨ª îâ âà¨ ­¥âà¨¢¨ «ì­ëå áâ -

æ¨®­ à­ëå á®áâ®ï­¨ï, ¯à¨ç¥¬ y∗
1

¨ y∗
3

(á ­ ¨¬¥­ìè¥© ¨ ­ ¨¡®«ìè¥©

ç¨á«¥­­®áâï¬¨) ãáâ®©ç¨¢ë,   y∗
2

(á ¯à®¬¥�ãâ®ç­ë¬ §­ ç¥­¨¥¬ ç¨-

á«¥­­®áâ¨) ­¥ãáâ®©ç¨¢®.

� «¨ç¨¥ ¤¢ãå à §«¨ç­ëå ãáâ®©ç¨¢ëå áâ æ¨®­ à­ëå á®áâ®ï­¨©

¢ ¯®¯ã«ïæ¨ïå, ¤«ï ª®â®àëå å à ªâ¥à­  § ¢¨á¨¬®áâì â¨¯  �««¨,

¬®�¥â ¡ëâì ¨­â¥à¯à¥â¨à®¢ ­® ª ª ¢®§­¨ª­®¢¥­¨¥ ­¥ª®â®à®© ­®-

¢®© ä®à¬ë  ¤ ¯â æ¨¨ ª ®ªàã� îé¥© áà¥¤¥, ¯®§¢®«ïîé¥© ¯®¯ã-

«ïæ¨¨ ã¢¥«¨ç¨âì á¢®© à §¬¥à ¨«¨, ¤àã£¨¬¨ á«®¢ ¬¨, à áè¨à¨âì

"¥¬ª®áâì" áà¥¤ë.

Ǳà¨¬¥à 55. �« áá¨ç¥áª ï ¬®¤¥«ì �®«ìâ¥ààë*|�®â-

ª¨**. Ǳãáâì z(t) ¨ y(t) | ç¨á«¥­­®áâ¨ �¥àâ¢ ¨ å¨é­¨ª®¢ á®®â¢¥â-

áâ¢¥­­®. Ǳà¥¤¯®«®�¨¬, çâ® ¥¤¨­áâ¢¥­­ë¬ «¨¬¨â¨àãîé¨¬ ä ªâ®-

à®¬, ®£à ­¨ç¨¢ îé¨¬ à §¬­®�¥­¨¥ �¥àâ¢, ï¢«ï¥âáï ¤ ¢«¥­¨¥ ­ 

* �. �®«ìâ¥àà  (V. Volterra, 1860|1940) | ¨â «ìï­áª¨© ¬ â¥¬ â¨ª.

** �.�. �®âª  (A.J. Lotka, 1880|1949) |  ¬¥à¨ª ­áª¨© ¡¨®«®£.
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­¨å á® áâ®à®­ë å¨é­¨ª®¢,   à §¬­®�¥­¨¥ å¨é­¨ª®¢ ®£à ­¨ç¨¢ ¥â-

áï ª®«¨ç¥áâ¢®¬ ¤®¡ëâ®© ¨¬¨ ¯¨é¨ (ç¨á«®¬ �¥àâ¢). �®£¤  ¢ ®âáãâ-

áâ¢¨¥ å¨é­¨ª®¢ ç¨á«¥­­®áâì �¥àâ¢ ¤®«�­  à áâ¨ íªá¯®­¥­æ¨ «ì-

­® á ®â­®á¨â¥«ì­®© áª®à®áâìî α,   å¨é­¨ª¨ ¢ ®âáãâáâ¢¨¥ �¥àâ¢ |
â ª�¥ íªá¯®­¥­æ¨ «ì­® ¢ë¬¨à âì á ®â­®á¨â¥«ì­®© áª®à®áâìî m.
�®íää¨æ¨¥­âë α ¨ m | ª®íää¨æ¨¥­âë ¥áâ¥áâ¢¥­­®£® ¯à¨à®áâ 

�¥àâ¢ ¨ ¥áâ¥áâ¢¥­­®© á¬¥àâ­®áâ¨ å¨é­¨ª®¢ á®®â¢¥âáâ¢¥­­®.

Ǳãáâì V = V (z) | ª®«¨ç¥áâ¢® (¨«¨ ¡¨®¬ áá ) �¥àâ¢, ¯®âà¥-

¡«ï¥¬ëå ®¤­¨¬ å¨é­¨ª®¬ §  ¥¤¨­¨æã ¢à¥¬¥­¨, ¯à¨ç¥¬ k-ï ç áâì

¯®«ãç¥­­®© á íâ®© ¡¨®¬ áá®© í­¥à£¨¨ à áå®¤ã¥âáï å¨é­¨ª®¬ ­ 

¢®á¯à®¨§¢®¤áâ¢®,   ®áâ «ì­®¥ âà â¨âáï ­  ¯®¤¤¥à� ­¨¥ ®á­®¢­®£®

®¡¬¥­  ¨ ®å®â­¨çì¥©  ªâ¨¢­®áâ¨. �®£¤  ãà ¢­¥­¨ï á¨áâ¥¬ë å¨é-

­¨ª | �¥àâ¢  ¬®�­® § ¯¨á âì ¢ ¢¨¤¥











dz

dt
= αz − V (z)y,

dy

dt
= y
(

kV (z)−m
)

.

(152)

Ǳà¨ ¬ «ëå §­ ç¥­¨ïå z, ­ ¯à¨¬¥à, ª®£¤  âà®ä¨ç¥áª¨¥ ®â­®è¥-

­¨ï ¢ á¨áâ¥¬¥ ­ ¯àï�¥­ë ¨ ¯®çâ¨ ¢á¥ �¥àâ¢ë áâ ­®¢ïâáï ¤®¡ë-

ç¥© å¨é­¨ª , ª®â®àë© ¢á¥£¤  £®«®¤¥­, ¨ ­ áëé¥­¨ï ­¥ ­ áâã¯ -

¥â (á¨âã æ¨ï ¤®¢®«ì­® ®¡ëç­ ï ¢ ¯à¨à®¤¥), âà®ä¨ç¥áªãî äã­ª-

æ¨î V (z) ¬®�­® áç¨â âì «¨­¥©­®© äã­ªæ¨¥© ç¨á«¥­­®áâ¨ �¥àâ¢,

â. ¥. V (z) = βz. �à®¬¥ â®£®, ¯à¥¤¯®«®�¨¬, çâ® k = 
onst. �®£¤ 











dz

dt
= αz − βzy,

dy

dt
= kβzy −my.

(153)

�. �®«ìâ¥àà  ¯®ª § «, çâ® íâ  á¨áâ¥¬  ¨¬¥¥â ¨­â¥£à « ¢¨¤ 

(

eZ

Z

)m(
eY

Y

)α

= C, (154)

£¤¥ Z =

z
z∗ , Y =

y
y∗ , z∗ =

m
kβ , y∗ =

α
β . �á«¨ z

0

¨ y
0

| ­ -

ç «ì­ë¥ §­ ç¥­¨ï ç¨á«¥­­®áâ¨ �¥àâ¢ ¨ å¨é­¨ª®¢ á®®â¢¥âáâ¢¥­­®,

â®

C =

(

ez0/z
∗

z
0

/z∗

)m(
ey0/y

∗

y
0

/y∗

)α

> 0,
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¨ ãà ¢­¥­¨¥ (154) ®¯¨áë¢ ¥â á¥¬¥©áâ¢® ¢«®�¥­­ëå ¤àã£ ¢ ¤àã£ 

§ ¬ª­ãâëå ªà¨¢ëå, ¨§®¡à �¥­­ëå ­  à¨á. 40

(

¯à¨ ¯®áâà®¥­¨¨ £à -

ä¨ª®¢ ­  ª®¬¯ìîâ¥à¥ ¯à¨¡«¨�¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï

ez

z −A = 0

¯®«ãç¥­® ¬¥â®¤®¬ �ìîâ®­ *

(

á¬., ­ ¯à¨¬¥à, [26℄

)

; ¤«ï ®¯à¥¤¥«¥­-

­®áâ¨ ¯®« £ «¨áì m = α = 1 ¨ y∗ = z∗
)

. �â¨ ªà¨¢ë¥ ï¢«ïîâáï

ä §®¢ë¬¨ âà ¥ªâ®à¨ï¬¨ ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨© á¨áâ¥¬ë (153).

Ǳà¨ minC = C∗
= em+α

ªà¨¢ë¥ áâï£¨¢ îâáï ¢ â®çªã (z∗, y∗).

y y, z

O z∗ z O t

y∗ C
1

C
2

C
3

y∗ = z∗

C
1

< C
2

< C
3

y
0

z
0

y(t)

z(t)

�¨á. 40. �¨á. 41.

�¥í««¨¯â¨ç¥áª ï ä®à¬  âà ¥ªâ®à¨© íâ®£® ­¥«¨­¥©­®£® æ¥­âà 

®âà � ¥â ­¥£ à¬®­¨ç¥áª¨© å à ªâ¥à ª®«¥¡ ­¨© ç¨á«¥­­®áâ¨ ¯®¯ã-

«ïæ¨© (à¨á. 41). �¡à â¨â¥ ¢­¨¬ ­¨¥ ­  â®, çâ® äã­ªæ¨ï y(t) ¤®áâ¨-
£ ¥â íªáâà¥¬ã¬®¢ ¢ â¥ ¬®¬¥­âë, ª®£¤  z(t) = z∗,   äã­ªæ¨ï z(t) |
¢ â¥ ¬®¬¥­âë, ª®£¤  y(t) = y∗. �

Ǳà¨¬¥à 56. �ª®à®áâì ã¢¥«¨ç¥­¨ï ¯«®é ¤¨ ¬®«®¤®£® «¨áâ 

¢¨ªâ®à¨¨{à¥£¨¨, ¨¬¥îé¥£® ä®à¬ã ªàã£ , ¯à®¯®àæ¨®­ «ì­  ¤¨ ¬¥-

âàã «¨áâ  ¨ í­¥à£¨¨ á®«­¥ç­®£® á¢¥â , ¯ ¤ îé¥£® ­  ­¥£®. Ǳ®á«¥¤-

­ïï ¯à®¯®àæ¨®­ «ì­  ¯«®é ¤¨ «¨áâ  ¨ ª®á¨­ãáã ã£«  α ¬¥�¤ã

­ ¯à ¢«¥­¨¥¬ á®«­¥ç­ëå «ãç¥© ¨ ­®à¬ «ìî ª «¨áâã. �«ï ¤­ï

¢¥á¥­­¥£® à ¢­®¤¥­áâ¢¨ï ­ ©â¨ § ¢¨á¨¬®áâì ¬¥�¤ã ¯«®é ¤ìî S
«¨áâ  ¢¨ªâ®à¨¨{à¥£¨¨, à áâãé¥© ­  íª¢ â®à¥ ¢ à¥ª¥ �¬ §®­ª¥, ¨

¢à¥¬¥­¥¬ t, ¥á«¨ ¢ 6 ç á®¢ ãâà  íâ  ¯«®é ¤ì à ¢­ï« áì 1600 á¬2

,  

¢ 18 ç á®¢ â®£® �¥ ¤­ï | 2500 á¬

2

(

§ ¤ ç  ¢§ïâ  ¨§ á¡®à­¨ª  [5℄

)

.

* �. �ìîâ®­ (I. Newton, 1643|1727) |  ­£«¨©áª¨© ä¨§¨ª, ¬¥å ­¨ª,  áâà®-

­®¬ ¨ ¬ â¥¬ â¨ª.
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Ǳ à ¨ ¬ ¥ ç   ­ ¨ ¥ 1. �¨ªâ®à¨ï{à¥£¨ï | ¢®¤­®¥ à áâ¥­¨¥,

«¨áâ ª®â®à®£® ¯« ¢ ¥â ­  ¯®¢¥àå­®áâ¨ ¢®¤ë, â. ¥. ­®à¬ «ì ª ­¥¬ã

­ ¯à ¢«¥­  ¯® ¢¥àâ¨ª «¨.

Ǳ à ¨ ¬ ¥ ç   ­ ¨ ¥ 2. � ¤­¨ à ¢­®¤¥­áâ¢¨© ­  íª¢ â®à¥ ¯ãâì

�®«­æ  ¯à®å®¤¨â ç¥à¥§ §¥­¨â, ¯à¨ç¥¬ ¢ 6 ç á®¢ ãâà  ¯à®¨áå®¤¨â

¢®áå®¤ �®«­æ , â. ¥. ã£®« α = −π
2

, ¢ ¯®«¤¥­ì (12 ç á®¢) �®«­æ¥

¤®áâ¨£ ¥â §¥­¨â , â. ¥. α = 0,   ¢ 18 ç á®¢ �®«­æ¥ § å®¤¨â, â. ¥.

α =

π
2

.

� ¥ è ¥ ­ ¨ ¥. Ǳãáâì t | ¢à¥¬ï ¢ ç á å, ®âáç¨âë¢ ¥¬®¥ ®â

¯®«ã­®ç¨.

�á«¨ S | ¯¥à¥¬¥­­ ï ¯«®é ¤ì «¨áâ , â® áª®à®áâì à®áâ  «¨áâ 

dS

dt
= k

1

DQ,

£¤¥ D | ¤¨ ¬¥âà «¨áâ , Q | í­¥à£¨ï á®«­¥ç­®£® á¢¥â , k
1

| ª®-

íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨.

Ǳ«®é ¤ì «¨áâ  S =

πD2

4

, ®âªã¤ 

D = 2

√

S

π
.

�®£¤ 

dS

dt
= k

1

2

√

S

π
Q. (155)

Ǳ® ãá«®¢¨î

Q = k
2

S 
osα, (156)

£¤¥ k
2

| ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨.

�®«­æ¥ ¤¢¨�¥âáï ¯® ­¥¡®á¢®¤ã à ¢­®¬¥à­®, ¯®íâ®¬ã ã£®« α
ï¢«ï¥âáï «¨­¥©­®© äã­ªæ¨¥© ¢à¥¬¥­¨ t:

α = k
3

t+ b.

Ǳ à ¬¥âàë k
3

¨ b ®¯à¥¤¥«ïîâáï ¨§ âà¥å ¤®¯®«­¨â¥«ì­ëå ãá«®-
¢¨©:

¯à¨ t = 6 ç α = −π
2

,

¯à¨ t = 12 ç α = 0,

¯à¨ t = 18 ç α =

π

2

.
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�§ ¯¥à¢ëå ¤¢ãå ãá«®¢¨© ¨¬¥¥¬

{

− π

2

= 6k
3

+ b,

0 = 12k
3

+ b.

�¥è ï íâã á¨áâ¥¬ã, ¯®«ãç ¥¬

k
3

=

π

12

, b = −π,

â. ¥.

α =

π

12

(t− 12).

Ǳà®¢¥àª  ¯® âà¥âì¥¬ã ãá«®¢¨î ¤ ¥â à ¢¥­áâ¢®

π

2

=

π

12

· 18− π.

�­ ç¥­¨¥ α ¯®¤áâ ¢«ï¥¬ ¢ à ¢¥­áâ¢® (156), ®âªã¤ 

Q = k
2

S 
os
( π

12

(t− 12)

)

.

Ǳ®«ãç¥­­®¥ §­ ç¥­¨¥ Q ¯®¤áâ ¢«ï¥¬ ¢ ãà ¢­¥­¨¥ (155):

dS

dt
= 2k

1

k
2

√

S

π
S 
os

( π

12

(t− 12)

)

.

�¢®¤¨¬ ®¡®§­ ç¥­¨¥ k = k
1

k
2

. �®£¤  ¯®á«¥ à §¤¥«¥­¨ï ¯¥à¥¬¥­-

­ëå (á¬. §3) ¨¬¥¥¬

dS

S
√
S
=

2k√
π

os

( π

12

(t− 12)

)

dt.

�­â¥£à¨àãï, ¯®«ãç ¥¬

− 2√
S
=

24k

π
√
π
sin

( π

12

(t− 12)

)

+ C. (157)

�§¢¥áâ­®, çâ® ¯à¨ t = 6 ç ¯«®é ¤ì S = 1600 á¬

2

,   ¯à¨ t = 18 ç

¥¥ §­ ç¥­¨¥ S = 2500 á¬

2

.
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�âáî¤ 















− 1

20

= − 24k

π
√
π
+ C,

− 1

25

=

24k

π
√
π
+ C.

�¥è ï íâã á¨áâ¥¬ã, ­ å®¤¨¬

C = − 9

200

, k =
π
√
π

4800

. (158)

Ǳ®¤áâ ¢«ïï ¯®«ãç¥­­ë¥ §­ ç¥­¨ï (158) ¢ à ¢¥­áâ¢® (157), ¯®«ã-

ç ¥¬

− 2√
S
=

1

200

sin

( π

12

(t− 12)

)

− 9

200

,

�âªã¤ 

S =

160000

(

9− sin

(

π
12

(t− 12)

))

2

. �

�¥è¨âì § ¤ ç¨:

111. � à á ­ ç «ì­®© â¥¬¯¥à âãà®© 100

◦
C ­ å®¤¨âáï ­  ¢®§¤ã-

å¥, â¥¬¯¥à âãà  ª®â®à®£® 20

◦
C. � à ®å« �¤ ¥âáï ¢ â¥ç¥­¨¥ 20 ¬¨-

­ãâ ¤® 60

◦
C. � ©â¨ ¥£® â¥¬¯¥à âãàã ç¥à¥§ ®¤¨­ ç á ¯®á«¥ ®å« �¤¥-

­¨ï.

112. � §¬­®�¥­¨¥ ¬¨ªà®®à£ ­¨§¬®¢. �§¢¥áâ­®, çâ® ª®«®-

­¨ï ¬¨ªà®®à£ ­¨§¬®¢ á ¬ áá®© ¢ ­ ç «¥ ®¯ëâ  m
0

= 0.05 £ ç¥à¥§
¤¢  ç á  ¨¬¥«  ¬ ááã m

2

= 0.06 £. � ©â¨ ¬ ááã íâ®© ª®«®­¨¨

ç¥à¥§ âà¨ ç á , áç¨â ï, çâ® ¢®§à áâ ­¨¥ ¬ ááë ¯à®¨áå®¤¨â ¯à®¯®à-

æ¨®­ «ì­® á ¬®© ¬ áá¥.

113. � ¯®¯ã«ïæ¨¨ äàãªâ®¢ëå ¢à¥¤¨â¥«¥©,   â ª�¥ ­¥ª®â®àëå

ª®«®­¨© ¡ ªâ¥à¨© áª®à®áâì ¢ë¬¨à ­¨ï ¯à®¯®àæ¨®­ «ì­  ª¢ ¤à âã

­ «¨ç­®£® ç¨á«  ®á®¡¥© á ª®íää¨æ¨¥­â®¬ ¯à®¯®àæ¨®­ «ì­®áâ¨ k
2

.

�ª®à®áâì à®�¤¥­¨ï ¯à®¯®àæ¨®­ «ì­  ­ «¨ç­®¬ã ç¨á«ã ®á®¡¥© á

ª®íää¨æ¨¥­â®¬ k
1

. �ç¨â ï, çâ® ¢ ­ ç «ì­ë© ¬®¬¥­â t = 0 ¯®¯ã-

«ïæ¨ï ­ áç¨âë¢ ¥â y
0

®á®¡¥©, ­ ©â¨ äã­ªæ¨î y(t) | ç¨á«® ®á®¡¥©

¢ ¬®¬¥­â t. �¤¥« âì ¯à®£­®§, ¯à¨ ª ª®¬ á®®â­®è¥­¨¨ ¬¥�¤ã k
1

k
2

¨ y
0

¯®¯ã«ïæ¨ï à áâ¥â, ¯à¨ ª ª®¬ ã¡ë¢ ¥â. �®�¥â «¨ ®­  áâ âì ¢ë¬¨-

à îé¥©? �â® ¬®�­® áª § âì ® ¤¨­ ¬¨ª¥ ¯®¯ã«ïæ¨¨ ¯à¨ t→ +∞?
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114. Ǳãáâì ¢ ­¥ª®â®à®© áà¥¤¥ ¨¬¥îâáï ãá«®¢¨ï, ¡« £®¯à¨ïâ­ë¥

¤«ï �¥àâ¢, â. ¥. ç¨á«¥­­®áâì ¨å à áâ¥â ¯à®¯®àæ¨®­ «ì­® ç¨á«ã

¨¬¥îé¨åáï ®á®¡¥©. � ¬®¬¥­â, ª®£¤  �¥àâ¢ áâ «® ¤®áâ â®ç­® ¬­®£®,

¯®ï¢¨«¨áì å¨é­¨ª¨. � áâì �¥àâ¢ ¡ã¤¥â áê¥¤¥­ , ¨ ç¨á«¥­­®áâì ¨å

ã¬¥­ìè¨âáï. � ©â¨ § ª®­ ¨§¬¥­¥­¨ï ç¨á«¥­­®áâ¨ �¥àâ¢.

115. �¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©











dx
1

dt
= 2x

1

− x
2

,

dx
2

dt
= −x

1

+ 2x
2

®¯¨áë¢ ¥â ¢§ ¨¬­®¥ ¢«¨ï­¨¥ ¯®¯ã«ïæ¨© ¤¢ãå ª®­ªãà¨àãîé¨å ¢¨-

¤®¢ ­  áª®à®áâì ¨å à®áâ . �®¯ãáâ¨¬, çâ® ­ ç «ì­ë¥ ¯®¯ã«ï-

æ¨¨ x
1

(0) ¨ x
2

(0) á®áâ®ïâ á®®â¢¥âáâ¢¥­­® ¨§ 100 ¨ 200 ®á®¡¥©. � ©â¨

ç¨á«¥­­®áâì ®¡®¨å ¢¨¤®¢ ¢ ¬®¬¥­â t.

116. �®áâ ¢¨âì ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì ª®®¯¥à æ¨¨ ¤¢ãå ¢¨¤®¢

¯®¯ã«ïæ¨©, ¥á«¨ ç¨á«¥­­®áâì ¯®¯ã«ïæ¨¨ ª �¤®£® ¢¨¤  ¢®§à áâ -

¥â ¯à®¯®àæ¨®­ «ì­® ç¨á«¥­­®áâ¨ ¯®¯ã«ïæ¨¨ ¤àã£®£® ¢¨¤  (ª®íä-

ä¨æ¨¥­âë ¯à®¯®àæ¨®­ «ì­®áâ¨ á®®â¢¥âáâ¢¥­­® 4 ¨ 1) ¨ ã¡ë¢ ¥â

¯à®¯®àæ¨®­ «ì­® á®¡áâ¢¥­­®© ç¨á«¥­­®áâ¨ (ª®íää¨æ¨¥­â ¯à®¯®à-

æ¨®­ «ì­®áâ¨ 2). � ©â¨ ç¨á«¥­­®áâì ¯®¯ã«ïæ¨© ¢ ¬®¬¥­â t, ¥á«¨
­ ç «ì­ë¥ ¯®¯ã«ïæ¨¨ á®áâ®ï«¨ á®®â¢¥âáâ¢¥­­® ¨§ 100 ¨ 300 ®á®¡¥©.

117. �®«®­¨ï ¡ ªâ¥à¨© ã¢¥«¨ç¨¢ ¥âáï ¯à®¯®àæ¨®­ «ì­® ¥¥ ç¨-

á«¥­­®áâ¨, ­® ¢ë¤¥«ï¥¬ë© ¡ ªâ¥à¨ï¬¨ ï¤ ¨áâà¥¡«ï¥â ¨å ¯à®¯®à-

æ¨®­ «ì­® ç¨á«ã ¡ ªâ¥à¨© ¨ ¬ áá¥ ï¤ . Ǳà¥¤¯®« £ ï, çâ® áª®à®áâì

¢ëà ¡®âª¨ ï¤  ¯à®¯®àæ¨®­ «ì­  ç¨á«¥­­®áâ¨ ª®«®­¨¨, á®áâ ¢¨âì

¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì ¯à®æ¥áá . Ǳ®ª § âì, çâ® ç¨á«® ¡ ªâ¥à¨©,

á­ ç «  ¢®§à áâ îé¥¥ ¤® ­¥ª®â®à®£® §­ ç¥­¨ï,   § â¥¬ ã¡ë¢ î-

é¥¥ ¤® ­ã«ï, ¢ ¬®¬¥­â t ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© N =

4M
(ekt

+e−kt
)

2

,

£¤¥ M | ­ ¨¡®«ìè¥¥ ç¨á«® ¡ ªâ¥à¨©,   ¢à¥¬ï t ¨§¬¥àï¥âáï á â®£®
¬®¬¥­â , ª®£¤  N =M .

118. Ǳ®¯ã«ïæ¨ï ¨§ n ®á®¡¥© ¯®¤¢¥à£ ¥âáï ¢®§¤¥©áâ¢¨î à¥¤ª®-

£® ¨­ä¥ªæ¨®­­®£® § ¡®«¥¢ ­¨ï. � ¬®¬¥­â ¢à¥¬¥­¨ t ®­  á®áâ®¨â

¨§ x
1

(t) ¢®á¯à¨¨¬ç¨¢ëå ®á®¡¥©, x
2

(t) § à � ¥¬ëå, ª®­â ªâ¨àãî-
é¨å á ¤àã£¨¬¨, ¨ x

3

(t) ¨§®«¨à®¢ ­­ëå ¨«¨ ®¡« ¤ îé¨å ¨¬¬ã­¨â¥-
â®¬. � â¥¬ â¨ç¥áª ï ¬®¤¥«ì à á¯à®áâà ­¥­¨ï íâ®£® § ¡®«¥¢ ­¨ï
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§ ¤ ¥âáï á¨áâ¥¬®© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©



























dx
1

dt
= −ax

1

(0)x
2

,

dx
2

dt
=

(

ax
1

(0)− b
)

x
2

,

dx
3

dt
= bx

2

,

£¤¥ a ¨ b | ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ®âà � îé¨¥ áª®à®áâ¨, á

ª ª¨¬¨ § à � îâáï ¢®á¯à¨¨¬ç¨¢ë¥ ®á®¡¨ ¨ § à �¥­­ë¥ ¨§®«¨àã-

îâáï ¨«¨ ¯à¨®¡à¥â îâ ¨¬¬ã­¨â¥â. � ©â¨ à¥è¥­¨¥ á¨áâ¥¬ë, ¥á«¨

x
1

(0) = α, x
2

(0) = β, x
3

(0) = γ, £¤¥ α, β ¨ γ | ç¨á«® á®®â¢¥â-

áâ¢ãîé¨å ®á®¡¥© ¢ ­ ç «ì­ë© ¬®¬¥­â t = 0.

119. � ¯®¬¥é¥­¨¨ æ¥å  ®¡ê¥¬®¬ 10800 ¬

3

¯®á«¥ à ¡®ç¥£® ¤­ï ¢®§-

¤ãå á®¤¥à�¨â 0.12% ã£«¥ª¨á«®£® £ §  (â. ¥. ª®­æ¥­âà æ¨ï ¢à¥¤­ëå

¯à¨¬¥á¥© 0.0012). �¥­â¨«ïâ®àë ¯à¨­®áïâ M ¬

3

á¢¥�¥£® ¢®§¤ãå 

¢ ¬¨­ãâã ¨ ®­ á®¤¥à�¨â 0.04% ã£«¥ª¨á«®âë. �®áâ ¢¨âì ãà ¢­¥­¨¥

¢¥­â¨«ïæ¨¨ á ­¥®¯à¥¤¥«¥­­ë¬ ¯®ª  ¯ à ¬¥âà®¬M
(

¢ ç¥¬ ®â«¨ç¨¥

¥£® ®â ãà ¢­¥­¨ï (145)?

)

. � ©â¨ ¥£® ®¡é¥¥ à¥è¥­¨¥. �¯à¥¤¥«¨âì

­ ç «ì­®¥ ãá«®¢¨¥ § ¤ ç¨ ¨ ­ ©â¨ ç áâ­®¥ à¥è¥­¨¥. �á¯®«ì§ãï

ç áâ­®¥ à¥è¥­¨¥, ®â¢¥â¨âì ­  ¢®¯à®á, ª ª®¢  ¤®«�­  ¡ëâì ¬®é-

­®áâì ¢¥­â¨«ïâ®à®¢ M , çâ®¡ë ç¥à¥§ 10 ¬¨­ãâ á®¤¥à� ­¨¥ ã£«¥ª¨-

á«®âë ¢ æ¥å¥ ­¥ ¯à¥¢ëè «® 0.06% (ãç¥áâì, çâ® ln 4 = 1.3863).
120. � æ¥å¥ ®¡ê¥¬®¬ 10000 ¬

3

¢¥­â¨«ïâ®àë ¯à¨­®áïâ ¢ ¬¨­ã-

âã 1000 ¬

3

á¢¥�¥£® ¢®§¤ãå . � 8 ç á®¢ ãâà  ¢ æ¥å ¢å®¤ïâ à ¡®ç¨¥,

¨ ç¥à¥§ ¯®«ç á  á®¤¥à� ­¨¥ ã£«¥ª¨á«®âë ¯®¢ëè ¥âáï ¤® 0.12%.
� ©â¨, ª ª®© ¯à®æ¥­â ã£«¥ª¨á«®âë á«¥¤ã¥â ®�¨¤ âì ¢ 13 ç á®¢,

¥á«¨ ¢ ­ ç «¥ ¤­ï ®­ ¡ë« à ¢¥­ 0.04%.

16.2. �¨§¨ç¥áª¨¥ ¨ å¨¬¨ç¥áª¨¥ § ¤ ç¨

Ǳà¨¬¥à 57. � ¤¨® ªâ¨¢­ë© à á¯ ¤. � ¤¨® ªâ¨¢­ë¬ à á-

¯ ¤®¬ ­ §ë¢ ¥âáï á ¬®¯à®¨§¢®«ì­®¥ ¯à¥¢à é¥­¨¥ ï¤¥à ­¥ª®â®àëå

í«¥¬¥­â®¢ (à ¤®­ , à ¤¨ï, ãà ­  ¨ ¤à.) ¢ ï¤à  ¤àã£¨å, ¡®«¥¥ «¥£-

ª¨å í«¥¬¥­â®¢. �â®â ¯à®æ¥áá á®¯à®¢®�¤ ¥âáï ¨§«ãç¥­¨¥¬ í­¥à£¨¨,

¨ á â¥ç¥­¨¥¬ ¢à¥¬¥­¨ ª®«¨ç¥áâ¢® ¢¥é¥áâ¢  ã¬¥­ìè ¥âáï. Ǳà®æ¥áá

¬¥¤«¥­­ë©, ¤ �¥ ®ç¥­ì ¬¥¤«¥­­ë© | ¤«ï à ¤®­  ¤®«�­® ¯à®©-

â¨ 3.82 áãâ®ª, çâ®¡ë ®áâ « áì ¯®«®¢¨­  ¯¥à¢®­ ç «ì­®£® ª®«¨ç¥-

áâ¢  ¢¥é¥áâ¢ , ¤«ï à ¤¨ï | 1590 «¥â (¯¥à¨®¤ ¯®«ãà á¯ ¤ ). �ª®-

à®áâì ¯à®æ¥áá  ¬¥¤«¥­­® ã¬¥­ìè ¥âáï, ¯à¨ç¥¬ ãáâ ­®¢«¥­®, çâ®

íâ® ¨§¬¥­¥­¨¥ ¯®¤ç¨­ï¥âáï § ª®­ã (139).
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�«ï à ¤¨ï ª®íää¨æ¨¥­â a = −0.000436, ¨ à¥è¥­¨¥ (141), ®¯à¥¤¥-
«ïîé¥¥ ª®«¨ç¥áâ¢® ­¥à á¯ ¢è¥£®áï ¢¥é¥áâ¢  ª ¬®¬¥­âã ¢à¥¬¥­¨ t
(t ®¯à¥¤¥«ï¥âáï ¢ £®¤ å), ¢ë£«ï¤¨â â ª:

y = y
0

e−0.000436t. (159)

� ­­ ï äã­ªæ¨ï ®ç¥­ì ¬¥¤«¥­­® ã¡ë¢ ¥â. �â®¡ë íâ® áâ «® ¯®­ïâ-

­ë¬, ¯®«®�¨¬ t = 2500 «¥â ¨ ­ ©¤¥¬ §­ ç¥­¨¥ y(2500) ≈ y
0

e−1 ≈
≈ 0.37y

0

. �  à¨á. 42 £à ä¨ª äã­ªæ¨¨ (159) ¨¤¥â ¯®çâ¨ ¯ à ««¥«ì-

­® ®á¨ Ox, ¨ çâ®¡ë ®­ ®¯ãáâ¨«áï ¤® 0.37%, ­ã�­® ¤®©â¨ ¤® t = 2500.

�  â®¬ �¥ à¨áã­ª¥ ¯®ª § ­ë ¥é¥ ¤¢  £à ä¨ª  ¤«ï ¨««îáâà æ¨¨

å à ªâ¥à  ¨§¬¥­¥­¨ï íªá¯®­¥­âë ¯à¨ ã¬¥­ìè¥­¨¨ a.

y y

O 1 t O t

y
0

m
y = y

0

e−0.000436t

y = y
0

e−0.1t

y = y
0

e−t

�¨á. 42. �¨á. 43.

� « ¥ ¤ á â ¢ ¨ ¥. �®-¯¥à¢ëå, ¯à®æ¥áá ­¥ ¨¬¥¥â ª®­æ ! Ǳ®â®¬ã

çâ® ¯®ª § â¥«ì­ ï äã­ªæ¨ï (159) ¯®«®�¨â¥«ì­  ¯à¨ «î¡ëå §­ -

ç¥­¨ïå t : y(t) > 0.

�®-¢â®àëå, ¤«ï â®£® çâ®¡ë ®áâ « áì ¯®«®¢¨­  ¨áå®¤­®£® ª®«¨-

ç¥áâ¢  à ¤¨ï 0.5y
0

, ¤®«�­® ¯à®©â¨ 1590 «¥â. � áç¥â â ª®©:

0.5y
0

= y
0

eaT , aT = ln

1

2

= − ln 2,

T =

− ln 2

a
≈ −0.6932

−0.000436 ≈ 1590. �
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Ǳà¨¬¥à 58. �®¤¥«ì å¨¬¨ç¥áª®© à¥ ªæ¨¨. �®áâ ¢¨âì ¤¨ä-

ä¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ®ç¥­ì «¥£ª®, ¥á«¨ ¨§¢¥áâ­®, ª ª á¢ï§ ­ 

áª®à®áâì ¯à®æ¥áá  á ¨áª®¬®© äã­ªæ¨¥©. �â¢¥â ­  íâ®â ¢®¯à®á ¤ ¥â

­¥ ¬ â¥¬ â¨ª ,   â  á¯¥æ¨ «ì­ ï ®¡« áâì ­ ãª¨, ª ª®â®à®© ®â­®-

á¨âáï § ¤ ç . Ǳà®á«¥¤¨¬ íâ® ­  ¯à¨¬¥à¥ § ¤ ç¨ ¨§ ®¡« áâ¨ å¨¬¨¨,

£¤¥ ¯®áâ®ï­­® ¢®§­¨ª ¥â ¯à®¡«¥¬  ®¯à¥¤¥«¥­¨ï áª®à®áâ¨ à¥ ªæ¨¨.

� ª ¯à ¢¨«®, áª®à®áâì ã¡ë¢ ¥â á® ¢à¥¬¥­¥¬, ®¤­ ª® ­¥ ¯à®¯®à-

æ¨®­ «ì­® ¨áª®¬®© äã­ªæ¨¨. �¬¥áâ¥ á â¥¬ å¨¬¨ç¥áª¨¥ ¯à®æ¥ááë

¡«¨§ª¨ ª ¥áâ¥áâ¢¥­­®¬ã à®áâã, ¨ à¥è¥­¨ï ¯®«ãç îâáï â ª�¥ á ¯®-

¬®éìî íªá¯®­¥­â eat.

�¨¬¨ç¥áª ï à¥ ªæ¨ï á®áâ®¨â ¢ â®¬, çâ® ®¤­® ¨«¨ ­¥áª®«ìª®

¢¥é¥áâ¢{à¥ £¥­â®¢ A, B, . . . á®¥¤¨­ïîâáï ¯à¨ ®¯à¥¤¥«¥­­ëå ãá«®-

¢¨ïå ¨ ®¡à §ãîâ ­®¢®¥ ¢¥é¥áâ¢® W. �â®â ¯à®æ¥áá ¯à®¨áå®¤¨â ­¥

¬®¬¥­â «ì­®: ª ª®¥-â® ª®«¨ç¥áâ¢® ­®¢®£® ¢¥é¥áâ¢  ®¡à §ã¥âáï ¢

¯¥à¢ãî âëáïç­ãî á¥ªã­¤ë, ¥é¥ ­¥ª®â®à®¥ | ¢ á«¥¤ãîéãî ¤®«î

á¥ªã­¤ë ¨ â. ¤. �®«¨ç¥áâ¢® ­®¢®£® ¢¥é¥áâ¢ , á«¥¤®¢ â¥«ì­®, ¢®§-

à áâ ¥â á® ¢à¥¬¥­¥¬. �áâ¥áâ¢¥­­® ¢®§­¨ª îâ ¢®¯à®áë: ª ª ¡ëáâà®

¢®§à áâ ¥â? ¤® ª ª¨å ¯à¥¤¥«®¢ ¬®�¥â ¤®©â¨ à®áâ?

�ª®à®áâì à¥ ªæ¨¨ | íâ® áª®à®áâì ®¡à §®¢ ­¨ï ­®¢®£® ¢¥é¥áâ¢ ,

¯à¨¡«¨�¥­­® | ¯à¨à®áâ ¢¥é¥áâ¢  ¢ ¥¤¨­¨æã ¢à¥¬¥­¨. �® ¬­®-

£¨å ¯à®áâëå à¥ ªæ¨ïå áª®à®áâì ¯®¤ç¨­ï¥âáï § ª®­ã, ¨§¢¥áâ­®¬ã

¯®¤ ­ §¢ ­¨¥¬ § ª®­  ¤¥©áâ¢¨ï ¬ áá: áª®à®áâì à¥ ªæ¨¨ ¯à®¯®à-

æ¨®­ «ì­  ¯à®¨§¢¥¤¥­¨î à¥ £¨àãîé¨å ¬ áá, â. ¥. â¥å ª®«¨ç¥áâ¢

¢¥é¥áâ¢ A, B . . . , ª®â®àë¥ ª ¤ ­­®¬ã ¬®¬¥­âã ¢à¥¬¥­¨ ¥é¥ ­¥

¢áâã¯¨«¨ ¢ á®¥¤¨­¥­¨¥. Ǳ®áª®«ìªã ª®«¨ç¥áâ¢  à¥ £¨àãîé¨å ¢¥-

é¥áâ¢ ã¬¥­ìè îâáï, â® ¨ áª®à®áâì à¥ ªæ¨¨ ã¡ë¢ ¥â. � áá¬®âà¨¬

­ ¨¡®«¥¥ ¯à®áâ®© á«ãç ©, ª®£¤  à¥ £¨àã¥â ®¤­® ¢¥é¥áâ¢®.

Ǳãáâì ¨¬¥¥âáï å¨¬¨ç¥áª®¥ ¢¥é¥áâ¢® A ¬ áá®© m £à ¬¬. � à¥-

§ã«ìâ â¥ å¨¬¨ç¥áª®© à¥ ªæ¨¨ ®­® ¯¥à¥å®¤¨â ¢ ¤àã£®¥ ¢¥é¥áâ¢® W.

�¥ ªæ¨ï ¯®¤ç¨­ï¥âáï § ª®­ã ¤¥©áâ¢¨ï ¬ áá. �¥à¬¨­ "¯¥à¥å®¤¨â"

®§­ ç ¥â, çâ® áª®«ìª® ¢¥é¥áâ¢  A ª ¬®¬¥­âã t ã¡ë¢ ¥â, áâ®«ìª®
®¡à §ã¥âáï ­®¢®£® ¢¥é¥áâ¢ W. � ©â¨ ä®à¬ã«ã y = y(t)

(

®ç¥¢¨¤­®,

y(t) 6 m
)

, ¯® ª®â®à®© ¬®�­® à ááç¨â âì ª®«¨ç¥áâ¢® ®¡à §®¢ ¢è¥-

£®áï ¢¥é¥áâ¢  ª «î¡®¬ã ¬®¬¥­âã ¢à¥¬¥­¨.

� ¥ è ¥ ­ ¨ ¥. � ª®­ ¤¥©áâ¢¨ï ¬ áá ¤«ï ®¤­®£® à¥ £¥­â  £« -

á¨â, çâ® áª®à®áâì à¥ ªæ¨¨ ¯à®¯®àæ¨®­ «ì­  ®áâ ¢è¥¬ãáï ­  ¬®-

¬¥­â t ª®«¨ç¥áâ¢ã ¢¥é¥áâ¢  A, â. ¥. v(t) = k
(

m − y(t)
)

. Ǳ®-

áª®«ìªã áª®à®áâì à¥ ªæ¨¨ ¥áâì áª®à®áâì à®áâ  ¨áª®¬®© äã­ªæ¨¨,
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â® v(t) = y′(t), ¨ ¯à¨å®¤¨¬ ª ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î

y′ = k(m− y). (160)

� §¤¥«ïï ¯¥à¥¬¥­­ë¥ (á¬. § 3), ­ å®¤¨¬ ®¡é¥¥ à¥è¥­¨¥:

y = m+ Ce−kt.

� ­ ç «ì­ë© ¬®¬¥­â t = 0 ¢¥é¥áâ¢  W ­¥ ¡ë«®, á«¥¤®¢ â¥«ì­®,

¨áª®¬ ï äã­ªæ¨ï ¤®«�­  ã¤®¢«¥â¢®àïâì ãá«®¢¨î y(0) = 0. Ǳ®¤-

áâ ¢«ïï íâ® ­ ç «ì­®¥ ãá«®¢¨¥ ¢ ®¡é¥¥ à¥è¥­¨¥, ­ å®¤¨¬ §­ ç¥­¨¥

C = −m. �ª®­ç â¥«ì­® à¥è¥­¨¥ § ¤ ç¨ ¤ ¥â äã­ªæ¨ï

y = m
(

1− e−kt
)

. (161)

�à ä¨ª à¥è¥­¨ï (161) ¯®ª § ­ ­  à¨á 43. �¨¤­®, çâ® à¥è¥-

­¨¥ (161) ¨¬¥¥â £®à¨§®­â «ì­ãî  á¨¬¯â®âã. �âáî¤  á«¥¤ã¥â: 1) à¥-

 ªæ¨ï ­¨ª®£¤  ­¥ § ª®­ç¨âáï; 2) ª®«¨ç¥áâ¢® ­®¢®£® ¢¥é¥áâ¢   á¨¬-

¯â®â¨ç¥áª¨ ¯à¨¡«¨� ¥âáï ª m. �

Ǳà¨¬¥à 59. �¨«¨­¤à¨ç¥áª¨© ª®â¥« á ¢¥àâ¨ª «ì­®© ®áìî ¨¬¥¥â

¢ëá®âã 6 ¬ ¨ ¤¨ ¬¥âà 4 ¬. � ¤­¥ ª®â«  ¨¬¥¥âáï ®â¢¥àáâ¨¥ á ¤¨ ¬¥-

âà®¬

1

6

¬. � ©â¨, §  ª ª®¥ ¢à¥¬ï ¢ëâ¥ç¥â ¨§ ª®â«  ¢áï ¨¬¥îé ïáï

â ¬ ¢®¤ .

� ¥ è ¥ ­ ¨ ¥. �«ï à¥è¥­¨ï íâ®£® ¯à¨¬¥à  ¨ § ¤ ç 124 ¨ 125 ­¥-

®¡å®¤¨¬® ¢®á¯®«ì§®¢ âìáï § ª®­®¬ �®àà¨ç¥««¨*. Ǳ® íâ®¬ã § ª®­ã

áª®à®áâì ¨áâ¥ç¥­¨ï �¨¤ª®áâ¨ ¨§ ®â¢¥àáâ¨ï ¢ ¬®¬¥­â ¢à¥¬¥­¨ t à ¢-
­  áª®à®áâ¨, ª®â®àãî ¯à¨®¡à¥â ¥â á¢®¡®¤­® ¯ ¤ îé¥¥ â¥«®, ¯à®©-

¤ï à ááâ®ï­¨¥, à ¢­®¥ ¢ëá®â¥ áâ®«¡  �¨¤ª®áâ¨ ­ ¤ ®â¢¥àáâ¨¥¬ ¢

¬®¬¥­â t. �ë¡¥à¥¬ á¨áâ¥¬ã ª®®à¤¨­ â â ª, çâ®¡ë ®áì Ox á®¢¯ -

¤ «  á ®áìî à áá¬ âà¨¢ ¥¬®£® á®áã¤ ,   ®áì Oy «¥� «  ¢ ¯«®áª®-
áâ¨, á ª®â®à®© á®¢¯ ¤ ¥â ¯®¢¥àå­®áâì �¨¤ª®áâ¨ ¢ ­ ç «¥ ¯à®æ¥áá .

�áì Ox ­ ¯à ¢¨¬ ¢¥àâ¨ª «ì­® ¢­¨§ (à¨á. 44). �®£« á­® § ª®­ã

�®àà¨ç¥««¨ ¨¬¥¥¬

v
1

=

√

2g(h− x), (162)

£¤¥ h | ­ ç «ì­ ï ¢ëá®â  �¨¤ª®áâ¨, x | ãà®¢¥­ì �¨¤ª®áâ¨ ¢

¬®¬¥­â t. Ǳãáâì §  ¢à¥¬ï dt ¢ëâ¥ª ¥â dQ �¨¤ª®áâ¨. �®£¤ , ®¡®-

§­ ç ï v
1

áª®à®áâì ¢ëâ¥ª ­¨ï ç¥à¥§ ®â¢¥àáâ¨¥ á ¯«®é ¤ìî ¯®¯¥-

à¥ç­®£® á¥ç¥­¨ï m, ¯®«ãç ¥¬ dQ = mv
1

dt. �  íâ® �¥ ¢à¥¬ï dt

* �. �®àà¨ç¥««¨ (E. Torri
elli, 1608|1647) | ¨â «ìï­áª¨© ¬ â¥¬ â¨ª ¨

ä¨§¨ª.
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ãà®¢¥­ì �¨¤ª®áâ¨ ¢ á®áã¤¥ ¯®­¨§¨âáï. �¡®§­ ç¨¬ áª®à®áâì á­¨-

�¥­¨ï ãà®¢­ï ç¥à¥§ v, â®£¤  ¢ëá®â  á­¨�¥­¨ï ¡ã¤¥â à ¢­  v dt,  
®¡ê¥¬ �¨¤ª®áâ¨ ã¬¥­ìè¨âáï ­  ¢¥«¨ç¨­ã Sv dt, £¤¥ S | ¯«®é ¤ì

¯®¢¥àå­®áâ¨ �¨¤ª®áâ¨. �áå®¤ï ¨§ ¯à¨¢¥¤¥­­ëå à ááã�¤¥­¨©, ¨¬¥-

¥¬ Sv dt = mv
1

dt, â. ¥. v =

mv
1

S . �á«¨ ¨á¯®«ì§®¢ âì (162), â®

¯®á«¥¤­¥¥ ãà ¢­¥­¨¥ ¯à¨¬¥â ¢¨¤

dx

dt
=

µm

S

√

2g(h− x), (163)

£¤¥ µ | ª®íää¨æ¨¥­â ¨áâ¥ç¥­¨ï, ¯à¨­¨¬ îé¨© ¢ § ¢¨á¨¬®áâ¨ ®â

¢¨¤  ®â¢¥àáâ¨ï §­ ç¥­¨ï ®â 0.6 ¤® 0.97.

O
y

x

m

S

h

x
R

�¨á. 44.

� ­ è¥¬ ¯à¨¬¥à¥ S = πR2

= 4π, m =

π
144

, µ = 0.6, h = 6;

ãà ¢­¥­¨¥ (163) ¯à¨­¨¬ ¥â ¢¨¤ k dx =

√
6− x dt, £¤¥ k =

576

0.6
√
2g
.

�­â¥£à¨àãï ¯à¨ ãá«®¢¨¨ x(0) = 0, ¯®«ãç ¥¬ t = 2k
(√

6−
√
6− x

)

.

Ǳà¨ x = 6 ¢à¥¬ï t = 17.7 ¬¨­. �

Ǳà¨¬¥à 60. �§ ­¥ª®â®à®£® å¨¬¨ç¥áª®£® ¢¥é¥áâ¢  ¤®¡ë¢ îâ

á¥àã à áâ¢®àïï ¥¥ ¢ ¡¥­§®«¥. �ë«® ­ ©¤¥­®, çâ® á ¯®¬®éìî ®ç¥­ì

¡®«ìè®£® ª®«¨ç¥áâ¢  ¡¥­§®«  ã¤ ¥âáï §  42 ¬¨­ãâë ¤®¡ëâì ¯®«®-

¢¨­ã ¢á¥£®, ¨¬¥îé¥£®áï ¢ ­ «¨ç¨¨, ª®«¨ç¥áâ¢  á¥àë. �¯à¥¤¥«¨âì,

áª®«ìª® ¬®�­® à áâ¢®à¨âì á¥àë ¢ â¥ç¥­¨¨ 6 ç á®¢, ¥á«¨ ¢ ¤ ­-

­®¬ ¢¥é¥áâ¢¥ á®¤¥à�¨âáï 6 £ á¥àë ¨ ¥á«¨ ¢§ïâì 100 £ ¡¥­§®« , |

ª®«¨ç¥áâ¢®, ª®â®à®¥ ¯à¨ ­ áëé¥­¨¨ à áâ¢®àï¥â 11 £ á¥àë.
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� ¥ è ¥ ­ ¨ ¥. � íâ®© § ¤ ç¥ á«¥¤ã¥â áç¨â âì, çâ® áª®à®áâì à á-

â¢®à¥­¨ï ¯à®¯®àæ¨®­ «ì­  ­ «¨ç­®¬ã ª®«¨ç¥áâ¢ã ­¥à áâ¢®à¥­­®-

£® ¢¥é¥áâ¢  ¨ à §­®áâ¨ ¬¥�¤ã ª®­æ¥­âà æ¨¥© ­ áëé¥­­®£® à áâ¢®-

à  c ¨ ª®­æ¥­âà æ¨¥© à áâ¢®à  ¢ ¤ ­­ë© ¬®¬¥­â ¢à¥¬¥­¨ ct. Ǳãáâì
®¡ê¥¬ à áâ¢®à  à ¢¥­ V ,   ¬ áá  ­¥à áâ¢®à¥­­®£® ¢¥é¥áâ¢  M .

�á«¨ ®¡®§­ ç¨âì ç¥à¥§ x ª®«¨ç¥áâ¢® ­¥à áâ¢®à¥­­®£® ¢¥é¥áâ¢  ª

¬®¬¥­âã t, â® ct =
M−x
V . �®£« á­® ¯à¥¤ë¤ãé¥¬ã ¯®«ãç ¥¬

dx

dt
= kx

(

c− M − x

V

)

.

�â¤¥«ïï ¯¥à¥¬¥­­ë¥ ¨ ¨­â¥£à¨àãï, ¯®«ãç ¥¬

x

x−M + cV
= Ae(c−

M
V )

kt.

�¥«¨ç¨­ã A ®¯à¥¤¥«ï¥¬ ¨§ ãá«®¢¨ï: x =M ¯à¨ t = 0, â. ¥. A =

M
cV .

�â ª,

x

x−M + cV
=

M

cV
e(c−

M
V )

kt. (164)

Ǳ® ãá«®¢¨î § ¤ ç¨ ¨¬¥¥¬ c = 0.11 ¨ x =

1

2

M ¯à¨ t = 42,

V = +∞. Ǳ®¤áâ ¢«ïï íâ¨ §­ ç¥­¨ï ¢ ãà ¢­¥­¨¥ (164), ¯®«ãç ¥¬

0.5 = e4.62k, ®âªã¤  k = −0.15. �®£¤  ãà ¢­¥­¨¥ (164) ¯à¨­¨¬ ¥â
¢¨¤

0.11V x

x−M + 0.11V
=Me−0.15

(

0.11−M
V )

t.

� ª ª ª ¯à¨ t = 6 ç = 360 ¬¨­ §­ ç¥­¨ï M = 6, V = 100, â®

x

x+ 5

=

6

11

e−2.7,

®âªã¤  x = 0.19 £. �

�â ª, ª ª ¡ë«® ¯®ª § ­®, ¯®áâà®¥­¨¥ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥©

à §­®®¡à §­ëå § ¤ ç ¨§ ®¡« áâ¨ ¥áâ¥áâ¢®§­ ­¨ï ¯à¨¢®¤¨â ª ¤¨ä-

ä¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¯¥à¢®£® ¯®àï¤ª . � íâ¨å § ¤ ç å âà¥-

¡ã¥âáï ãáâ ­®¢¨âì § ¢¨á¨¬®áâì ¬¥�¤ã ¯¥à¥¬¥­­ë¬¨ ¢¥«¨ç¨­ ¬¨

­¥ª®â®à®£® ä¨§¨ç¥áª®£®, å¨¬¨ç¥áª®£®, ¡¨®«®£¨ç¥áª®£® ¨«¨ ¤àã£®-

£® ¯à®æ¥áá .

Ǳà¨ à¥è¥­¨¨ â ª¨å § ¤ ç ­¥®¡å®¤¨¬®:
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1) á®áâ ¢¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯® ãá«®¢¨î § ¤ ç¨,

â. ¥. á®®â­®è¥­¨¥, á¢ï§ë¢ îé¥¥ ­¥§ ¢¨á¨¬ãî ¯¥à¥¬¥­­ãî t, âà ª-
âã¥¬ãî ç é¥ ¢á¥£® ª ª ¢à¥¬ï, ¨áª®¬ãî äã­ªæ¨î x(t) ¨ áª®à®áâì

¥¥ ¨§¬¥­¥­¨ï

dx
dt ;

2) ®¯à¥¤¥«¨âì â¨¯ ¯®«ãç¥­­®£® ãà ¢­¥­¨ï ¨ ¢ë¡à âì ¬¥â®¤ ¥£®

à¥è¥­¨ï;

3) ­ ©â¨ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï;

4) ¯®«ãç¨âì ç áâ­®¥ à¥è¥­¨¥, ã¤®¢«¥â¢®àïîé¥¥ ¤ ­­ë¬ ­ ç «ì-

­ë¬ ãá«®¢¨ï¬;

5) ¢ á«ãç ¥ ­¥®¡å®¤¨¬®áâ¨ ¢ëç¨á«¨âì §­ ç¥­¨ï ¢á¯®¬®£ â¥«ì-

­ëå ¯ à ¬¥âà®¢ (ª®íää¨æ¨¥­â  ¯à®¯®àæ¨®­ «ì­®áâ¨ ¨ ¤à.), ¢å®-

¤ïé¨å ¢ ®¡é¥¥ à¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï;

6) ­ ©â¨, ¥á«¨ íâ® âà¥¡ã¥âáï, ç¨á«¥­­ë¥ §­ ç¥­¨ï ¨áª®¬ëå ¢¥-

«¨ç¨­.

Ǳà¨ á®áâ ¢«¥­¨¨ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¨á¯®«ì§ã¥âáï

£¥®¬¥âà¨ç¥áª¨© ¨«¨ ¬¥å ­¨ç¥áª¨© á¬ëá« ¯à®¨§¢®¤­®©; ªà®¬¥ â®£®,

¢ § ¢¨á¨¬®áâ¨ ®â ãá«®¢¨ï § ¤ ç¨ ¯à¨¬¥­ïîâáï á®®â¢¥âáâ¢ãîé¨¥

§ ª®­ë ä¨§¨ª¨, ¬¥å ­¨ª¨, å¨¬¨¨, ¡¨®«®£¨¨ ¨ ¤àã£¨å ­ ãª.

Ǳà¨¬¥à 61. �¥ª®â®à®¥ à ¤¨® ªâ¨¢­®¥ ¢¥é¥áâ¢®, ­ ç «ì­ ï

¬ áá  ª®â®à®£® m
0

, ¤ ¥â ¤¢  ¯à®¤ãªâ  à á¯ ¤ , ª �¤ë© á à §­®©

áª®à®áâìî. �§¢¥áâ­®, çâ® áª®à®áâì ®¡à §®¢ ­¨ï ª �¤®£® ¯à®¤ãª-

â  ¯à®¯®àæ¨®­ «ì­  ¬ áá¥ ¯à¨áãâáâ¢ãîé¥£® ¨áå®¤­®£® ¢¥é¥áâ¢ .

� ©â¨ § ¢¨á¨¬®áâì ª®«¨ç¥áâ¢  ¯¥à¢®£® ¨ ¢â®à®£® ¯à®¤ãªâ  à á¯ -

¤  ®â ¢à¥¬¥­¨ ¨ § ª®­ ¯à¥¢à é¥­¨ï ¨áå®¤­®£® ¢¥é¥áâ¢ . �¥è¨âì

§ ¤ çã ¯à¨ á«¥¤ãîé¨å ¤ ­­ëå: m = m
0

= 10 ¯à¨ t = 0, ª®«¨ç¥-

áâ¢  ¯¥à¢®£® ¨ ¢â®à®£® ¯à®¤ãªâ®¢ à á¯ ¤  à ¢­ë ­ã«î; m = 5 ¯à¨

t = 3, ª®«¨ç¥áâ¢® ¯¥à¢®£® ¯à®¤ãªâ  à á¯ ¤  à ¢­® 4, ¢â®à®£® 1.

� ¥ è ¥ ­ ¨ ¥. Ǳãáâì ª ¬®¬¥­âã t ¬ áá  ¯à¨áãâáâ¢ãîé¥£® ¢¥é¥-
áâ¢  à ¢­  m,   ª®«¨ç¥áâ¢® ¯¥à¢®£® ¨ ¢â®à®£® ¯à®¤ãªâ  | á®®â¢¥â-

áâ¢¥­­® x ¨ y. Ǳ® ãá«®¢¨î § ¤ ç¨ ¨¬¥¥¬

dx

dt
= k

1

m,
dy

dt
= k

2

m, (165)

£¤¥ k
1

¨ k
2

| ª®íää¨æ¨¥­âë ¯à®¯®àæ¨®­ «ì­®áâ¨. �¥«ï ¢â®à®¥

ãà ¢­¥­¨¥ ­  ¯¥à¢®¥, ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î

dy

dx
=

k
2

k
1

,

®âªã¤  ¯®«ãç ¥¬ y = k
2

k
1

x+ C.
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�§ ãá«®¢¨ï y = 0 ¯à¨ x = 0 ®¯à¥¤¥«ï¥¬ C = 0. �â ª, y = k
2

k
1

x.

� ª ª ª y = 1 ¯à¨ x = 4, â® k
1

= 4k
2

. � «¥¥ ¨§ ãà ¢­¥­¨© (165)

¯®«ãç ¥¬

d(x+ y)

dt
= (k

1

+ k
2

)m.

�® ¯® ãá«®¢¨î § ¤ ç¨ x+ y+m = m
0

, ¯®íâ®¬ã ¯®á«¥¤­¥¥ ãà ¢-

­¥­¨¥ ¯à¨¬¥â ¢¨¤

dm

dt
= −5k

2

m.

�­â¥£à¨àãï, ¯®«ãç ¥¬ m = C
1

e−5k
2

t
.

�§ ãá«®¢¨ï m = 10 ¯à¨ t = 0 ®¯à¥¤¥«ï¥¬ C
1

= 10. �­ «®£¨ç­®,

â ª ª ª m = 5 ¯à¨ t = 3, ¨¬¥¥¬ k
2

=

1

15

ln 2. �â ª,

m = 10 · 2− t
3

; x = 8

(

1− 2

− t
3

)

, y = 2

(

1− 2

− t
3

)

. �

Ǳà¨¬¥à 62. �¬¥¥âáï ¤¢  à¥§¥à¢ã à  ®¤­®© ¨ â®© �¥ ¢¬¥áâ¨-

¬®áâ¨. � ¯¥à¢®¬ ­ å®¤¨âáï a «¨âà®¢ à áá®« , á®¤¥à� é¥£® b ª¨-
«®£à ¬¬®¢ á®«¨; ¢® ¢â®à®¬ | a «¨âà®¢ ¢®¤ë. � ¯¥à¢ë© à¥§¥à¢ã à

¢â¥ª ¥â ¢®¤ , ¨ á¬¥áì ¢ëâ¥ª ¥â ¢® ¢â®à®©. � â¥¬ ¨§ ¢â®à®£® à¥§¥à-

¢ã à  ¢­®¢ì ®¡à §®¢ ­­ ï á¬¥áì ¢ëâ¥ª ¥â ­ àã�ã. �ª®à®áâì ¢â¥-

ª ­¨ï ¨ ¢ëâ¥ª ­¨ï ¢® ¢á¥å á«ãç ïå ®¤¨­ ª®¢ . �®­æ¥­âà æ¨ï ¢

®¡®¨å à¥§¥à¢ã à å ¯®¤¤¥à�¨¢ ¥âáï à ¢­®¬¥à­®©. � ©â¨, áª®«ìª®

á®«¨ ®ª �¥âáï ¢ ª �¤®¬ ¨§ à¥§¥à¢ã à®¢ ¯® ¨áâ¥ç¥­¨¨ 1 ç á , ¥á«¨

a = 100, b = 10,   áª®à®áâì ¢â¥ª ­¨ï ¨ ¢ëâ¥ª ­¨ï 3 «/¬¨­.

� ¥ è ¥ ­ ¨ ¥. Ǳãáâì áª®à®áâì ¢â¥ª ­¨ï ¨ ¢ëâ¥ª ­¨ï à ¢­  m
«¨âà®¢ ¢ ¬¨­ãâã. �  ¢à¥¬ï dt ¢â¥ª ¥â ¢ ¯¥à¢ë© à¥§¥à¢ã à mdt «¨-
âà®¢ ¢®¤ë,   ¢ëâ¥ª ¥â mdt á¬¥á¨, á®¤¥à� é¥© mcdt ª¨«®£à ¬¬®¢
á®«¨, £¤¥ c| ª®­æ¥­âà æ¨ï ª ¬®¬¥­âã t. �á«¨ ª ¬®¬¥­âã t ¢ à¥§¥à-
¢ã à¥ ­ å®¤¨âáï x ª¨«®£à ¬¬®¢ á®«¨, â® c = x

a . �¬¥¥¬ ãà ¢­¥­¨¥

dx = −mx
a dt á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x = b ¯à¨ t = 0, á«¥¤®¢ â¥«ì­®,

x = be−
m
a
t. (166)

Ǳãáâì ª ¢à¥¬¥­¨ t ¢® ¢â®à®¬ à¥§¥à¢ã à¥ á®¤¥à�¨âáï y ª¨«®£à ¬-
¬®¢ á®«¨, â®£¤  ª®­æ¥­âà æ¨ï c

1

=

y
a . �  ¢à¥¬ï dt ¯®áâã¯ ¥â dx

ª¨«®£à ¬¬®¢ á®«¨,   ¢ëâ¥ª ¥â mdt á¬¥á¨, á®¤¥à� é¥© mc
1

dt ª¨-
«®£à ¬¬®¢ á®«¨. Ǳ®íâ®¬ã ¨¬¥¥¬ ãà ¢­¥­¨¥

dy = dx− ymdt

a
,
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¯à¨ç¥¬ dx ­ å®¤¨âáï ¨§ ãà ¢­¥­¨ï (166) ¨ ¡¥à¥âáï á® §­ ª®¬ ¯«îá,

â ª ª ª ¢ à¥§¥à¢ã à áâ¥ª ¥â ¯®«®�¨â¥«ì­®¥ ª®«¨ç¥áâ¢® á®«¨. Ǳ®-

á«¥¤­¥¥ ãà ¢­¥­¨¥ ¯à¨¬¥â ®ª®­ç â¥«ì­ë© ¢¨¤

dy

dt
+

m

a
y =

bm

a
e−

m
a
t.

�â® «¨­¥©­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯¥à¢®£® ¯®àï¤ª ,

¥£® ®¡é¥¥ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤ (á¬. §5)

y =

(

A+

bm

a
t

)

e−
m
a
t.

�§ ãá«®¢¨ï y = 0 ¯à¨ t = 0 ®¯à¥¤¥«ï¥¬ A = 0. � ª ª ª ¯®

ãá«®¢¨î § ¤ ç¨ a = 100, b = 10, m = 3, â® x = 10 ª£

(

á¬. (166)

)

,

  y = 3 ª£. �

Ǳà¨¬¥à 63. �¥ª®â®à®¥ ¢¥é¥áâ¢® A ¯à¥¢à é ¥âáï ¢ ¢¥é¥áâ¢® B

ç¥à¥§ ¯à®¬¥�ãâ®ç­®¥ ¢¥é¥áâ¢® C. Ǳà®¨áå®¤ïâ à¥ ªæ¨¨ ¯¥à¢®£® ¯®-

àï¤ª , â. ¥. áª®à®áâì ®¡à §®¢ ­¨ï ª �¤®£® ¢¥é¥áâ¢  ¯à®¯®àæ¨®-

­ «ì­  ª®«¨ç¥áâ¢ã ¯à¨áãâáâ¢ãîé¥£® ¨áå®¤­®£® ¢¥é¥áâ¢ . �¡®§­ -

ç¨¢ x, y, z ç¨á«® ¬®«¥© á®®â¢¥âáâ¢¥­­® ¢¥é¥áâ¢ A, C, B ¢ ¬®¬¥­â t,
­ ©â¨ § ¢¨á¨¬®áâì x, y ¨ z ®â ¢à¥¬¥­¨.

� ¥ è ¥ ­ ¨ ¥.

dx
dt = −k

1

x, dz
dt = k

2

y, dy
dt = k

1

x− k
2

y.
�¨ää¥à¥­æ¨àãï ¢â®à®¥ ãà ¢­¥­¨¥ ¨ ¨á¯®«ì§ãï âà¥âì¥, ¯®«ãç ¥¬

d2z
dt2 = k

1

k
2

x− k2
2

y.
Ǳãáâì x + y + z = a, â®£¤  x = a− y − z ¨ ¯®á«¥¤­¥¥ ãà ¢­¥­¨¥

¯à¨­¨¬ ¥â ¢¨¤

d2z

dt2
= k

1

k
2

a− k
2

(k
1

+ k
2

)y − k
1

k
2

z.

Ǳ®¤áâ ¢«ïï §­ ç¥­¨¥ y ¨§ ¢â®à®£® ãà ¢­¥­¨ï, ¯®«ãç ¥¬

d2z

dt2
+ (k

1

+ k
2

)

dz

dt
+ k

1

k
2

z = k
1

k
2

a.

�â® «¨­¥©­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£® ¯®àï¤ª  á ¯®-

áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¬®�¥â ¡ëâì § ¯¨á ­® â ª:

d2(z − a)

dt2
+ (k

1

+ k
2

)

d(z − a)

dt
+ k

1

k
2

(z − a) = 0.
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�®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï

λ2 + (k
1

+ k
2

)λ+ k
1

k
2

= 0

â ª®¢ë: λ
1

= −k
1

, λ
2

= −k
2

. Ǳ®íâ®¬ã ®¡é¥¥ à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

z = C
1

e−k
1

t
+ C

2

e−k
2

t
+ a.

� «¥¥ ­ å®¤¨¬

y =
1

k
2

dz

dt
= − 1

k
2

(

k
1

C
1

e−k
1

t
+ k

2

C
2

e−k
2

t
)

,

x = a− y − z =

(

k
1

k
2

− 1

)

C
1

e−k
1

t. �

Ǳà¨¬¥à 64. �¥ª®â®à®¥ ¢¥é¥áâ¢® A ¯à¥¢à é ¥âáï ¢ ¢¥é¥áâ¢® B.

�¥é¥áâ¢® B ¯à¥¢à é ¥âáï ¢ A ¨ C,   C | ¢ B. �¬¥¥¬ ¤¢¥ ®¡à â¨¬ë¥

à¥ ªæ¨¨ ¯¥à¢®£® ¯®àï¤ª :

A ⇄ B, B⇄ C.

�¡®§­ ç¨¢ x, y, z ç¨á«® ¬®«¥© á®®â¢¥âáâ¢¥­­® ¢¥é¥áâ¢ A, B ¨ C ¢

¬®¬¥­â ¢à¥¬¥­¨ t, ­ ©â¨ § ¢¨á¨¬®áâì ¨å ®â ¢à¥¬¥­¨ t ¯à¨ ãá«®¢¨¨,
çâ® ¢ ­ ç «¥ à¥ ªæ¨¨ ¨¬¥¥âáï ®¤¨­ ¬®«ì ¨áå®¤­®£® ¢¥é¥áâ¢ .

� ¥ è ¥ ­ ¨ ¥. �  ¢à¥¬ï dt ¡ã¤¥¬ ¨¬¥âì dx = k
2

y dt − k
1

x dt,
®âªã¤ 

dx

dt
= k

2

y − k
1

x. (167)

�­ «®£¨ç­® dy = −k
2

y dt− k
3

y dt+ k
1

x dt+ k
4

z dt. �«¥¤®¢ â¥«ì­®,

dy

dt
= −(k

2

+ k
3

)y + k
1

x+ k
4

z. (168)

Ǳ® ãá«®¢¨î § ¤ ç¨ x + y + z = 1. �¨ää¥à¥­æ¨àãï ãà ¢­¥-

­¨¥ (167) ¨ ¯®¤áâ ¢«ïï §­ ç¥­¨ï

dy
dt , z ¨ y, ­ ©¤¥­­ë¥ ¨§ ãà ¢-

­¥­¨© (167), (168) ¨ ¨§ á®®â­®è¥­¨ï x + y + z = 1, ¯à¨å®¤¨¬ ª

ãà ¢­¥­¨î

d2x

dt2
+ a

dx

dt
+ bx = m,
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£¤¥ a = k
1

+k
2

+k
3

+k
4

, b = k
1

k
3

+k
2

k
4

+k
1

k
4

, m = k
2

k
4

. Ǳ®«ãç¨-

«¨ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£®

¯®àï¤ª  á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, ®¡é¨© ¨­â¥£à « ª®â®-

à®£® ¨¬¥¥â ¢¨¤

x = C
1

eλ1t + C
2

eλ2t +
m

b
,

£¤¥ λ
1

¨ λ
2

| ª®à­¨ å à ªâ¥à¨áâ¨ç¥áª®£® ãà ¢­¥­¨ï λ2+aλ+b = 0

¯à¨ a2 > 4b,   C
1

¨ C
2

| ¯®áâ®ï­­ë¥, ®¯à¥¤¥«ïîé¨¥áï ¨§ ãá«®¢¨©

x = 1, dx
dt = −k

1

¯à¨ t = 0. �¬¥¥¬

C
1

=

λ
2

(

1− m
b

)

+ k
1

λ
2

− λ
1

, C
2

=

λ
2

(

1− m
b

)

+ k
1

λ
1

− λ
2

.

� «¥¥ ­ å®¤¨¬

y =
1

k
2

(

dx

dt
+ k

1

x

)

=

1

k
2

(

C
1

(λ
1

+ k
1

)eλ1t + C
2

(λ
2

+ k
1

)eλ2t +
k
1

m

b

)

,

z = 1− x− y = 1−
(

1 +

k
1

k
2

)

m

b
−

− C
1

(

1 +

λ
1

+ k
1

k
2

)

eλ1t − C
2

(

1 +

λ
2

+ k
1

k
2

)

eλ2t. �

�¥è¨âì § ¤ ç¨:

121. Ǳ®áª®«ìªã à ¤®­ à á¯ ¤ ¥âáï áà ¢­¨â¥«ì­® ¡ëáâà®, â® ¯¥-

à¨®¤ ¥£® ¯®«ãà á¯ ¤  ¬®�­® ®¯à¥¤¥«¨âì íªá¯¥à¨¬¥­â «ì­®:

T = 3.82 áãâ®ª. � ááç¨â âì â¥®à¥â¨ç¥áª¨ §­ ç¥­¨¥ ¯ à ¬¥âà  a
¢ ä®à¬ã«¥ (141) ¤«ï à ¤®­ . �§®¡à §¨âì £à ä¨ª äã­ªæ¨¨ (141) ¢

íâ®¬ á«ãç ¥.

122. �¬¥¥âáï ¤¢  å¨¬¨ç¥áª¨å ¢¥é¥áâ¢  A ¨ B á ¬ áá®© m
1

¨ m
2

£à ¬¬®¢ á®®â¢¥âáâ¢¥­­®. � à¥§ã«ìâ â¥ å¨¬¨ç¥áª®© à¥ ªæ¨¨ á®¥¤¨-

­ïïáì ®­¨ ¯¥à¥å®¤ïâ ¢ ­®¢®¥ ¢¥é¥áâ¢® W, ª®â®à®¥ á®¤¥à�¨â ¤¢¥

ç áâ¨ ¢¥é¥áâ¢  A ¨ ®¤­ã ç áâì B. �¥ ªæ¨ï ¯®¤ç¨­ï¥âáï § ª®­ã

¤¥©áâ¢¨ï ¬ áá. �®áâ ¢¨âì ¬ â¥¬ â¨ç¥áªãî ¬®¤¥«ì § ¤ ç¨.

123. � à¥§¥à¢ã à¥ ­ å®¤¨âáï 100 « ¢®¤­®£® à áâ¢®à , á®¤¥à� é¥-

£® 10 ª£ á®«¨ (¬®�­® áª § âì, çâ® ª®­æ¥­âà æ¨ï á®«¨ ­  1 « à áâ¢®-

à  à ¢­  0.1). � à¥§¥à¢ã à ¢«¨¢ ¥âáï ¢®¤  á® áª®à®áâìî 3 «/¬¨­,

¨ á¬¥áì ¢ëâ¥ª ¥â á® áª®à®áâìî 2 «/¬¨­. �®­æ¥­âà æ¨ï ¯®¤¤¥à�¨-

¢ ¥âáï à ¢­®¬¥à­®©, â. ¥. ®¤¨­ ª®¢®© ¢® ¢á¥å ç áâïå à¥§¥à¢ã à 
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¯®áà¥¤áâ¢®¬ ¯¥à¥¬¥è¨¢ ­¨ï. �®áâ ¢¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-

­¥­¨¥, áç¨â ï ­¥¨§¢¥áâ­®© äã­ªæ¨¥© y = y(t) | ¬ ááã (­¥ ª®­æ¥­-

âà æ¨î!) á®«¨ ª ¬®¬¥­âã ¢à¥¬¥­¨ t, ãç¨âë¢ ï, çâ® y(t) ã¡ë¢ ¥â,
â. ¥. y′(t) < 0, ¨ ¯®íâ®¬ã ¬ áá  á®«¨ ¨§¬¥­ï¥âáï §  ¢à¥¬ï (t, t+ dt)
­  ¯®«®�¨â¥«ì­ãî ¢¥«¨ç¨­ã (−dy). �¯à¥¤¥«¨âì, áª®«ìª® á®«¨ ¡ã-
¤¥â á®¤¥à� âì à¥§¥à¢ã à ç¥à¥§ 1 ç á. � ©â¨, ç¥à¥§ ª ª®¥ ¢à¥¬ï

®áâ ­¥âáï 100 £ á®«¨.

124. � ©â¨ ¢à¥¬ï, ¢ â¥ç¥­¨¥ ª®â®à®£® ¢áï ¢®¤  ¢ëâ¥ª ¥â ¨§

ª®­¨ç¥áª®© ¢®à®­ª¨, ¥á«¨ ¨§¢¥áâ­®, çâ® ¯®«®¢¨­  ¢®¤ë ¢ëâ¥ª ¥â

§  2 ¬¨­.

125. � ¤­¥ ­ ¯®«­¥­­®£® ¢®¤®© æ¨«¨­¤à  ¨¬¥¥âáï ¯àï¬®ã£®«ì-

­®¥ ®â¢¥àáâ¨¥ á® áâ®à®­ ¬¨ a ¨ b, § ªàëâ®¥ § á«®­ª®©. Ǳãáâì íâ 
§ á«®­ª  ¢ ¬®¬¥­â t = 0 ­ ç¨­ ¥â à ¢­®¬¥à­® áª®«ì§¨âì ¢¤®«ì

áâ®à®­ë b á® áª®à®áâìî v, ®âªàë¢ ï ®â¢¥àáâ¨¥. � ©â¨, ­  ª ªãî

¢¥«¨ç¨­ã x
1

®¯ãáâ¨âáï ãà®¢¥­ì ¢®¤ë §  ¢à¥¬ï t
1

, ¢ â¥ç¥­¨¥ ª®â®-

à®£® § á«®­ª  ¯®«­®áâìî ®âªà®¥â ®â¢¥àáâ¨¥

(

t
1

=

b
v

)

, ¥á«¨ ¯¥à¢®-

­ ç «ì­ë© ãà®¢¥­ì ¢®¤ë à ¢¥­ h,   ¯«®é ¤ì ¯®¯¥à¥ç­®£® á¥ç¥­¨ï
á®áã¤  à ¢­  S.

126. �¥§¥à¢ã à á®¤¥à�¨â 75 « à áá®« , á®¤¥à� é¥£® 3 ª£ à áâ¢®-

à¥­­®© á®«¨. �®¤  ¢«¨¢ ¥âáï ¢ à¥§¥à¢ã à á® áª®à®áâìî 4 «/¬¨­,

  á¬¥áì ¢ëâ¥ª ¥â ¨§ ­¥£® á® áª®à®áâìî 2 «/¬¨­, ¯à¨ç¥¬ ª®­æ¥­-

âà æ¨ï ¯®¤¤¥à�¨¢ ¥âáï à ¢­®¬¥à­®© ¯®áà¥¤áâ¢®¬ ¯¥à¥¬¥è¨¢ ­¨ï.

� ©â¨, áª®«ìª® á®«¨ ¡ã¤¥â á®¤¥à� âì à áâ¢®à ¢ à¥§¥à¢ã à¥ ç¥-

à¥§ 25 ¬¨­.

127. �¥ª®â®à®¥ ª®«¨ç¥áâ¢® ­¥à áâ¢®à¨¬®£® ¢¥é¥áâ¢  á®¤¥à�¨â

¢ á¢®¨å ¯®à å 10 ª£ á®«¨. Ǳ®¤¢¥à£­ã¢ ¥£® ¤¥©áâ¢¨î 90 « ¢®¤ë,

­ è«¨, çâ® ¢ â¥ç¥­¨¥ ç á  à áâ¢®à¨« áì ¯®«®¢¨­  á®¤¥à� ¢è¥©áï

¢ ­¥¬ á®«¨. �¯à¥¤¥«¨âì, áª®«ìª® á®«¨ à áâ¢®à¨«®áì ¡ë ¢ â¥ç¥-

­¨¥ â®£® �¥ ¢à¥¬¥­¨, ¥á«¨ ¡ë ª®«¨ç¥áâ¢® ¢®¤ë ¡ë«® ¡ë ã¤¢®¥­®

(

ª®­æ¥­âà æ¨ï ­ áëé¥­­®£® à áâ¢®à  c = 1

3

)

.

128. �¥ª®â®à®¥ ­¥à áâ¢®à¨¬®¥ ¢¥é¥áâ¢®, á®¤¥à� é¥¥ ¢ á¢®¨å

¯®à å 2 ª£ á®«¨, ¯®¤¢¥à£ ¥âáï ¤¥©áâ¢¨î 30 « ¢®¤ë. �¥à¥§ 5 ¬¨­

à áâ¢®àï¥âáï 1 ª£ á®«¨. �¯à¥¤¥«¨âì, ç¥à¥§ ª ª®¥ ¢à¥¬ï à áâ¢®à¨â-

áï 1.5 ª£ á®«¨
(

c = 1

3

)

.

129. � ­¥ª®â®à®© å¨¬¨ç¥áª®© à¥ ªæ¨¨ ¢¥é¥áâ¢® B à §« £ ¥â-

áï ­  ¤¢  ¢¥é¥áâ¢ : X ¨ Y, ¯à¨ç¥¬ áª®à®áâì ®¡à §®¢ ­¨ï ª �¤®-

£® ¨§ ­¨å ¯à®¯®àæ¨®­ «ì­  ª®«¨ç¥áâ¢ã b ¢¥é¥áâ¢  B. � ©â¨ § -

ª®­ë ¨§¬¥­¥­¨ï ª®«¨ç¥áâ¢ x ¨ y ¢¥é¥áâ¢ X ¨ Y ¢ § ¢¨á¨¬®áâ¨

®â ¢à¥¬¥­¨ t, ¥á«¨ ª ­ ç «ã à¥ ªæ¨¨ (â. ¥. ª ¬®¬¥­âã t = 0)
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b = b
0

, x = 0, y = 0,   ¯® ¨áâ¥ç¥­¨¨ ®¤­®£® ç á  b =

1

2

b
0

,

x = b
0

8

, y = 3

8

b
0

.

130. Ǳà¥®¡à §®¢ ­¨¥ à ¤¨® ªâ¨¢­ëå ¢¥é¥áâ¢ ¯à®¨áå®¤¨â á® áª®-

à®áâìî, ¯à®¯®àæ¨®­ «ì­®© ¨å ¬ áá¥.

214

82

Pb ¯à¥®¡à §ã¥âáï ¢

214

83

Bi á

â ª®© áª®à®áâìî, çâ® ¯®«®¢¨­  ¬ ááë

214

82

Pb ®ª §ë¢ ¥âáï ¯à¥®¡à -

§®¢ ­­®© ¯® ¨áâ¥ç¥­¨¨ 27 ¬¨­. � á¢®î ®ç¥à¥¤ì, ¯®«®¢¨­  ¤ ­­®©

¬ ááë

214

83

Bi ¯à¥®¡à §ã¥âáï ¢ ¤àã£®¥ ¢¥é¥áâ¢® ¢ â¥ç¥­¨¥ 19.5 ¬¨­.
�ç¨â ï, çâ® ¯¥à¢®­ ç «ì­ ï ¬ áá 

214

82

Pb ¡ë«  1 ª£, ­ ©â¨ ¬ á-

áã

214

82

Pb ¨

214

83

Bi ¯® ¨áâ¥ç¥­¨¨ 1 ç.

131. �¥ª®â®à®¥ ¢¥é¥áâ¢® A¯à¥¢à é ¥âáï ¢ ¤àã£®¥ ¢¥é¥áâ¢® B.

� â® �¥ ¢à¥¬ï B ¯¥à¥å®¤¨â ®¡à â­® ¢ A. �ª®à®áâ¨ à¥ ªæ¨© ¯à®¯®à-

æ¨®­ «ì­ë ­ «¨ç­®© ¬ áá¥ ¢¥é¥áâ¢. �¥§ã«ìâ âë  ­ «¨§  ¯®¬¥é¥-

­ë ¢ â ¡«. 1, £¤¥ x ¨ y | ¬ ááë ¯¥à¢®£® ¨ ¢â®à®£® ¢¥é¥áâ¢ ¢ ­¥-

ª®â®àë¥ ¬®¬¥­âë ¢à¥¬¥­¨ t á®®â¢¥âáâ¢¥­­®. � ©â¨ § ¢¨á¨¬®áâì x
¨ y ®â ¢à¥¬¥­¨.

�   ¡ « ¨ æ   1

t 0 5 +∞
x 10 7 3

y 0 3 7

16.3. �¨­ ­á®¢ë¥ ¨ íª®­®¬¨ç¥áª¨¥ § ¤ ç¨

Ǳà¨¬¥à 65. �®áâ ¤¥­¥�­ëå ¢ª« ¤®¢. �ã¬¬  A àã¡. ¯®-

«®�¥­  ¢ ¡ ­ª ­  r % ¢ £®¤. � ©â¨ § ª®­ ¨§¬¥­¥­¨ï áã¬¬ë ¯à¨

ãá«®¢¨¨, çâ® ¯à¨à é¥­¨¥ ­ ç¨á«ï¥âáï ­¥¯à¥àë¢­®.

� ¥ è ¥ ­ ¨ ¥. �¡é ï áã¬¬  P ¢ª« ¤  ¢ à¥§ã«ìâ â¥ ­ ç¨á«¥­¨ï

¯à®æ¥­â®¢ ®¤¨­ à § ¢ ª®­æ¥ £®¤  á®áâ ¢¨â

P = A
(

1 +

r

100

)

.

�á«¨ ¯à®æ¥­âë ¡ã¤ãâ ­ ç¨á«ïâìáï ¯® ¨áâ¥ç¥­¨¨ ¯®«ã£®¤ , â®

P = A
(

1 +

r

200

)

2

,

¥á«¨ ¯®ª¢ àâ «ì­®, â®

P = A
(

1 +

r

400

)

4

,
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¨ ¥á«¨ ¥�¥¬¥áïç­®, â®

P = A
(

1 +

r

1200

)

12

.

� ®¡é¥¬ á«ãç ¥ ­ à é¥­­ ï áã¬¬  ¢ ª®­æ¥ £®¤  á®áâ ¢¨â

P = A
(

1 +

r

100m

)m

¯à¨ r % £®¤®¢ëå, ­ ç¨á«ï¥¬ëå m à § ¢ £®¤ (­ ¯à¨¬¥à, 365 à § ¢

£®¤, â. ¥. ¥�¥¤­¥¢­®).

Ǳ® ¨áâ¥ç¥­¨¨ t «¥â ®¡é ï áã¬¬  á®áâ ¢¨â

P = A
((

1 +

r

100m

)m)t

.

�á«¨ ç¨á«® m ­ ç¨á«¥­¨© ¯à®æ¥­â®¢ ¢ £®¤ ¡ã¤¥â ¡¥á¯à¥¤¥«ì­® ã¢¥-

«¨ç¨¢ âìáï, â®

P = lim

m→+∞
A
((

1 +

r

100m

)m)t

=

= A lim

m→+∞

(

(

1 +

r

100m

)

100m
r

)

tr
100

= Ae
tr
100 .

� â¥ç¥­¨¥ ª®à®âª®£® ¯à®¬¥�ãâª  ¢à¥¬¥­¨ dt ¯à¨à é¥­¨¥ áã¬¬ë P
á®áâ ¢¨â

dP = d

(

Ae
tr
100

)

=

r

100

Ae
tr
100 dt =

r

100

Pdt.

� ª¨¬ ®¡à §®¬, ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ § ¤ ç¨ ¨¬¥¥â ¢¨¤

dP

dt
=

r

100

P. � (169)

Ǳà¨¬¥à 66. �ää¥ªâ¨¢­®áâì à¥ª« ¬ë. Ǳà¥¤¯®«®�¨¬, çâ®

â®à£®¢ë¬¨ ãçà¥�¤¥­¨ï¬¨ à¥ «¨§ã¥âáï ¯à®¤ãªæ¨ï B, ® ª®â®à®© ¢

¬®¬¥­â ¢à¥¬¥­¨ t ¨§ ç¨á«  ¯®â¥­æ¨ «ì­ëå ¯®ªã¯ â¥«¥© N §­ ¥â

«¨èì x ç¥«®¢¥ª. Ǳà¥¤¯®«®�¨¬ ¤ «¥¥, çâ® ¤«ï ãáª®à¥­¨ï á¡ëâ 

¯à®¤ãªæ¨¨ B ¡ë«¨ ¤ ­ë à¥ª« ¬­ë¥ ®¡êï¢«¥­¨ï ¯® à ¤¨® ¨ â¥«¥¢¨-

¤¥­¨î. Ǳ®á«¥¤ãîé ï ¨­ä®à¬ æ¨ï ® ¯à®¤ãªæ¨¨ à á¯à®áâà ­ï¥âáï
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áà¥¤¨ ¯®ªã¯ â¥«¥© ¯®áà¥¤áâ¢®¬ ®¡é¥­¨ï ¤àã£ á ¤àã£®¬. Ǳ®áâà®¨âì

§ ª®­ ¨§¬¥­¥­¨ï x(t).
� ¥ è ¥ ­ ¨ ¥. � ¡®«ìè®© áâ¥¯¥­ìî ¤®áâ®¢¥à­®áâ¨ ¬®�­® áª § âì,

çâ® ¯®á«¥ à¥ª« ¬­ëå ®¡êï¢«¥­¨© áª®à®áâì ¨§¬¥­¥­¨ï ç¨á«  §­ î-

é¨å ® ¯à®¤ãªæ¨¨ B ¯à®¯®àæ¨®­ «ì­  ª ª ç¨á«ã §­ îé¨å ® â®¢ à¥

¯®ªã¯ â¥«¥©, â ª ¨ ç¨á«ã ¯®ªã¯ â¥«¥©, ® ­¥¬ ¥é¥ ­¥ §­ îé¨å.

�á«¨ ãá«®¢¨âìáï, çâ® ¢à¥¬ï ®âáç¨âë¢ ¥âáï ¯®á«¥ à¥ª« ¬­ëå

®¡êï¢«¥­¨©, ª®£¤  ® â®¢ à¥ ã§­ «®

N
γ ç¥«®¢¥ª, â® ¯à¨å®¤¨¬ ª ¤¨ä-

ä¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î

dx

dt
= kx(N − x) (170)

x

tO

N

N
γ

�¨á. 45.

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x = N
γ ¯à¨ t = 0. � ãà ¢­¥­¨¨ (170) ª®íää¨-

æ¨¥­â k| íâ® ¯®«®�¨â¥«ì­ë© ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨.

�­â¥£à¨àãï ãà ¢­¥­¨¥ (170), ­ å®¤¨¬

1

N
ln

x

N − x
= kt+ C.

Ǳ®« £ ï C
1

= eNC
, ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã

x

N − x
= C

1

eNkt ⇔ x = N
C
1

eNkt

C
1

eNkt
+ 1

=

N

1 + Pe−Nkt
, (171)

£¤¥ P =

1

C
1

= e−NC
.
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� íª®­®¬¨ç¥áª®© «¨â¥à âãà¥ ãà ¢­¥­¨¥ (171) ®¡ëç­® ­ §ë¢ îâ

ãà ¢­¥­¨¥¬ «®£¨áâ¨ç¥áª®© ªà¨¢®© (áà. ¯à¨¬¥à 54).

�á«¨ ãç¥áâì â¥¯¥àì ­ ç «ì­ë¥ ãá«®¢¨ï, â® ãà ¢­¥­¨¥ (171) ¯¥-

à¥¯¨è¥âáï ¢ ¢¨¤¥

x =
N

1 + (γ − 1)e−Nkt
.

�  à¨á. 45 ¨§®¡à �¥­  «®£¨áâ¨ç¥áª ï ªà¨¢ ï ¯à¨ γ = 3. �

Ǳà¨¬¥à 67. �¯à®á ¨ ¯à¥¤«®�¥­¨¥. � ª ¨§¢¥áâ­®, á¯à®á ¨

¯à¥¤«®�¥­¨¥ | íª®­®¬¨ç¥áª¨¥ ª â¥£®à¨¨ â®¢ à­®£® ¯à®¨§¢®¤áâ¢ ,

¢®§­¨ª îé¨¥ ¨ äã­ªæ¨®­¨àãîé¨¥ ­  àë­ª¥, ¢ áä¥à¥ â®¢ à­®£® ®¡-

¬¥­ . Ǳà¨ íâ®¬ á¯à®á | ¯à¥¤áâ ¢«¥­­ ï ­  àë­ª¥ ¯®âà¥¡­®áâì ¢

â®¢ à å,   ¯à¥¤«®�¥­¨¥ | ¯à®¤ãªâ, ª®â®àë© ¥áâì ­  àë­ª¥ ¨«¨

¬®�¥â ¡ëâì ¤®áâ ¢«¥­ ­  ­¥£®. �¤­¨¬ ¨§ íª®­®¬¨ç¥áª¨å § ª®­®¢

â®¢ à­®£® ¯à®¨§¢®¤áâ¢  ï¢«ï¥âáï § ª®­ á¯à®á  ¨ ¯à¥¤«®�¥­¨ï, ª®-

â®àë© § ª«îç ¥âáï ¢ ¥¤¨­áâ¢¥ á¯à®á  ¨ ¯à¥¤«®�¥­¨ï ¨ ¨å ®¡ê¥ª-

â¨¢­®¬ áâà¥¬«¥­¨¨ ª á®®â¢¥âáâ¢¨î.

� áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã. Ǳãáâì ¢ â¥ç¥­¨¥ ­¥ª®â®à®£®

(¤®áâ â®ç­® ¯à®¤®«�¨â¥«ì­®£®) ¢à¥¬¥­¨ ªà¥áâìï­¨­ ¯à®¤ ¥â ­ 

àë­ª¥ äàãªâë (­ ¯à¨¬¥à, ï¡«®ª¨), ¯à¨ç¥¬ ¯à®¤ ¥â ¨å ¯®á«¥ ã¡®à-

ª¨ ãà®� ï á ­¥¤¥«ì­ë¬¨ ¯¥à¥àë¢ ¬¨. �®£¤  ¯à¨ ¨¬¥îé¨åáï ã

ªà¥áâìï­¨­  § ¯ á å äàãªâ®¢ ­¥¤¥«ì­®¥ ¯à¥¤«®�¥­¨¥ ¡ã¤¥â § -

¢¨á¥âì ª ª ®â ®�¨¤ ¥¬®© æ¥­ë ¢ ­ áâã¯ îé¥© ­¥¤¥«¥, â ª ¨ ®â

¯à¥¤¯®« £ ¥¬®£® ¨§¬¥­¥­¨ï æ¥­ë ¢ ¯®á«¥¤ãîé¨¥ ­¥¤¥«¨. �á«¨ ¢

­ áâã¯ îé¥© ­¥¤¥«¥ ¯à¥¤¯®« £ ¥âáï, çâ® æ¥­  ã¯ ¤¥â,   ¢ ¯®á«¥¤ã-

îé¨¥ ­¥¤¥«¨ ¯®¢ëá¨âáï, â® ¯à¥¤«®�¥­¨¥ ¡ã¤¥â á¤¥à�¨¢ âìáï ¯à¨

ãá«®¢¨¨ ¯à¥¢ëè¥­¨ï ®�¨¤ ¥¬®£® ¯®¢ëè¥­¨ï æ¥­ ­ ¤ ¨§¤¥à�ª ¬¨

åà ­¥­¨ï. Ǳà¨ íâ®¬ ¯à¥¤«®�¥­¨¥ â®¢ à  ¢ ¡«¨� ©èãî ­¥¤¥«î

¡ã¤¥â â¥¬ ¬¥­ìè¨¬, ç¥¬ ¡�®«ìè¨¬ ¯à¥¤¯®« £ ¥âáï ¢ ¤ «ì­¥©è¥¬

¯®¢ëè¥­¨¥ æ¥­ë. � ­ ®¡®à®â, ¥á«¨ ¢ ­ áâã¯ îé¥© ­¥¤¥«¥ æ¥­  ¡ã-

¤¥â ¢ëá®ª®©,   § â¥¬ ®�¨¤ ¥âáï ¥¥ ¯ ¤¥­¨¥, â® ¯à¥¤«®�¥­¨¥ ã¢¥«¨-

ç¨âáï â¥¬ ¡®«ìè¥, ç¥¬ ¡�®«ìè¨¬ ¯à¥¤¯®« £ ¥âáï ¯®­¨�¥­¨¥ æ¥­ë

¢ ¤ «ì­¥©è¥¬.

�á«¨ ®¡®§­ ç¨âì ç¥à¥§ p æ¥­ã ­  äàãªâë ­  ­ áâã¯ îé¥© ­¥¤¥-

«¥,   ç¥à¥§ p
′
| â ª ­ §ë¢ ¥¬ãî â¥­¤¥­æ¨î ä®à¬¨à®¢ ­¨ï æ¥­ë

(¯à®¨§¢®¤­ãî æ¥­ë ¯® ¢à¥¬¥­¨), â® ª ª á¯à®á, â ª ¨ ¯à¥¤«®�¥-

­¨¥ ¡ã¤ãâ äã­ªæ¨ï¬¨ ãª § ­­ëå ¢¥«¨ç¨­. Ǳà¨ íâ®¬, ª ª ¯®ª §ë-

¢ ¥â ¯à ªâ¨ª , ¢ § ¢¨á¨¬®áâ¨ ®â à §­ëå ä ªâ®à®¢ á¯à®á ¨ ¯à¥¤-

«®�¥­¨¥ ¬®£ãâ ¡ëâì à §«¨ç­ë¬¨ äã­ªæ¨ï¬¨ æ¥­ë ¨ â¥­¤¥­æ¨¨

ä®à¬¨à®¢ ­¨ï æ¥­ë. � ç áâ­®áâ¨, ®¤­  ¨§ â ª¨å äã­ªæ¨© § ¤ -
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¥âáï «¨­¥©­®© § ¢¨á¨¬®áâìî, ¬ â¥¬ â¨ç¥áª¨ ®¯¨áë¢ ¥¬®© á®®â­®-

è¥­¨¥¬ y = ap
′
+ bp + c, £¤¥ a, b ¨ c | ­¥ª®â®àë¥ ¢¥é¥áâ¢¥­-

­ë¥ ¯®áâ®ï­­ë¥. � â®£¤ , ¥á«¨, ­ ¯à¨¬¥à, ¢ à áá¬ âà¨¢ ¥¬®©

§ ¤ ç¥ æ¥­  ­  äàãªâë á®áâ ¢«ï«  1 ãá«®¢­ãî ¥¤¨­¨æã §  1 ª£,

ç¥à¥§ t ­¥¤¥«ì ®­  ¡ë«  ã�¥ p(t) ãá«®¢­ëå ¥¤¨­¨æ §  1 ª£,  

á¯à®á q ¨ ¯à¥¤«®�¥­¨¥ s ®¯à¥¤¥«ï«¨áì á®®â¢¥âáâ¢¥­­® á®®â­®è¥­¨-
ï¬¨ q = a

1

p
′
+b

1

p+c
1

, s = a
2

p
′
+b

2

p+c
2

, â® ¤«ï â®£® çâ®¡ë á¯à®á

á®®â¢¥âáâ¢®¢ « ¯à¥¤«®�¥­¨î, ­¥®¡å®¤¨¬® ¢ë¯®«­¥­¨¥ à ¢¥­áâ¢ 

a
1

p
′

+ b
1

p+ c
1

= a
2

p
′

+ b
2

p+ c
2

,

¨«¨

αp
′

+ βp+ γ = 0,

£¤¥ α = a
1

− a
2

, β = b
1

− b
2

, γ = c
1

− c
2

. �âáî¤  ¯à¨å®¤¨¬ ª

¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥­¨î

αdp

βp+ γ
= −dt.

�­â¥£à¨àãï, ­ å®¤¨¬ p = Ce−
β
α
t − γ

β . �á«¨ �¥ ãç¥áâì ­ ç «ì­®¥

ãá«®¢¨¥ p = 1 ¯à¨ t = 0, â® ®ª®­ç â¥«ì­® ¯®«ãç ¥¬

p =

(

1 +

γ

β

)

e−
β
α
t − γ

β
. (172)

� ª¨¬ ®¡à §®¬, ¥á«¨ âà¥¡®¢ âì, çâ®¡ë ¬¥�¤ã á¯à®á®¬ ¨ ¯à¥¤-

«®�¥­¨¥¬ ¢á¥ ¢à¥¬ï á®åà ­ï«®áì à ¢­®¢¥á¨¥, ­¥®¡å®¤¨¬®, çâ®¡ë

æ¥­  ¨§¬¥­ï« áì ¢ á®®â¢¥âáâ¢¨¨ á ä®à¬ã«®© (172).

�á«¨ β = 0 ¨ α 6= 0, â® ¯®«ãç îé¥¥áï ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢-

­¥­¨¥ p
′
= − γ

α ¨¬¥¥â à¥è¥­¨¥, ¢ëà � îé¥¥áï ¤àã£®© ä®à¬ã«®©:

p = C − γ
α t ¨«¨ á ãç¥â®¬ ­ ç «ì­®£® ãá«®¢¨ï p = 1− γ

α t. � á«ãç ¥

β = 0, α 6= 0, γ 6= 0 ¨

γ
α > 0 æ¥­  ¡ã¤¥â ã¡ë¢ âì ¤® ­ã«ï ¨ ¯à¨

t > α
γ áâ ­®¢¨âìáï ®âà¨æ â¥«ì­®©, ç¥£® ­¥ ¬®�¥â ¡ëâì ¢ à¥ «ì­®-

áâ¨. �â® ¯à®â¨¢®à¥ç¨¥ £®¢®à¨â ® ¯à¨¬¥­¨¬®áâ¨ ¤ ­­®© ¬ â¥¬ â¨-

ç¥áª®© ¬®¤¥«¨ â®«ìª® ¢ ãª § ­­®¬ á«ãç ¥ ¯à¨ ¬ «ëå t.
�á«¨ α = 0 ¨ β 6= 0, â® ¨¬¥¥¬  «£¥¡à ¨ç¥áª®¥ ãà ¢­¥­¨¥

βp+γ = 0⇔ p = − γ
β . �¥­  ¯®áâ®ï­­ , çâ® ¯®«­®áâìî á®®â¢¥âáâ¢ã-

¥â ®âáãâáâ¢¨î ¢ ãà ¢­¥­¨¨ ä ªâ®à , ¨§¬¥­ïîé¥£® æ¥­ã. �â ¢¨âì

ª ª¨¥-«¨¡® ­ ç «ì­ë¥ ãá«®¢¨ï ¢ íâ®¬ á«ãç ¥ ­¥¯à ¢®¬¥à­®. �
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Ǳà¨¬¥à 68. �ª®­®¬¨ª . �®¢®àïâ, çâ® íª®­®¬¨ç¥áª ï á¨áâ¥-

¬  ï¢«ï¥âáï § ¬ª­ãâ®©, ¥á«¨ ¢¥áì ¯à®¨§¢¥¤¥­­ë© ¯à®¤ãªâ «¨¡®

¯®âà¥¡«ï¥âáï, «¨¡® ¢ª« ¤ë¢ ¥âáï ¢ à ¬ª å â®© �¥ íª®­®¬¨ç¥áª®©

á¨áâ¥¬ë. � íâ®¬ á«ãç ¥ ®âáãâáâ¢ãîâ íªá¯®àâ, ¨¬¯®àâ ¨ ¯à¨â®ª

ª ¯¨â «  ¨§¢­¥. � ª¨¬ ®¡à §®¬, ¥á«¨ Y , C ¨ I ï¢«ïîâáï á®®â¢¥â-
áâ¢¥­­® ®¡ê¥¬®¬ ¯à®¨§¢®¤áâ¢ , ¯®âà¥¡«¥­¨¥¬ ¨ ª ¯¨â «®¢«®�¥­¨-

¥¬ ¤«ï ­¥ª®â®à®© § ¬ª­ãâ®© íª®­®¬¨ç¥áª®© á¨áâ¥¬ë ¢ ¬®¬¥­â t, â®
Y = C + I. � á«ãç ¥ ­ «¨ç¨ï ¯à¨â®ª  ª ¯¨â «  (­ ¯à¨¬¥à, ¯à ¢¨-

â¥«ìáâ¢¥­­ë¥ à áå®¤ë G) íª®­®¬¨ª  ã�¥ ¯¥à¥áâ ¥â ¡ëâì § ¬ª­ã-
â®©, ¨ ®¡ê¥¬ ¯à®¨§¢®¤áâ¢  ã¢¥«¨ç¨¢ ¥âáï ­  ¢¥«¨ç¨­ã G:

Y = C + I +G. (173)

� «¥¥, ¯®âà¥¡«¥­¨¥ ¢®§à áâ ¥â á à®áâ®¬ ®¡ê¥¬  ¯à®¨§¢®¤áâ¢ :

C = qY = (1− s)Y, (174)

£¤¥ q, s > 0 | ¯à¥¤¥«ì­ë¥ áª«®­­®áâ¨ ª ¯®âà¥¡«¥­¨î ¨ á¡¥à¥�¥-

­¨î [13℄.

� áá¬®âà¨¬ íª®­®¬¨ç¥áªãî á¨áâ¥¬ã, ¢ ª®â®à®© ¯à ¢¨â¥«ìáâ¢¥­-

­ë¥ à áå®¤ë G
0

¯®áâ®ï­­ë. � ª �¤ë© ¬®¬¥­â t ¢ íª®­®¬¨ª¥ áãé¥-
áâ¢ã¥â á¯à®á D(t), ®¯à¥¤¥«ïîé¨© �¥« ¥¬ë© ãà®¢¥­ì ¯®âà¥¡«¥­¨ï
¨ ª ¯¨â «®¢«®�¥­¨©. � ¤ ç  á®áâ®¨â ¢ â®¬, çâ®¡ë á¡ « ­á¨à®¢ âì

íª®­®¬¨ªã â ª¨¬ ®¡à §®¬, çâ®¡ë ®¡ê¥¬ ¯à®¨§¢®¤áâ¢  á®¢¯ ¤ « á®

á¯à®á®¬, â. ¥. D(t) ≡ Y (t). �¤­ ª® ­  ¯à ªâ¨ª¥ ¯à®¨§¢®¤áâ¢® ­¥

¬®�¥â ¬£­®¢¥­­® à¥ £¨à®¢ âì ­  ¨§¬¥­¥­¨¥ á¯à®á . �ãé¥áâ¢ã¥â

§ ¯ §¤ë¢ ­¨¥ τ , ª®â®à®¥ á¢ï§ ­® á® ¢à¥¬¥­¥¬, ­¥®¡å®¤¨¬ë¬ ¤«ï

¯®áâà®©ª¨ ­®¢®£® § ¢®¤  ¨ â. ¯.

�â®¡ë á¡ « ­á¨à®¢ âì íª®­®¬¨ªã ¯à¨ ­ «¨ç¨¨ § ¯ §¤ë¢ ­¨ï,

­¥®¡å®¤¨¬® á®áâ ¢«ïâì ¯« ­ë ­  ¡ã¤ãé¥¥ ¨ áâà®¨âì ¯à®¨§¢®¤áâ¢®

â ª, çâ®¡ë ã¤®¢«¥â¢®àïâì ¯à®£­®§¨àã¥¬ë© á¯à®á, ¯®« £ ï

D(t) = (1− s)Y (t− τ) + I(t) +G
0

. (175)

� ãà ¢­¥­¨¨ (175) áç¨â ¥¬, çâ® §  ¢à¥¬ï τ ª ¯¨â «®¢«®�¥­¨ï

áãé¥áâ¢¥­­® ­¥ ¨§¬¥­ïîâáï, â. ¥. I(t − τ) = I(t). �¥¯¥àì, ¥á«¨

ãç¥áâì, çâ®

Y (t− τ) = Y (t)− τY ′
(t) + α(τ)τ2 , (176)

£¤¥ äã­ªæ¨ï α(τ) ®£à ­¨ç¥­  ¯à¨ τ → 0, â® ã¢¨¤¨¬, çâ® ãà ¢­¥-

­¨¥ (175) ®§­ ç ¥â ¤®áâ¨�¥­¨¥ ¡ « ­á  á â®ç­®áâìî ¤® ¢¥«¨ç¨­ë

¯¥à¢®£® ¯®àï¤ª  ®â­®á¨â¥«ì­® τ ¯à¨

(1− s)τY ′
(t) = −sY (t) + I(t) +G

0

(177)

¤«ï ¢á¥å t ∈ R.
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�®âï ¢¥«¨ç¨­  I(t) §  ¢à¥¬ï ¯®àï¤ª  τ áãé¥áâ¢¥­­® ­¥ ¨§¬¥-

­ï¥âáï, ®­  ­¥ ï¢«ï¥âáï ¯®áâ®ï­­®©. � ¯¨â «®¢«®�¥­¨ï § ¢¨-

áïâ ®â ®¡é¥© â¥­¤¥­æ¨¨ à §¢¨â¨ï ¯à®¨§¢®¤áâ¢ . �¤­  ¨§ ¢®§¬®�-

­ëå áâà â¥£¨© ¢ ®¡« áâ¨ ª ¯¨â «®¢«®�¥­¨ï | "¯à¨­æ¨¯  ªá¥«¥-

à â®à ", á®£« á­® ª®â®à®¬ã �¥« â¥«ì­® ¢ë¯®«­¥­¨¥ á®®â­®è¥­¨ï

I(t) ≡ aY ′
(t), a > 0. �â® à ¢¥­áâ¢® ­¥ ¬®�¥â â®ç­® ¢ë¯®«­ïâìáï ¢

á¨«ã § ¯ §¤ë¢ ­¨ï, ­® ¬®�­® ¯à¨¡«¨§¨âìáï ª ­¥¬ã, ¥á«¨ ¢§ïâì

I ′(t) = b
(

aY ′
(t)− I(t)

)

, b > 0. (178)

�à ¢­¥­¨ï (177) ¨ (178) á«ã� â ®á­®¢®© ¤¨­ ¬¨ç¥áª®© ¬®¤¥«¨

íª®­®¬¨ª¨. �å ¬®�­® ¯à¨¢¥áâ¨ ª ¡®«¥¥ ¯à¨¢ëç­®¬ã ¢¨¤ã, ¯à®-

¤¨ää¥à¥­æ¨à®¢ ¢ (177):

(1− s)τY ′′
+ sY ′

= I ′ = b (aY ′ − I) . (179)

�ª®­ç â¥«ì­ë© ¢¨¤ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¯®«ãç¨¬,

¯®¤áâ ¢¨¢ I ¨§ (177) ¢ (179):

(1− s)τy′′ +
(

s− ba+ (1− s)τb
)

y′ + sby = 0, (180)

£¤¥ y = Y − G
0

s . � ª¨¬ ®¡à §®¬, à §­®áâì ¬¥�¤ã ®¡ê¥¬®¬ ¯à®¨§-

¢®¤áâ¢  ¨ ¯®áâ®ï­­®© ¢¥«¨ç¨­®©

G
0

s ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

y′′ + 2ky′ + ω2

0

y = 0, (181)

£¤¥

k =
s− ba+ (1− s)τb

2τ(1− s)
, ω2

0

=

sb

τ(1− s)
. (182)

�áá«¥¤ã¥¬ ä §®¢®¥ ¯à®áâà ­áâ¢® ãà ¢­¥­¨ï (181). Ǳ¥à¥©¤¥¬ ®â

ãà ¢­¥­¨ï (181) ª íª¢¨¢ «¥­â­®© ¥¬ã á¨áâ¥¬¥ ¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨©











dy

dt
= z,

dz

dt
= −ω2

0

y − 2kz.

(183)

�«ï ®¯à¥¤¥«¥­¨ï å à ªâ¥à  ¯®«®�¥­¨ï à ¢­®¢¥á¨ï y = 0, z = 0

á¨áâ¥¬ë (183) á®áâ ¢«ï¥¬ å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

∣

∣

∣

∣

−λ 1

−ω2

0

−2k − λ

∣

∣

∣

∣

= 0,
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¨«¨ λ2 + 2kλ+ ω2

0

= 0. �âáî¤  ­ å®¤¨¬ λ
1,2 = −k ±

√

k2 − ω2

0

.

� áá¬®âà¨¬ á«¥¤ãîé¨¥ á«ãç ¨:

1) k = 0. �¥è¥­¨¥ á¨áâ¥¬ë (183) ¨¬¥¥â ¢¨¤

{

y(t) = A 
os(ω
0

t+ θ),

z(t) = −ω
0

A sin(ω
0

t+ θ).

� §®¢ë¥ âà ¥ªâ®à¨¨ ï¢«ïîâáï í««¨¯á ¬¨ r(t) =

(

y(t)
z(t)

)

(à¨á. 46).

Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï ãáâ®©ç¨¢® | æ¥­âà. �á¥ à¥è¥­¨ï ï¢«ï-

îâáï ¯¥à¨®¤¨ç¥áª¨¬¨. Ǳ¥à¨®¤ë ¯®¤ê¥¬  ¨ á¯ ¤  ¯à®¨§¢®¤áâ¢ 

(

y = Y − G
0

s > 0 ¨ y < 0 á®®â¢¥âáâ¢¥­­®

)

á¬¥­ïîâ ¤àã£ ¤àã£ .

�­â¥£à «ì­ ï ªà¨¢ ï ãà ¢­¥­¨ï (181)

(

  §­ ç¨â, ¨ ãà ¢­¥­¨ï (180)

á ®¡®§­ ç¥­¨ï¬¨ (182)

)

¨§®¡à �¥­  ­  à¨á. 47. �â® | á¢®¡®¤­ë¥

­¥§ âãå îé¨¥ ª®«¥¡ ­¨ï á ¯¥à¨®¤®¬ T
0

=

2π
ω
0

(ω
0

| á®¡áâ¢¥­­ ï

ç áâ®â  á¨áâ¥¬ë).

z y

O Oy t
r(t

2

) r(t
4

)A 
os θ t
1

t
2

t
3

−A A t
4

A
A 
os θ

−A

ω
0

A

−ω
0

A

r(t
3

)

r(t
1

)

r(0)

�¨á. 46. �¨á. 47.

2) 0 < k < ω
0

. �®à­¨ λ
1

¨ λ
2

| ª®¬¯«¥ªá­®{á®¯àï�¥­­ë¥,

¯à¨ç¥¬ Reλ < 0. Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï | ãáâ®©ç¨¢ë© ä®ªãá.

�à ¢­¥­¨ï ä §®¢ëå âà ¥ªâ®à¨© (à¨á. 48) ¨¬¥îâ ¢¨¤

{

y(t) = Ae−kt

os(βt+ θ),

z(t) = −ω
0

Ae−kt
sin(βt+ θ + ϕ),

£¤¥ β =
√

ω2

0

− k2, ϕ = ar
tg

k
β . �¬¯«¨âã¤  ª®«¥¡ ­¨© ã¬¥­ìè ¥â-

áï ¯à¨ ¢®§à áâ ­¨¨ t, ¯¥à¨®¤ ª®«¥¡ ­¨© T =

2π
β > T

0

.
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�­â¥£à «ì­ ï ªà¨¢ ï ãà ¢­¥­¨ï (181) ¨§®¡à �¥­  ­  à¨á. 49.

�â® § âãå îé¨¥ (¤¥¬¯ä¨à®¢ ­­ë¥) á¢®¡®¤­ë¥ ª®«¥¡ ­¨ï.

z y

O Oy t
A 
os θ

A
A 
os θ

−A

r(0)

y(t) Ae−kt

−Ae−kt

�¨á. 48. �¨á. 49.

z y

O Oy t
a

z = −ky

|

1

2

3

4

5

1

2

3

4

5

a

�¨á. 50. �¨á. 51.

3) k = ω
0

. �®à­¨ λ
1

= λ
2

= −k | ¢¥é¥áâ¢¥­­ë¥ ¨ ®âà¨æ â¥«ì-

­ë¥. Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï | ãáâ®©ç¨¢ë© ¢ëà®�¤¥­­ë© ã§¥«.

�à ¢­¥­¨ï ä §®¢ëå âà ¥ªâ®à¨© (à¨á. 50) ¨¬¥îâ ¢¨¤

{

y(t) = e−kt
(a+ bt),

z(t) = e−kt
(

b− k(a+ bt)
)

,

£¤¥ a, b ∈ R. Ǳà¨ k → ω
0

¯¥à¨®¤ ª®«¥¡ ­¨© T =

2π√
ω2
0

−k2
→ ∞,  

¯à¨ k = ω
0

ª®«¥¡ ­¨ï ¯à¥ªà é îâáï. � ª ï á¨áâ¥¬  ­ §ë¢ ¥âáï
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ªà¨â¨ç¥áª¨ ¤¥¬¯ä¨à®¢ ­­®© (§ âãå îé¨¥ ª®«¥¡ ­¨ï á« ¡® ¤¥¬¯-

ä¨à®¢ ­­®£® á«ãç ï á k < ω
0

¨áç¥§«¨). �­â¥£à «ì­ë¥ ªà¨¢ë¥

ãà ¢­¥­¨ï (181) ¨§®¡à �¥­ë ­  à¨á. 51. �¨äà ¬¨ ­  £à ä¨ª å

®¡®§­ ç¥­ë á«ãç ¨: 1 | b > ka, 2 | b = ka, 3 | 0 < b < ka, 4 |
b = 0, 5 | b < 0.

4) k > ω
0

. �®à­¨ λ
1

¨ λ
2

| ¢¥é¥áâ¢¥­­ë¥ ¨ ®âà¨æ â¥«ì­ë¥.

Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï | ãáâ®©ç¨¢ë© ã§¥«. �à ¢­¥­¨ï ä §®¢ëå

âà ¥ªâ®à¨© (à¨á. 52) ¨¬¥îâ ¢¨¤

{

y(t) = aeλ1t + beλ2t,

z(t) = aλ
1

eλ1t + bλ
2

eλ2t.

�á¥ à¥è¥­¨ï § âãå îé¨¥ ¨ ­¥ª®«¥¡«îé¨¥áï. �á«¨ k → ∞, â®

λ
1

→ 0, λ
2

→ −∞, ¨, á«¥¤®¢ â¥«ì­®, £« ¢­ë¥ ­ ¯à ¢«¥­¨ï ¯à¨-

¡«¨� îâáï ª ª®®à¤¨­ â­ë¬ ®áï¬,   âà ¥ªâ®à¨¨ áâ ­®¢ïâáï ¡®«¥¥

ªàãâë¬¨. � íâ®¬ á«ãç ¥ áª®à®áâì |z| ®ç¥­ì ¡ëáâà® ã¡ë¢ ¥â. � -

ª ï á¨áâ¥¬  ­ §ë¢ ¥âáï á¨«ì­® ¤¥¬¯ä¨à®¢ ­­®©. �­â¥£à «ì­ë¥

ªà¨¢ë¥ ãà ¢­¥­¨ï (181) ¨§®¡à �¥­ë ­  à¨á. 53. �®®â¢¥âáâ¢ãîé¨¥

¤àã£ ¤àã£ã «¨­¨¨ ­  à¨á. 52 ¨ 53 ®¡®§­ ç¥­ë ®¤¨­ ª®¢ë¬¨ æ¨äà -

¬¨: 1 | aλ
1

+ bλ
2

> 0, 2 | aλ
1

+ bλ
2

= 0, ¢ ®áâ «ì­ëå á«ãç ïå

aλ
1

+ bλ
2

< 0, ¯à¨ç¥¬ ç¥¬ æ¨äà  ¡®«ìè¥, â¥¬ ®âà¨æ â¥«ì­®¥ ¢ë-

à �¥­¨¥ (aλ
1

+ bλ
2

) ¡®«ìè¥ ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥. � á«ãç ¥ 4

§­ ç¥­¨¥ b = 0,   ¢ á«ãç ¥ 6 §­ ç¥­¨¥ a = 0.

z y

O y

O t

a+b
a+b

z = λ
1

y

z = λ
2

y

1

2

3

4

5

6

7

1

2

3

4

5

6

7

�¨á. 52. �¨á. 53.

5) k < 0, k2 < ω2

0

. �®à­¨ λ
1

¨ λ
2

| ª®¬¯«¥ªá­®{á®¯àï�¥­­ë¥,

¯à¨ç¥¬ Reλ
1

= Reλ
2

> 0. Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï| ­¥ãáâ®©ç¨¢ë©
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ä®ªãá. �à ¢­¥­¨ï ä §®¢ëå âà ¥ªâ®à¨© (à¨á. 54) ¨¬¥îâ ¢¨¤

{

y(t) = Ae|k|t 
os(βt+ θ),

z(t) = −ω
0

Ae|k|t sin(βt+ θ + ϕ),

£¤¥ β =

√

ω2

0

− k2, ϕ = ar
tg

k
β . �­â¥£à «ì­ ï ªà¨¢ ï ¯à¨¢¥¤¥­ 

­  à¨á. 55. Ǳ¨ª¨ ¯®¤ê¥¬®¢ ã¢¥«¨ç¨¢ îâáï á ¢®§à áâ ­¨¥¬ t â ª
�¥, ª ª ¨ £«ã¡¨­ë á¯ ¤®¢. � â ª®© á¨âã æ¨¨ ­¥®¡å®¤¨¬® ¢­¥è­¥¥

¢¬¥è â¥«ìáâ¢®.

z y

O Oy t
A 
os θ A 
os θ

A

−Ar(0)

y(t)

Ae|k|t

−Ae|k|t

�¨á. 54. �¨á. 55.

6) k < 0, k2 = ω2

0

. �®à­¨ λ
1

= λ
2

| ¢¥é¥áâ¢¥­­ë¥ ¨ ¯®«®�¨-

â¥«ì­ë¥. Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï | ­¥ãáâ®©ç¨¢ë© ¢ëà®�¤¥­­ë©

ã§¥«. �à ¢­¥­¨ï ä §®¢ëå âà ¥ªâ®à¨© (à¨á. 56) ¨¬¥îâ ¢¨¤:

{

y(t) = e|k|t(a+ bt),

z(t) = e|k|t
(

b− k(a+ bt)
)

,

£¤¥ a, b ∈ R. �­â¥£à «ì­ë¥ ªà¨¢ë¥ ãà ¢­¥­¨ï (181) ¨§®¡à �¥­ë

­  à¨á. 57. �¨äà ¬¨ ­  £à ä¨ª å ®¡®§­ ç¥­ë á«ãç ¨ 1 | b > 0,

2 | b = 0, 3 | ka < b < 0, 4 | b = ka, 5 | b < ka.
7) k < 0, k2 > ω2

0

. �®à­¨ λ
1

¨ λ
2

| ¢¥é¥áâ¢¥­­ë¥ ¨ ¯®«®�¨â¥«ì-

­ë¥. Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï | ­¥ãáâ®©ç¨¢ë© ã§¥«. �à ¢­¥­¨ï

ä §®¢ëå âà ¥ªâ®à¨© (à¨á. 58) ¨¬¥îâ ¢¨¤

{

y(t) = aeλ1t + beλ2t,

z(t) = aλ
1

eλ1t + bλ
2

eλ2t.
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�­â¥£à «ì­ë¥ ªà¨¢ë¥ ãà ¢­¥­¨ï (181) ¨§®¡à �¥­ë ­  à¨á. 59. �®-

®â¢¥âáâ¢ãîé¨¥ ¤àã£ ¤àã£ã «¨­¨¨ ­  à¨á. 58 ¨ 59 ®¡®§­ ç¥­ë ®¤¨­ -

ª®¢ë¬¨ æ¨äà ¬¨:7| aλ
1

+bλ
2

< 0, 6| aλ
1

+bλ
2

= 0, ¢ ®áâ «ì­ëå

á«ãç ïå aλ
1

+ bλ
2

> 0, ¯à¨ç¥¬ ç¥¬ æ¨äà  ¬¥­ìè¥, â¥¬ ¢ëà �¥­¨¥

(aλ
1

+ bλ
2

) ¡®«ìè¥. � á«ãç ¥ 2 | §­ ç¥­¨¥ b = 0,   ¢ á«ãç ¥ 4 |

§­ ç¥­¨¥ a = 0.

z y

O Oy ta

a

z = −ky

1

2

3

4

5

1

2

3

4

5

�¨á. 56. �¨á. 57.

z y

O Oy ta+b

a+b

z = λ
2

y

z = λ
1

y

1

2

3

4

5

6

7

1

2

3

4

5

6

7

�¨á. 58. �¨á. 59.

�á«¨ ¢¢¥áâ¨ ®¡®§­ ç¥­¨ï A =

(

0 1

−ω2

0

−2k

)

, � = detA = ω2

0

¨

σ = − trA = 2k (§¤¥áì trA | á«¥¤ ¬ âà¨æë A), â® ª ç¥áâ¢¥­­®¥

¯®¢¥¤¥­¨¥ á¨áâ¥¬ë (183) ¢ ­ ç «¥ ª®®à¤¨­ â á®®â¢¥âáâ¢ã¥â ¯®¢¥¤¥-
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­¨î á¨áâ¥¬, ¨§®¡à �¥­­ëå ­  ¯«®áª®áâ¨ O�σ ­  à¨á. 60, á¬. â ª�¥
à¨á. 30. �

O

σ = − trA

σ2 = 4�

� = detA

�¨á. 60.

�¥è¨âì § ¤ ç¨:

132. Ǳ®â®ª ­ ãç­®© ¨­ä®à¬ æ¨¨. �ë«® § ¬¥ç¥­®, çâ® ç¨á«®

áâ â¥© ¢ ­ ãç­ëå �ãà­ « å ¯® ®¤­®© â¥¬¥ ¢®§à áâ ¥â, ¯à¨ç¥¬ ç¥¬

¡®«ìè¥ áâ â¥© ­ ª®¯«¥­® ª ¬®¬¥­âã t, â¥¬ ¡®«ìè¥ á«¥¤ãîé¨© ¯à¨-

à®áâ. �â® ­ ¡«î¤¥­¨¥ ¯®§¢®«¨«® ¢ëáª § âì £¨¯®â¥§ã, çâ® ¤ ­­ë©

¯à®æ¥áá ¥áâì ¯à®æ¥áá ¥áâ¥áâ¢¥­­®£® à®áâ 

(

á¬. (139)

)

. �§ ¤ ­­®©

£¨¯®â¥§ë á«¥¤®¢ «®, çâ® ¥á«¨ y(t) | äã­ªæ¨ï, §­ ç¥­¨ï ª®â®à®©

¤ îâ ç¨á«® ¯ã¡«¨ª æ¨© ª ¬®¬¥­âã ¢à¥¬¥­¨ t, â® ®­  ¤®«�­  ã¤®-
¢«¥â¢®àïâì ãà ¢­¥­¨î (140) ¨ ¨¬¥âì ¢¨¤ (141). �ë«® § ¬¥ç¥­®

â ª�¥, çâ® ã¤¢®¥­¨¥ ç¨á«  ¯ã¡«¨ª æ¨© ¢ à §­ëå ®¡« áâïå ¯à®¨á-

å®¤¨â §  ®¤¨­ ª®¢ë© ¯à®¬¥�ãâ®ª ¢à¥¬¥­¨, ¯à¨¬¥à­® §  10 «¥â.

� ááç¨â âì §­ ç¥­¨¥ ¯ à ¬¥âà  a ¢ ä®à¬ã«¥ (141) (ln 2 ≈ 0.69) ¨
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¯®áâà®¨âì £à ä¨ª äã­ªæ¨¨ y = y(t). �® áª®«ìª® à § ã¢¥«¨ç¨âáï

ç¨á«® ¯ã¡«¨ª æ¨© §  5 «¥â ¨ §  20 «¥â?

133. �¥à¥§ áª®«ìª® «¥â ã¤¢®¨âáï 1 ¬«­ àã¡., åà ­ïé¨©áï ­ 

3%-®¬ ¢ª« ¤¥?

134. � á¥«¥­¨¥ £. �®áâ®¢ -­ -�®­ã ­  1 ï­¢ àï 1995 £. á®áâ -

¢¨«® 1 ¬«­ 23 âëá. ç¥«®¢¥ª. � ªãî ç¨á«¥­­®áâì £®à®¤  ¬®�­®

®�¨¤ âì ¢ 2000 £., ¥á«¨ £®¤®¢®© ¯à¨à®áâ §  1994 £®¤ á®áâ ¢¨« 0.22%?
135. �  1 ï­¢ àï 1995 £. ¢ � ¬ à¥ ­ áç¨âë¢ «®áì 1 ¬«­ 175 âëá.

�¨â¥«¥©,   ¢ �ä¥ | 1 ¬«­ 94 âëá. �®£¤  ¬®�­® ®�¨¤ âì ®¤¨­ -

ª®¢ãî ç¨á«¥­­®áâì �¨â¥«¥© íâ¨å £®à®¤®¢, ¥á«¨ ¢ � ¬ à¥ £®¤®¢®¥

ã¬¥­ìè¥­¨¥ ç¨á«¥­­®áâ¨ á®áâ ¢¨«® 0.83%,   ¢ �ä¥ | £®¤®¢®© ¯à¨-

à®áâ 0.22%?
136. �®áâ ¢¨âì § ª®­ à¥£ã«¨àã¥¬®£® à®áâ  ­ á¥«¥­¨ï, â. ¥. â -

ª®£®, çâ® ç¨á«¥­­®áâì ­ á¥«¥­¨ï P ­¥ ¯à¥¢®áå®¤¨â M .

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
25

� ª �¤®¬ ¢ à¨ ­â¥ à¥è¨âì § ¤ çã ¯à¨ ®¯à¥¤¥«¥­­ëå §­ ç¥­¨ïå

¯ à ¬¥âà®¢.

� à¨ ­âë N

◦
1 | 5.

�ª®à®áâì ¨§¬¥­¥­¨ï ª®­æ¥­âà æ¨¨ c(t) ­¥ª®â®à®£® ¢¥é¥áâ¢  ¢

¬®¬¥­â t à ¢­  2−t
, £¤¥ t | ¢à¥¬ï ¢ ç á å. � ©â¨ ª®­æ¥­âà æ¨î

¢¥é¥áâ¢  ¢ ¬®¬¥­â t = t
1

, ¥á«¨ ­ ç «ì­ ï ª®­æ¥­âà æ¨ï c
0

à ¢-

­  1 £/«.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

1 | t
1

= 3 ç;

2 | t
1

= 2 ç;

3 | t
1

= 1 ç;

4 | t
1

= 4 ç;

5 | t
1

= 5 ç.

� à¨ ­âë N

◦
6 | 9.

� á®áã¤, á®¤¥à� é¨© 10 « ¢®¤ë, á® áª®à®áâìî 2 «/¬¨­ ¯®áâã¯ ¥â

à áâ¢®à, ¢ ª �¤®¬ «¨âà¥ ª®â®à®£® á®¤¥à�¨âáï 0.3 ª£ á®«¨. �â®â

à áâ¢®à ¯¥à¥¬¥è¨¢ ¥âáï á ¢®¤®©, ¨ ­®¢ë© à áâ¢®à ¢ëâ¥ª ¥â ¨§ á®-

áã¤  á â®© �¥ áª®à®áâìî. � ©â¨, áª®«ìª® á®«¨ ¡ã¤¥â ¢ á®áã¤¥ ¯®

¨áâ¥ç¥­¨¨ ¢à¥¬¥­¨ t = t
1

.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

6 | t
1

= 10 ¬¨­;

7 | t
1

= 20 ¬¨­;
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8 | t
1

= 30 ¬¨­;

9 | t
1

= 40 ¬¨­.

� à¨ ­âë N

◦
10 | 13.

� ¡ ª¥ ­ å®¤¨âáï 100 « à áâ¢®à , á®¤¥à� é¥£® 10 ª£ á®«¨. � ¡ ª

á® áª®à®áâìî 5 «/¬¨­ ­¥¯à¥àë¢­® ¯®áâã¯ ¥â ¢®¤ , ¯¥à¥¬¥è¨¢ î-

é ïáï á à áâ¢®à®¬. Ǳ®«ãç¥­­ë© ­®¢ë© à áâ¢®à ¢ëâ¥ª ¥â ¨§ ¡ ª 

á â®© �¥ áª®à®áâìî. � ©â¨, áª®«ìª® á®«¨ ®áâ ­¥âáï ¢ ¡ ª¥ ¯® ¨á-

â¥ç¥­¨¨ ¢à¥¬¥­¨ t = t
1

.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

10 | t
1

= 1 ç;

11 | t
1

= 2 ç;

12 | t
1

= 3 ç;

13 | t
1

= 4 ç.

� à¨ ­âë N

◦
14 | 16.

� à¥§¥à¢ã à¥ ­ å®¤¨âáï 100 « à áâ¢®à , á®¤¥à� é¥£® 10 ª£ á®«¨.

� à¥§¥à¢ã à ¢«¨¢ ¥âáï ¢®¤  á® áª®à®áâìî 3 «/¬¨­, ¨ ¢ à¥§ã«ìâ â¥

âé â¥«ì­®£® ¯¥à¥¬¥è¨¢ ­¨ï ¯®«ãç ¥âáï ­®¢ë© à áâ¢®à, ª®â®àë©

¢ëâ¥ª ¥â ¨§ à¥§¥à¢ã à  á® áª®à®áâìî 2 «/¬¨­. � ©â¨, áª®«ìª®

á®«¨ ®áâ ­¥âáï ¢ à¥§¥à¢ã à¥ ¯® ¨áâ¥ç¥­¨¨ ¢à¥¬¥­¨ t = t
1

.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

14 | t
1

= 1 ç;

15 | t
1

= 2 ç;

16 | t
1

= 3 ç.

� à¨ ­âë N

◦
17, 18.

� à¥§¥à¢ã à¥ ¢¬¥áâ¨¬®áâìî 100 « ­ å®¤¨âáï à áâ¢®à, á®¤¥à� -

é¨© 10 ª£ á®«¨. � à¥§¥à¢ã à ¢«¨¢ ¥âáï ¢®¤  á® áª®à®áâìî 3 «/¬¨­,

¨ ¢ à¥§ã«ìâ â¥ âé â¥«ì­®£® ¯¥à¥¬¥è¨¢ ­¨ï ¯®«ãç ¥âáï ­®¢ë© à á-

â¢®à, ª®â®àë© ¢ëâ¥ª ¥â ¨§ à¥§¥à¢ã à  á â ª®© �¥ áª®à®áâìî. � ©-

â¨, áª®«ìª® á®«¨ ®áâ ­¥âáï ¢ à¥§¥à¢ã à¥ ¯® ¨áâ¥ç¥­¨¨ ¢à¥¬¥­¨

t = t
1

.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

17 | t
1

= 5 ç;

18 | t
1

= 6 ç.

� à¨ ­â N

◦
19.

�¥ª®â®à®¥ ¢¥é¥áâ¢®, ­ ç «ì­ ï ª®­æ¥­âà æ¨ï ª®â®à®£® à ¢-

­  c
0

, ¢áâã¯ ¥â ¢ å¨¬¨ç¥áªãî à¥ ªæ¨î. �® ¢à¥¬¥­¥¬ ª®­æ¥­âà æ¨ï

íâ®£® ¢¥é¥áâ¢  ã¡ë¢ ¥â; ®¡®§­ ç¨¬ ç¥à¥§ c(t) ¥£® ª®­æ¥­âà æ¨î ¢

¬®¬¥­â t, ®âáç¨âë¢ ¥¬ë© ®â ­ ç «  à¥ ªæ¨¨. �ª®à®áâì ¨§¬¥­¥­¨ï
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ª®­æ¥­âà æ¨¨ ¯à®¯®àæ¨®­ «ì­  c(t). � ©â¨ § ¢¨á¨¬®áâì ª®­æ¥­-

âà æ¨¨ c(t) ¢¥é¥áâ¢  ®â ¢à¥¬¥­¨.

� à¨ ­âë N

◦
20, 21.

� ¤ ç  ® à á¯ ¤¥ à ¤¨ï. �ª®à®áâì à á¯ ¤  à ¤¨ï ¯à®¯®àæ¨-

®­ «ì­  ¥£® ¬ áá¥. � ©â¨ § ª®­ à á¯ ¤  à ¤¨ï, ¥á«¨ ¨§¢¥áâ­  ¥£®

¯¥à¢®­ ç «ì­ ï ¬ áá  m
0

¨ ¯¥à¨®¤ ¯®«ãà á¯ ¤  T , â. ¥. ¢à¥¬ï,

¢ â¥ç¥­¨¥ ª®â®à®£® à á¯ ¤ ¥âáï ¯®«®¢¨­  ¯¥à¢®­ ç «ì­®© ¬ ááë

à ¤¨ï. � ©â¨, ª ª®© ¯à®æ¥­â ¯¥à¢®­ ç «ì­®© ¬ ááë à ¤¨ï à á¯ -

¤¥âáï ¯® ¨áâ¥ç¥­¨¨ ¢à¥¬¥­¨ t = t
1

, ¥á«¨ T = 1590 «¥â.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

20 | t
1

= 100 «¥â;

21 | t
1

= 200 «¥â.

� à¨ ­â N

◦
22.

�ª®à®áâì à á¯ ¤  ­¥ª®â®à®£® à ¤¨® ªâ¨¢­®£® ¢¥é¥áâ¢  ¯à®¯®à-

æ¨®­ «ì­  ¥£® ¬ áá¥. �  30 ¤­¥© à á¯ «®áì 25% ¯¥à¢®­ ç «ì­®©

¬ ááë m
0

íâ®£® ¢¥é¥áâ¢ . � ©â¨: 1) § ª®­ à á¯ ¤  ¢¥é¥áâ¢ ;

2) ¢à¥¬ï T , ¢ â¥ç¥­¨¥ ª®â®à®£® ¯¥à¢®­ ç «ì­ ï ¬ áá  ¢¥é¥áâ¢ 

ã¬¥­ìè¨âáï ¢¤¢®¥; 3) ç¥à¥§ áª®«ìª® ¢à¥¬¥­¨ ®áâ ­¥âáï 1% ¯¥à¢®-

­ ç «ì­®© ¬ ááë ¢¥é¥áâ¢ .

� à¨ ­â N

◦
23.

�¥ª®â®à®¥ à ¤¨® ªâ¨¢­®¥ ¢¥é¥áâ¢® á ¨§¢¥áâ­®© ¯¥à¢®­ ç «ì­®©

¬ áá®© m
0

¨¬¥¥â ¯¥à¨®¤ ¯®«ãà á¯ ¤  100 ¤­¥© (¯¥à¨®¤ ¯®«ãà á¯ -

¤  | ¢à¥¬ï, ¢ â¥ç¥­¨¥ ª®â®à®£® à á¯ ¤¥âáï ¯®«®¢¨­  ¯¥à¢®­ ç «ì-

­®© ¬ ááë). �ª®à®áâì à á¯ ¤  íâ®£® ¢¥é¥áâ¢  ¢ ª �¤ë© ¬®¬¥­â t
¯à®¯®àæ¨®­ «ì­  ¥£® ¬ áá¥ ¢ íâ®â ¬®¬¥­â (ª®íää¨æ¨¥­â ¯à®¯®à-

æ¨®­ «ì­®áâ¨ k ­ §ë¢ ¥âáï ª®­áâ ­â®© áª®à®áâ¨ à á¯ ¤ ). � ©â¨
§ ª®­ à á¯ ¤  ¢¥é¥áâ¢  ¨ §­ ç¥­¨¥ ª®­áâ ­âë áª®à®áâ¨ à á¯ ¤ .

� à¨ ­â N

◦
24.

�ªâ¨¢­®áâì ­¥ª®â®à®£® à ¤¨® ªâ¨¢­®£® ®â«®�¥­¨ï ¯à®¯®àæ¨®-

­ «ì­  áª®à®áâ¨ á¢®¥£® ã¬¥­ìè¥­¨ï. � ©â¨ § ¢¨á¨¬®áâì íâ®©  ª-

â¨¢­®áâ¨ ®â ¢à¥¬¥­¨, ¥á«¨ ¨§¢¥áâ­®, çâ® ¢ â¥ç¥­¨¥ ç¥âëà¥å ¤­¥©

®­  ã¬¥­ìè¨« áì ¢¤¢®¥.

� ª   §   ­ ¨ ¥. �¡®§­ ç¨¬ ç¥à¥§ I(t)  ªâ¨¢­®áâì à ¤¨® ªâ¨¢­®£®
®â«®�¥­¨ï ¢ ¬®¬¥­â t, ®âáç¨âë¢ ¥¬ë© ®â ­ ç «  ¯à®æ¥áá . � ­ -

ç «ì­ë© ¬®¬¥­â t = 0 ¯ãáâì I(0) = I
0

. �ª®à®áâì ã¬¥­ìè¥­¨ï íâ®©

 ªâ¨¢­®áâ¨

dI
dt ¯à®¯®àæ¨®­ «ì­  I(t):

dI

dt
= kI, (184)
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£¤¥ k < 0 | ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨. �à ¢­¥­¨¥ (184)

¥áâì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥, ®¯¨áë¢ îé¥¥ ¯à®æ¥áá ¨§¬¥­¥-

­¨ï á® ¢à¥¬¥­¥¬  ªâ¨¢­®áâ¨ à ¤¨® ªâ¨¢­®£® ®â«®�¥­¨ï.

� à¨ ­â N

◦
25.

Ǳ¥à¨®¤ ¯®«ãà á¯ ¤  à ¤¨ï 1590 «¥â (¯¥à¨®¤ ¯®«ãà á¯ ¤ | ¢à¥-

¬ï, ¢ â¥ç¥­¨¥ ª®â®à®£® à á¯ ¤¥âáï ¯®«®¢¨­  ¯¥à¢®­ ç «ì­®© ¬ á-

áë). � ­ áâ®ïé¥¥ ¢à¥¬ï ¨¬¥¥âáï m
0

= 500 ¬£ à ¤¨ï. �ª®à®áâì

¥£® à á¯ ¤  ¯à®¯®àæ¨®­ «ì­  ¥£® ¬ áá¥. � ©â¨, ª ª®¥ ª®«¨ç¥áâ¢®

à ¤¨ï ®áâ ­¥âáï ç¥à¥§ 250 «¥â.

� à¨ ­â N

◦
26.

�¥é¥áâ¢® A ¯à¥¢à é ¥âáï ¢ ¢¥é¥áâ¢® B. �¯ãáâï 1 ç ¯®á«¥ ­ -

ç «  à¥ ªæ¨¨ ®áâ «®áì 44.8 £ ¢¥é¥áâ¢  A,   ¯®á«¥ 3 ç | 11.2 £

¢¥é¥áâ¢ . �¯à¥¤¥«¨âì ¯¥à¢®­ ç «ì­®¥ ª®«¨ç¥áâ¢® a ¢¥é¥áâ¢  A ¨

¢à¥¬ï, ª®£¤  ®áâ ­¥âáï

1

64

ç áâì íâ®£® ¢¥é¥áâ¢ .

� ª   §   ­ ¨ ¥. �¡®§­ ç¨¬ x ¬ ááã ¢¥é¥áâ¢  A, ¢áâã¯¨¢è¥£®

¢ à¥ ªæ¨î ª ¬®¬¥­âã t, ®âáç¨âë¢ ¥¬®¬ã ®â ­ ç «  à¥ ªæ¨¨. �ª®-
à®áâì ¨§¬¥­¥­¨ï x(t) á® ¢à¥¬¥­¥¬ t, â. ¥. dx

dt , ¯à®¯®àæ¨®­ «ì­ 

®áâ ¢è¥©áï ¬ áá¥ ¢¥é¥áâ¢  A ª íâ®¬ã ¬®¬¥­âã,   ¨¬¥­­®,

dx

dt
= k(a− x), (185)

£¤¥ k|ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨ (ª®­áâ ­â  áª®à®áâ¨ à¥-

 ªæ¨¨). �à ¢­¥­¨¥ (185) ¥áâì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥, ®¯¨-

áë¢ îé¥¥ ¯à®æ¥áá ¨§¬¥­¥­¨ï ¬ ááë ¢¥é¥áâ¢  A, ¢áâã¯¨¢è¥£® ¢

à¥ ªæ¨î.

� à¨ ­â N

◦
27, 28.

�¥é¥áâ¢® Y ®¡à §ã¥âáï ¢ à¥§ã«ìâ â¥ å¨¬¨ç¥áª®© à¥ ªæ¨¨ ¬¥-

�¤ã ¢¥é¥áâ¢ ¬¨ A ¨ B. � íâ®© à¥ ªæ¨¨ ®¤¨­ £à ¬¬ ¢¥é¥áâ¢  Y

¢®§­¨ª ¥â ¯à¨ á®¥¤¨­¥­¨¨ p £à ¬¬®¢ ¢¥é¥áâ¢  A ¨ q = 1− p £à ¬-
¬®¢ ¢¥é¥áâ¢  B. �ª®à®áâì ®¡à §®¢ ­¨ï Y ¢ «î¡®© ¬®¬¥­â t à ¢­ 
¯à®¨§¢¥¤¥­¨î ¬ áá A ¨ B, ­¥ ¢áâã¯¨¢è¨å ¥é¥ ª íâ®¬ã ¬®¬¥­âã ¢

à¥ ªæ¨î. Ǳ®ª § âì, çâ® ¥á«¨ ¢ ¬®¬¥­â t = 0 á®¥¤¨­¨âì a £à ¬-

¬®¢ A ¨ b £à ¬¬®¢ B, â® ¬ áá  x(t) ¢¥é¥áâ¢  Y ¯à¨ t > 0 ¡ã¤¥â

ã¤®¢«¥â¢®àïâì ãà ¢­¥­¨î

dx

dt
= (a− px)(b− qx).

� à¨ ­â N

◦
27. � ©â¨ § ª®­ ¨§¬¥­¥­¨ï ¬ ááë x(t) ¢¥é¥áâ¢  Y ¢

§ ¢¨á¨¬®áâ¨ ®â ¢à¥¬¥­¨ t, ¥á«¨ ª ­ ç «ã à¥ ªæ¨¨ (â. ¥. ¢ ¬®¬¥­â

t = 0) x = 0.
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� à¨ ­â N

◦
28. � ª®¢  ­ ¨¡®«ìè ï ¬ áá  ¢¥é¥áâ¢  Y, ¢®§­¨ª -

îé ï ¢ à¥§ã«ìâ â¥ íâ®£® íªá¯¥à¨¬¥­â , ¯à¨ ãá«®¢¨¨, çâ®

a
p >

b
q .

� à¨ ­â N

◦
29.

�¥à áâ¢®à¨¬®¥ ¢¥é¥áâ¢® á®¤¥à�¨â ¢ á¢®¨å ¯®à å 20 ª£ à áâ¢®à¨-

¬®© á®«¨. Ǳ®¤¢¥à£­ã¢ ¥£® ¤¥©áâ¢¨î 80 « ¢®¤ë, ãáâ ­®¢¨«¨, çâ® ç¥-

à¥§ 1 ç à áâ¢®à¨« áì ¯®«®¢¨­  á®¤¥à� ¢è¥©áï ¢ ­¥¬ á®«¨. �ç¨â ï

ª®­æ¥­âà æ¨î ­ áëé¥­­®£® à áâ¢®à  á®«¨ à ¢­®© 0.3 ª£/«, ­ ©â¨,
áª®«ìª® á®«¨ à áâ¢®à¨âáï ¢ â¥ç¥­¨¨ â®£® �¥ ¢à¥¬¥­¨, ¥á«¨ ®¡ê¥¬

¢®¤ë ã¤¢®¨âì.

� ª   §   ­ ¨ ¥. �á¯®«ì§®¢ âì å¨¬¨ç¥áª¨© § ª®­ à áâ¢®à¥­¨ï

â¢¥à¤®£® ¢¥é¥áâ¢  ¢ �¨¤ª®áâ¨: áª®à®áâì à áâ¢®à¥­¨ï ¯à¨ ¯®áâ®-

ï­­®© â¥¬¯¥à âãà¥ ¯à®¯®àæ¨®­ «ì­  ¬ áá¥ ­¥à áâ¢®à¥­­®£® ¢¥é¥-

áâ¢  ¨ à §­®áâ¨ ¬¥�¤ã ª®­æ¥­âà æ¨¥© c ­ áëé¥­­®£® à áâ¢®à  ¨

ª®­æ¥­âà æ¨¥© à áâ¢®à  ¢ ¤ ­­ë© ¬®¬¥­â, â. ¥.

dm

dt
= −km

(

c− m
0

−m

V

)

,

£¤¥ m = m(t) | ¬ áá  ­¥à áâ¢®à¥­­®£® ¢¥é¥áâ¢  ¢ ¬®¬¥­â t,
m

0

| ¯¥à¢®­ ç «ì­ ï ¬ áá  ¢¥é¥áâ¢ , V | ®¡ê¥¬ à áâ¢®à¨â¥-

«ï, k > 0 | ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨. �­ ª ¬¨­ãá ¢§ïâ

¯®â®¬ã, çâ® ¬ áá  ­¥à áâ¢®à¥­­®£® ¢¥é¥áâ¢  ã¡ë¢ ¥â á â¥ç¥­¨¥¬

¢à¥¬¥­¨,   á«¥¤®¢ â¥«ì­®,

dm
dt < 0 .

� à¨ ­â N

◦
30.

�¥à áâ¢®à¨¬®¥ ¢¥é¥áâ¢®, á®¤¥à� é¥¥ ¢ á¢®¨å ¯®à å 2 ª£ à áâ¢®-

à¨¬®© á®«¨, ¯®¤¢¥à£ ¥âáï ¤¥©áâ¢¨î 30 « ¢®¤ë. �¥à¥§ 5 ¬¨­ 1 ª£

á®«¨ à áâ¢®àï¥âáï. � ©â¨, ç¥à¥§ áª®«ìª® ¢à¥¬¥­¨ à áâ¢®à¨âáï

99% ¯¥à¢®­ ç «ì­®© ¬ ááë á®«¨, ¥á«¨ ª®­æ¥­âà æ¨ï ­ áëé¥­­®£®

à áâ¢®à  á®«¨ à ¢­  0.3 ª£/«.
� ª   §   ­ ¨ ¥. �¬. ãª § ­¨¥ ª ¢ à¨ ­âã N

◦
29.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
26

� ª �¤®¬ ¢ à¨ ­â¥ à¥è¨âì § ¤ çã ¯à¨ ®¯à¥¤¥«¥­­ëå §­ ç¥­¨ïå

¯ à ¬¥âà®¢.

� à¨ ­âë N

◦
1 | 5.

�ª®à®áâì à §¬­®�¥­¨ï ¡ ªâ¥à¨© ¢ ¯¨â â¥«ì­®© áà¥¤¥ ¯à®¯®à-

æ¨®­ «ì­  ¨å ª®«¨ç¥áâ¢ã. � ­ ç «ì­ë© ¬®¬¥­â t = 0 ¨¬¥«®áì n
0

¡ ªâ¥à¨©,   ¢ â¥ç¥­¨¥ ¢à¥¬¥­¨ t = t
1

¨å ª®«¨ç¥áâ¢® n(t) ã¢¥«¨ç¨-
«®áì ¢ m à §. � ©â¨ § ¢¨á¨¬®áâì ª®«¨ç¥áâ¢  ¡ ªâ¥à¨© ®â ¢à¥¬¥­¨.
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�® áª®«ìª® à § ã¢¥«¨ç¨âáï ª®«¨ç¥áâ¢® ¡ ªâ¥à¨© ¢ â¥ç¥­¨¥ ¢à¥¬¥­¨

t = t
2

?

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

1 | n
0

= 100, t
1

= 3 ç, m = 2, t
2

= 9 ç;

2 | n
0

= 200, t
1

= 5 ç, m = 3, t
2

= 10 ç;

3 | n
0

= 300, t
1

= 6 ç, m = 4, t
2

= 8 ç;

4 | n
0

= 400, t
1

= 7 ç, m = 2.5, t
2

= 12 ç;

5 | n
0

= 500, t
1

= 2 ç, m = 1.5, t
2

= 4 ç;

� à¨ ­âë N

◦
6 | 8.

�à®��¨ ¢ à áâ¢®à¥ á å à  à áâãâ â ª¨¬ ®¡à §®¬, çâ® ¨å ¬ áá 

ã¢¥«¨ç¨¢ ¥âáï á® áª®à®áâìî 1.03t ln 1.03, £¤¥ t | ¢à¥¬ï ¢ ç á å.

Ǳãáâì ­ ç «ì­ ï ¬ áá  ¤à®��¥© à ¢­  1 £. �®áâ ¢¨âì ¬ â¥¬ -

â¨ç¥áªãî ¬®¤¥«ì ¯à®æ¥áá  ¨ ­ ©â¨ ¬ ááã ¤à®��¥© ¯® ¨áâ¥ç¥­¨¨

¢à¥¬¥­¨ t = t
1

.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

6 | t
1

= 0.1 ç;

7 | t
1

= 0.2 ç;

8 | t
1

= 0.3 ç.
� à¨ ­âë N

◦
9 | 11.

�ª®à®áâì à®áâ  ¯®¯ã«ïæ¨¨ ­ á¥ª®¬ëå ¢ ¬®¬¥­â ¢à¥¬¥­¨ t (¢à¥-
¬ï ¢ëà �¥­® ¢ ¤­ïå) § ¤ ¥âáï ¢¥«¨ç¨­®©

9000

(1+t)2 . �®áâ ¢¨âì ¬ -

â¥¬ â¨ç¥áªãî ¬®¤¥«ì ¯à®æ¥áá . � ©â¨ ç¨á«¥­­®áâì ¯®¯ã«ïæ¨¨

­ á¥ª®¬ëå ¢ ¬®¬¥­â t = t
1

, ¥á«¨ ­ ç «ì­ ï ¯®¯ã«ïæ¨ï á®áâ®ï« 

¨§ 1000 ­ á¥ª®¬ëå.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

9 | t
1

= 1 ¤¥­ì;

10 | t
1

= 2 ¤­ï;

11 | t
1

= 3 ¤­ï.

� à¨ ­âë N

◦
12 | 14.

�ª®à®áâì à®áâ  ¯®¯ã«ïæ¨¨ ¡ ªâ¥à¨© ¢ ¬®¬¥­â ¢à¥¬¥­¨ t à ¢­ 
(10000 − 2000t), £¤¥ t | ¢à¥¬ï ¢ ç á å. � ­ ç «ì­ë© ¬®¬¥­â ç¨-

á«¥­­®áâì ¯®¯ã«ïæ¨¨ à ¢­  10

6

. � ©â¨ ç¨á«¥­­®áâì ¯®¯ã«ïæ¨¨ ¯®

¨áâ¥ç¥­¨¨ ¢à¥¬¥­¨ t = t
1

.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

12 | t
1

= 1 ç;

13 | t
1

= 5 ç;

14 | t
1

= 10 ç.

� à¨ ­âë N

◦
15, 16.
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� ¯¨â â¥«ì­ãî áà¥¤ã ¢­®áïâ ¯®¯ã«ïæ¨î ¨§ 1000 ¡ ªâ¥à¨©. �¨-

á«¥­­®áâì ¯®¯ã«ïæ¨¨ ¢®§à áâ ¥â á® áª®à®áâìî

1000

100 + 3t2

(100 + t2)
2

,

£¤¥ t | ¢à¥¬ï ¢ ç á å. � ©â¨ à §¬¥à íâ®© ¯®¯ã«ïæ¨¨

 ) ¢ ¬®¬¥­â t = t
1

;

¡) ¬ ªá¨¬ «ì­ë©.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

15 | t
1

= 1 ç;

16 | t
1

= 2 ç.

� à¨ ­âë N

◦
17 | 19.

� ªã«ìâãà¥ ¯¨¢­ëå ¤à®��¥© ¡ëáâà®â  ¯à¨à®áâ  ¤¥©áâ¢ãîé¥£®

ä¥à¬¥­â  ¯à®¯®àæ¨®­ «ì­  ¥£® ¬ áá¥. � ©â¨, ¢® áª®«ìª® à § ã¢¥-

«¨ç¨âáï íâ  ¬ áá  ¢ â¥ç¥­¨¥ ¢à¥¬¥­¨ t = t
1

, ¥á«¨ ®­  ã¤¢ ¨¢ ¥âáï

¢ â¥ç¥­¨¥ ®¤­®£® ç á .

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

17 | t
1

= 2 ç;

18 | t
1

= 2

1

2

ç;

19 | t
1

= 3 ç.

� ª   §   ­ ¨ ¥. Ǳà¨¬¥¬ §   à£ã¬¥­â ¢à¥¬ï t,   §  ¨áª®¬ãî

äã­ªæ¨î N(t) | ¬ ááã ¤¥©áâ¢ãîé¥£® ä¥à¬¥­â  ¢ ¬®¬¥­â ¢à¥¬¥-

­¨ t. Ǳãáâì N(0) = N
0

. �ëáâà®â  ¯à¨à®áâ  ¤¥©áâ¢ãîé¥£® ä¥à-

¬¥­â  ¯à¥¤áâ ¢«ï¥â á®¡®© áª®à®áâì ¨§¬¥­¥­¨ï äã­ªæ¨¨ N = N(t)
á® ¢à¥¬¥­¥¬ t. � ¤àã£®© áâ®à®­ë, ¯® ãá«®¢¨î § ¤ ç¨ áª®à®áâì

¨§¬¥­¥­¨ï N(t), â. ¥. dN
dt , ¯à®¯®àæ¨®­ «ì­  ¬ áá¥ ¤¥©áâ¢ãîé¥£®

ä¥à¬¥­â ,   ¨¬¥­­®,

dN

dt
= kN,

£¤¥ k > 0 | ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨. � ª¨¬ á¯®á®¡®¬

¯®«ãç ¥âáï ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥, ®¯¨áë¢ îé¥¥ ¯à®æ¥áá.

� à¨ ­â N

◦
20.

Ǳ®¯ã«ïæ¨ï �¨¢®â­ëå ®¡¨â ¥â ¢ ¡« £®¯à¨ïâ­ëå ãá«®¢¨ïå (¤®-

áâ â®ç­ë¥ à¥áãàáë ¯¨â ­¨ï, ­¥®£à ­¨ç¥­­ ï â¥àà¨â®à¨ï ¯®á¥«¥-

­¨ï, ®âáãâáâ¢¨¥ ¯®¤ ¢«¥­¨ï ¤àã£¨¬¨ ¢¨¤ ¬¨ ¨ ç¥«®¢¥ª®¬). �ã¤¥¬

áç¨â âì, çâ® ¯à¨ íâ¨å ãá«®¢¨ïå ç¨á«¥­­®áâì �¨¢®â­ëå ­¥¯à¥àë¢­®

ã¢¥«¨ç¨¢ ¥âáï á® áª®à®áâìî, ¯à®¯®àæ¨®­ «ì­®© ç¨á«ã ®á®¡¥© (ª®-

íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨ k > 0 ­ §ë¢ ¥âáï ª®íää¨æ¨¥­â®¬
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¥áâ¥áâ¢¥­­®£® ¯à¨à®áâ  ç¨á«¥­­®áâ¨ �¨¢®â­ëå). Ǳãáâì x(t) | ç¨-

á«¥­­®áâì �¨¢®â­ëå ¢ ¬®¬¥­â t, x(0) = x
0

, £¤¥ t = 0 | ¢à¥¬ï

­ ç «  ­ ¡«î¤¥­¨ï §  ¯®¯ã«ïæ¨¥©, x(0) | ç¨á«® �¨¢®â­ëå ¢ ¯®-

¯ã«ïæ¨¨ ¢ ­ ç «ì­ë© ¬®¬¥­â t = 0. �¨á«¥­­®áâì íâ®© ¯®¯ã«ï-

æ¨¨ x(t) ã¤¢ ¨¢ ¥âáï ¢ â¥ç¥­¨¥ 50 ¤­¥©. � ©â¨ § ª®­ ¨§¬¥­¥­¨ï

ç¨á«¥­­®áâ¨ ¯®¯ã«ïæ¨¨. �¥à¥§ áª®«ìª® ¤­¥© ¥¥ ç¨á«¥­­®áâì ãâà®-

¨âáï?

� à¨ ­â N

◦
21.

�¯à¥¤¥«¨âì à ¢­®¢¥á­ë© à §¬¥à ¯®¯ã«ïæ¨¨, ¥á«¨ ­  1000 ®á®-

¡¥© ¢ ¥¤¨­¨æã ¢à¥¬¥­¨ 100 ®á®¡¥© à®�¤ ¥âáï,   £¨¡­¥â ®¤­ . Ǳà¥¤-

¯®« £ ¥âáï ¯à¨ íâ®¬, çâ® ­ ç «ì­ ï ç¨á«¥­­®áâì ¯®¯ã«ïæ¨¨ à ¢-

­  10 ®á®¡ï¬. Ǳ®áâà®¨âì £à ä¨ª «®£¨áâ¨ç¥áª®© ªà¨¢®©.

� à¨ ­â N

◦
22.

�«ï ¯®¯ã«ïæ¨¨ x(t), ¨§¬¥­ïîé¥©áï á®£« á­® ãà ¢­¥­¨î «®£¨-

áâ¨ç¥áª®£® à®áâ , ¤®ª § âì, çâ® áª®à®áâì à®áâ  ¬ ªá¨¬ «ì­  â®£¤ ,

ª®£¤  ¯®¯ã«ïæ¨ï ¤®áâ¨£ ¥â ç¨á«¥­­®áâ¨, à ¢­®© ¯®«®¢¨­¥ à ¢­®-

¢¥á­®£® §­ ç¥­¨ï.

� à¨ ­â N

◦
23.

Ǳ®¯ã«ïæ¨ï ¡ ªâ¥à¨© ¢®§à áâ ¥â ®â ­ ç «ì­®£® à §¬¥à 

¢ 100 ¥¤¨­¨æ ¤® à ¢­®¢¥á­®£® à §¬¥à  ¢ 100000 ¥¤¨­¨æ. Ǳà¥¤¯®« -

£ ¥âáï, çâ® ¢ â¥ç¥­¨¥ ¯¥à¢®£® ç á  ®­  ã¢¥«¨ç¨« áì ¤® 120 ¥¤¨­¨æ.

�ç¨â ï, çâ® à®áâ ¯®¯ã«ïæ¨¨ ¯®¤ç¨­ï¥âáï «®£¨áâ¨ç¥áª®¬ã ãà ¢­¥-

­¨î, ®¯à¥¤¥«¨âì ¥¥ à §¬¥à ¢ ¬®¬¥­â t.

� à¨ ­â N

◦
24.

�®áâ, ¢ë�¨¢ ­¨¥ ¨ ¤¥«¥­¨¥ ª«¥â®ª ®¯à¥¤¥«ïîâáï ¯®â®ª®¬ ¯¨-

â â¥«ì­ëå ¢¥é¥áâ¢ ç¥à¥§ ®¡®«®çªã ª«¥âª¨. �â® ®§­ ç ¥â, çâ® ­ 

à ­­¨å áâ ¤¨ïå ª«¥â®ç­®£® à®áâ  ã¢¥«¨ç¥­¨¥ ¬ ááë ª«¥âª¨ ¢ ¬®-

¬¥­â ¢à¥¬¥­¨ t ¯à®¯®àæ¨®­ «ì­® ª¢ ¤à âã à ¤¨ãá  ª«¥âª¨,   ¬ á-
á  ª«¥âª¨ ¯à®¯®àæ¨®­ «ì­  ¥£® ªã¡ã. �ë¢¥áâ¨ ¤¨ää¥à¥­æ¨ «ì­®¥

ãà ¢­¥­¨¥, ®¯¨áë¢ îé¥¥ ¨§¬¥­¥­¨¥ ¬ ááë ª«¥âª¨ ¢ § ¢¨á¨¬®áâ¨

®â ¢à¥¬¥­¨ t, ¥á«¨ ­ ç «ì­ ï ¬ áá  ª«¥âª¨ à ¢­  a.

� à¨ ­âë N

◦
25 | 30.

Ǳà®¨­â¥£à¨à®¢ âì ¬®¤¨ä¨æ¨à®¢ ­­®¥ «®£¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

dx

dt
= x(β − δx)

(

1− m

x

)

.

Ǳ®áâà®¨âì £à ä¨ª¨ x(t) ¤«ï t > 0 ¯à¨ x(0) = 20 ¨ x(0) = 5.
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�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

25 | β = 100, δ = 1, m = 10;

26 | β = 50, δ = 2, m = 10;

27 | β = 100, δ = 2, m = 10;

28 | β = 50, δ = 1, m = 10;

29 | β = 200, δ = 4, m = 10;

30 | β = 200, δ = 2, m = 10.

§17. � ¤ ç¨ ¨§ ¬¥å ­¨ª¨, ¯à¨¢®¤ïé¨¥ ª

¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¢ëáè¨å ¯®àï¤ª®¢

Ǳ®áâà®¥­¨¥ ¬ â¥¬ â¨ç¥áª¨å ¬®¤¥«¥© ¬­®£¨å ¬¥å ­¨ç¥áª¨å ¯à®-

æ¥áá®¢, ­ ¯à¨¬¥à ¤¢¨�¥­¨ï ¬ â¥à¨ «ì­®© â®çª¨, ª®«¥¡ ­¨© ã¯àã-

£¨å á¨áâ¥¬, ¯à®å®�¤¥­¨ï â®ª  ç¥à¥§ í«¥ªâà¨ç¥áª¨¥ æ¥¯¨ ¨ ¤à., ¯à¨-

¢®¤¨â ª ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬ ¢ëáè¨å ¯®àï¤ª®¢.

� íâ®¬ ¯ à £à ä¥ à áá¬ âà¨¢ îâáï § ¤ ç¨ ® ¯àï¬®«¨­¥©­®¬

¤¢¨�¥­¨¨ ¬ â¥à¨ «ì­®© â®çª¨ á ¬ áá®© m ¯®¤ ¤¥©áâ¢¨¥¬ á¨«ë F.

� ª ª ª ¤¢¨�¥­¨¥ ¯àï¬®«¨­¥©­®¥, â® ¢ ¤ «ì­¥©è¥¬ ¡ã¤ãâ ¨á¯®«ì-

§®¢ âìáï â®«ìª® ¯à®¥ªæ¨¨ á¨«ë F, áª®à®áâ¨ v, ãáª®à¥­¨ï a ¨ ¢¥ª-

â®à  ¯ãâ¨ s ­  ®áì, ¢¤®«ì ª®â®à®© ¯à®¨áå®¤¨â ¤¢¨�¥­¨¥. �â¨ ¯à®-

¥ªæ¨¨ ¡ã¤ãâ ®¡®§­ ç âìáï á®®â¢¥âáâ¢¥­­® F , v, a ¨ s. �«ï à¥è¥­¨ï
â ª¨å § ¤ ç ¨á¯®«ì§ã¥âáï ¢â®à®© § ª®­ �ìîâ®­ :

F = ma, (186)

£¤¥ a|ãáª®à¥­¨¥ ¬ â¥à¨ «ì­®© â®çª¨. �­® ¬®�¥â ¡ëâì ¢ëà �¥­®

ç¥à¥§ áª®à®áâì v =

ds
dt ¨«¨ ª®®à¤¨­ âã s ¤¢¨�ãé¥©áï â®çª¨ ¯®

ä®à¬ã«¥

a =
dv

dt
=

d2s

dt2
.

�ã¤¥¬ áç¨â âì, çâ® ¨§¢¥áâ¥­ § ª®­ F = F (t, s, v). � ª¨¬ ®¡à -

§®¬, ¢ëà �¥­¨¥ (186) ¥áâì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢â®à®£®

¯®àï¤ª  ®â­®á¨â¥«ì­® ª®®à¤¨­ âë ¬ â¥à¨ «ì­®© â®çª¨ s:

F

(

t, s,
ds

dt

)

= m
d2s

dt2
. (187)

� ­¥ª®â®àëå § ¤ ç å F ¬®�¥â ­¥ § ¢¨á¥âì ®â s. � íâ¨å á«ã-

ç ïå ¢ëà �¥­¨¥ (186), ¯®-¯à¥�­¥¬ã ï¢«ïîé¥¥áï ¤¨ää¥à¥­æ¨ «ì-

­ë¬ ãà ¢­¥­¨¥¬ ¢â®à®£® ¯®àï¤ª , ¬®�¥â ¡ëâì § ¯¨á ­® ¢ ¢¨¤¥ â -

ª¨å ¤¢ãå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª , à¥è¥­¨¥
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ª®â®àëå ¬®�¥â ¡ëâì ­ ©¤¥­® ¨å ¯®á«¥¤®¢ â¥«ì­ë¬ ¨­â¥£à¨à®¢ -

­¨¥¬:











F (t, v) = m
dv

dt
.

ds

dt
= v.

(188)

�á«¨ ¯® ª ª®©-â® ¯à¨ç¨­¥ ¢ â ª®© § ¤ ç¥ ­¥ ­ã�­® ¨áª âì ª®®à¤¨-

­ âã s, â® § ¤ ç  á¢®¤¨âáï ª ®¤­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢­¥-

­¨î ¯¥à¢®£® ¯®àï¤ª .

�¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢á¥å § ¤ ç íâ®£® ¯ à £à ä  ¤®-

¯ãáª îâ ¯®­¨�¥­¨¥ ¯®àï¤ª  ¨ ¯®«ãç¥­¨¥ à¥è¥­¨ï ¢ ª¢ ¤à âãà å.

Ǳà¨¬¥à 69. � â¥à¨ «ì­ ï â®çª  á ¬ áá®© m ¨ ­ ç «ì­®© áª®-

à®áâìî v
0

¤¢¨�¥âáï ¯àï¬®«¨­¥©­®. �  ­¥¥ ¤¥©áâ¢ã¥â á¨«  á®¯à®-

â¨¢«¥­¨ï F = −k 3

√
v (k | ¯®áâ®ï­­ë© ª®íää¨æ¨¥­â, k > 0). �¯à¥-

¤¥«¨âì ¢à¥¬ï t
1

®â ­ ç «  ¥¥ ¤¢¨�¥­¨ï ¤® ®áâ ­®¢ª¨ ¨ ¯ãâì s
1

,

¯à®©¤¥­­ë© ¥î.

� ¥ è ¥ ­ ¨ ¥. Ǳà¨¬¥¬ §  ®áì Ox ¯àï¬ãî, ¢¤®«ì ª®â®à®© ¯à®-

¨áå®¤¨â ¤¢¨�¥­¨¥,   §  ­ ç «® ª®®à¤¨­ â | ­ ç «ì­®¥ ¯®«®�¥-

­¨¥ ¬ â¥à¨ «ì­®© â®çª¨. �  ­¥¥ ¤¥©áâ¢ã¥â â®«ìª® ®¤­  á¨«  F ,
­¥ § ¢¨áïé ï ®â s, á«¥¤®¢ â¥«ì­®, ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥,
á®®â¢¥âáâ¢ãîé¥¥ ¤ ­­®© § ¤ ç¥, ¨¬¥¥â ¢¨¤ ¯¥à¢®£® ãà ¢­¥­¨ï á¨-

áâ¥¬ë (188)

m
dv

dt
= −k 3

√
v.

�£® ®¡é¥¥ à¥è¥­¨¥

3

2

mv2/3 = −kt+ C
1

,

£¤¥ C
1

| ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. Ǳ®áª®«ìªã ¯à¨ t = 0 ¨¬¥¥¬

v = v
0

, â® C
1

=

3

2

mv
2/3
0

. �«¥¤®¢ â¥«ì­®,

v2/3 = v
2/3
0

− 2kt

3m
. (189)

� ª ª ª ¢ ¬®¬¥­â t
1

¯® ãá«®¢¨î § ¤ ç¨ v = 0, â® ®âáî¤  á«¥-

¤ã¥â, çâ® t
1

=

3m
2k v

2/3
0

. �«ï â®£® çâ®¡ë ­ ©â¨ s ª ª äã­ªæ¨î t,
¯®«ãç¥­­®¥ ç áâ­®¥ à¥è¥­¨¥ (189) ¯®¤áâ ¢¨¬ ¢® ¢â®à®¥ ãà ¢­¥­¨¥

á¨áâ¥¬ë (188):

ds

dt
= v =

(

v
2/3
0

− 2kt

3m

)

3/2

.
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Ǳà®¨­â¥£à¨à®¢ ¢ ¥£®, ¡ã¤¥¬ ¨¬¥âì

s = −3m

5k

(

v
2/3
0

− 2kt

3m

)

5/2

+ C
2

,

£¤¥ C
2

| ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï.

� ª ª ª ¯à¨ t = 0 ¯®«®�¥­® s = 0, â® C
2

=

3m
5k v

5/3
0

. � ª¨¬
®¡à §®¬, § ª®­ ¤¢¨�¥­¨ï ¬ â¥à¨ «ì­®© â®çª¨ ¨¬¥¥â ¢¨¤

s =
3m

5k
v
5/3
0

− 3m

5k

(

v
2/3
0

− 2kt

3m

)

5/3

.

�«¥¤®¢ â¥«ì­®, ¢ ¬®¬¥­â ®áâ ­®¢ª¨ t = t
1

¯à®©¤¥­­ë© ¯ãâì s = s
1

®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

s
1

=

3m

5k
v
5/3
0

. �

Ǳà¨¬¥à 70. �¨«  á®¯à®â¨¢«¥­¨ï ¢®§¤ãå  ¯à¨ ¯ ¤¥­¨¨ â¥«  á

¯ à èîâ®¬ ¯à®¯®àæ¨®­ «ì­  ª¢ ¤à âã áª®à®áâ¨ ¤¢¨�¥­¨ï á ª®-

íää¨æ¨¥­â®¬ ¯à®¯®àæ¨®­ «ì­®áâ¨ k > 0. � áá  â¥«  à ¢­  m.
� ©â¨ ¯à¥¤¥«ì­ãî áª®à®áâì ¯ ¤¥­¨ï, áç¨â ï, çâ® â¥«® ¡ã¤¥â ¤¢¨-

£ âìáï ª ª ¬ â¥à¨ «ì­ ï â®çª .

� ¥ è ¥ ­ ¨ ¥. Ǳà®æ¥áá, § ¤ ­­ë© ãá«®¢¨¥¬ § ¤ ç¨, ®¯¨áë¢ ¥âáï

¢â®àë¬ § ª®­®¬ �ìîâ®­  (186). �®®à¤¨­ â­ãî ®áì ¡ã¤¥¬ áç¨â âì

­ ¯à ¢«¥­­®© ¢¥àâ¨ª «ì­® ¢­¨§. �¥©áâ¢ãîé ï á¨«  F á®áâ®¨â ¨§

á¨«ë âï�¥áâ¨ F
1

= mg, £¤¥ g | ãáª®à¥­¨¥ á¢®¡®¤­®£® ¯ ¤¥­¨ï,

¨ á¨«ë á®¯à®â¨¢«¥­¨ï ¢®§¤ãå  F
2

= −kv|v| (¬¨­ãá ¯®ª §ë¢ ¥â,

çâ® á¨«  á®¯à®â¨¢«¥­¨ï ¢®§¤ãå  ­ ¯à ¢«¥­  ¢ áâ®à®­ã, ¯à®â¨¢®-

¯®«®�­ãî ­ ¯à ¢«¥­¨î áª®à®áâ¨ ¤¢¨�¥­¨ï). � ª ª ª v > 0, â®

F
2

= −kv2, ¨ ¯®íâ®¬ã F = F
1

+ F
2

= mg − kv2.
�«ï à¥è¥­¨ï íâ®© § ¤ ç¨ ¤®áâ â®ç­® â®«ìª® ®¤­®£® ¯¥à¢®£®

ãà ¢­¥­¨ï á¨áâ¥¬ë (188), ¯®áª®«ìªã à ááâ®ï­¨¥, ¯à®©¤¥­­®¥ â¥-

«®¬, ­¥ ¯à¨áãâáâ¢ã¥â ¢ ¢ëà �¥­¨¨ ¤«ï á¨«ë F , ¨ ¢ § ¤ ç¥ ­¥ âà¥-
¡ã¥âáï ­ å®¤¨âì § ª®­ ¤¢¨�¥­¨ï â¥« :

m
dv

dt
= mg − kv2.

�«ï à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï § ¯¨è¥¬ ¥£® ¢ ¢¨¤¥

dv

dt
= g − k

m
v2.
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Ǳ®« £ ï

k
m = p > 0, ¨¬¥¥¬

dv

dt
= g − pv2.

�â¤¥«ïï ¯¥à¥¬¥­­ë¥, ¯®«ãç ¥¬

dv

g − pv2
= dt.

�­â¥£à¨àãï íâ® ãà ¢­¥­¨¥, ­ å®¤¨¬ ¥£® ®¡é¨© ¨­â¥£à «

1

2

√
pg

ln

∣

∣

∣

∣

√
g +

√
pv

√
g −√

pv

∣

∣

∣

∣

+ ln |C| = t

(C | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï), ª®â®àë© ¯®á«¥ ¯®â¥­æ¨à®¢ ­¨ï

¯à¨­¨¬ ¥â ¢¨¤ √
g +

√
pv

√
g −√

pv
= C

1

e2
√
pgt, (190)

£¤¥ C
1

=

1

C2

√
pg . � §à¥è ï íâ® ãà ¢­¥­¨¥ ®â­®á¨â¥«ì­® v, ¯®«ãç ¥¬

v =

√

g

p
· C1

− e−2

√
pgt

C
1

+ e−2

√
pgt

.

Ǳà¥¤¥«ì­®¥ §­ ç¥­¨¥ áª®à®áâ¨ v ¯à¨ t→ +∞

lim

t→+∞
v =

√

g

p
.

� ¬¥­ïï p = k
m , ¯®«ãç ¥¬, çâ® ¯à¥¤¥«ì­ ï áª®à®áâì ¯ ¤¥­¨ï â¥« 

á ¯ à èîâ®¬ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

v =

√

mg

k
. �

Ǳà¨¬¥à 71. � â¥à¨ «ì­ ï â®çª  á ¬ áá®©m, ¨¬¥îé ï ­ ç «ì-
­ãî áª®à®áâì v

0

= 0, ¯®£àã� ¥âáï ¢ �¨¤ª®áâì, ®ª §ë¢ îéãî á®-

¯à®â¨¢«¥­¨¥, ¯à®¯®àæ¨®­ «ì­®¥ áª®à®áâ¨, á ª®íää¨æ¨¥­â®¬ ¯à®-

¯®àæ¨®­ «ì­®áâ¨ k > 0. � ©â¨ § ª®­ ¤¢¨�¥­¨ï â®çª¨, ¯®« £ ï,

çâ® ¯ãâì ®âáç¨âë¢ ¥âáï ¢£«ã¡ì �¨¤ª®áâ¨ ®â ¥¥ ¯®¢¥àå­®áâ¨.
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� ¥ è ¥ ­ ¨ ¥. �  ¬ â¥à¨ «ì­ãî â®çªã ¤¥©áâ¢ãîâ ¤¢¥ á¨«ë:

á¨«  âï�¥áâ¨ F
1

= mg (£¤¥ g | ãáª®à¥­¨¥ á¢®¡®¤­®£® ¯ ¤¥­¨ï) ¨

á¨«  á®¯à®â¨¢«¥­¨ï �¨¤ª®áâ¨ F
2

= −kv (¬¨­ãá ¯®ª §ë¢ ¥â, çâ®

á¨«  á®¯à®â¨¢«¥­¨ï ­ ¯à ¢«¥­  ¢ áâ®à®­ã, ¯à®â¨¢®¯®«®�­ãî ­ -

¯à ¢«¥­¨î áª®à®áâ¨ ¤¢¨�¥­¨ï).

� ¢­®¤¥©áâ¢ãîé ï á¨«, ¯à¨«®�¥­­ëå ª ¬ â¥à¨ «ì­®© â®çª¥,

®¯à¥¤¥«ï¥âáï ¢ëà �¥­¨¥¬

F = F
1

+ F
2

= mg − kv.

�«¥¤®¢ â¥«ì­®, ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¥¥ ¤¢¨�¥­¨ï ¨¬¥îâ

¢¨¤











m
dv

dt
= mg − kv,

ds

dt
= v.

�â¤¥«ïï ¯¥à¥¬¥­­ë¥ ¢ ¯¥à¢®¬ ãà ¢­¥­¨¨ á¨áâ¥¬ë ¨ ¨­â¥£à¨àãï,

¯®«ãç ¥¬

ln |mg − kv| = − k

m
t+ C

1

,

£¤¥ C
1

| ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. � ª ª ª v = 0 ¯à¨ t = 0, â®

ln(mg) = C
1

,

á«¥¤®¢ â¥«ì­®,

mg − kv = mge−
k
m

t. (191)

� ª ª ª v = ds
dt , â®, ¨­â¥£à¨àãï (191), ¯®«ãç ¥¬

mgt− ks = −m
2g

k
e−

k
m

t
+ C

2

,

£¤¥ C
2

| ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï. � â ª ª ª s = 0 ¯à¨ t = 0, â®

C
2

=

m2g

k
,

¢á«¥¤áâ¢¨¥ ç¥£® ®ª®­ç â¥«ì­® ¨¬¥¥¬

s =
m2g

k2

(

e−
k
m

t − 1

)

+

mg

k
t. �
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�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
27

� ª �¤®¬ ¢ à¨ ­â¥ à¥è¨âì § ¤ çã ¯à¨ ®¯à¥¤¥«¥­­ëå §­ ç¥­¨ïå

¯ à ¬¥âà®¢.

� à¨ ­âë N

◦
1 | 4.

� â¥à¨ «ì­ ï â®çª  ¤¢¨�¥âáï ¯àï¬®«¨­¥©­® á ¯®áâ®ï­­ë¬

ãáª®à¥­¨¥¬ a. � ©â¨ § ª®­ ¥¥ ¤¢¨�¥­¨ï, ¥á«¨ ¥¥ ­ ç «ì­ ï áª®-

à®áâì à ¢­  v
0

,   ¯ãâì, ¯à®©¤¥­­ë© ª ­ ç «ì­®¬ã ¬®¬¥­âã t = 0,

à ¢¥­ s
0

.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

1 | a = 2 ¬/á2, v
0

= 6 ¬/á, s
0

= 10 ¬;

2 | a = 4 ¬/á2, v
0

= 7 ¬/á, s
0

= 20 ¬;

3 | a = 3 ¬/á2, v
0

= 10 ¬/á, s
0

= 30 ¬;

4 | a = 6 ¬/á2, v
0

= 48 ¬/á, s
0

= 91 ¬.

� à¨ ­âë N

◦
5 | 8.

� ©â¨ § ª®­ ¤¢¨�¥­¨ï ¬ â¥à¨ «ì­®© â®çª¨ ¯à¨ á¢®¡®¤­®¬ ¯ -

¤¥­¨¨ á § ¤ ­­®© ¢ëá®âë h
0

á ­ ç «ì­®© áª®à®áâìî v
0

. �áª®à¥­¨¥

á¢®¡®¤­®£® ¯ ¤¥­¨ï g = 9.8 ¬/á2.
�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

5 | h
0

= 2 ¬, v
0

= 3 ¬/á;
6 | h

0

= 10 ¬, v
0

= 0;

7 | h
0

= 20 ¬, v
0

= 2 ¬/á;
8 | h

0

= 15 ¬, v
0

= 9 ¬/á.

� à¨ ­âë N

◦
9 | 13.

� â¥à¨ «ì­ ï â®çª  á¢®¡®¤­® ¯ ¤ ¥â á § ¤ ­­®© ¢ëá®âë h
0

á

­ ç «ì­®© áª®à®áâìî v
0

= 0. � ©â¨ ¯à®¬¥�ãâ®ª ¢à¥¬¥­¨ T , ¯®
¨áâ¥ç¥­¨¨ ª®â®à®£® â®çª  ã¯ ¤¥â ­  §¥¬«î. �áª®à¥­¨¥ á¢®¡®¤­®£®

¯ ¤¥­¨ï g = 9.8 ¬/á2.
�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

9 | h
0

= 1 ¬;

10 | h
0

= 2 ¬;

11 | h
0

= 3 ¬;

12 | h
0

= 7 ¬.

� à¨ ­âë N

◦
13 | 16.

� â¥à¨ «ì­ ï â®çª  á¢®¡®¤­® ¯ ¤ ¥â á § ¤ ­­®© ¢ëá®âë h
0

á

­ ç «ì­®© áª®à®áâìî v
0

= 0. � ©â¨ ¯à®¬¥�ãâ®ª ¢à¥¬¥­¨ T , ¯®
¨áâ¥ç¥­¨¨ ª®â®à®£® â®çª  ã¯ ¤¥â ­  ¯ à ««¥«ì­ãî �¥¬«¥ ¯®¢¥àå-

­®áâì, ­ å®¤ïéãîáï ­  ¢ëá®â¥ h
1

(h
1

< h
0

). �áª®à¥­¨¥ á¢®¡®¤­®-

£® ¯ ¤¥­¨ï g = 9.8 ¬/á2.
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�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

13 | h
0

= 3 ¬, h
1

= 2 ¬;

14 | h
0

= 2 ¬, h
1

= 1 ¬;

15 | h
0

= 4 ¬, h
1

= 3 ¬;

16 | h
0

= 8 ¬, h
1

= 6 ¬.

� à¨ ­âë N

◦
17 | 20.

� ©â¨ § ª®­ ¤¢¨�¥­¨ï ¬ â¥à¨ «ì­®© â®çª¨, ¯®¤¡à®è¥­­®© á

¢ëá®âë h
0

¢¥àâ¨ª «ì­® ¢¢¥àå á ­ ç «ì­®© áª®à®áâìî v
0

. �áª®-

à¥­¨¥ á¢®¡®¤­®£® ¯ ¤¥­¨ï g = 9.8 ¬/á2.

�­ ç¥­¨ï ¯ à ¬¥âà  ¢ ¢ à¨ ­â å N

◦
:

17 | h
0

= 0, v
0

= 2 ¬/á;
18 | h

0

= 1 ¬, v
0

= 3 ¬/á;
19 | h

0

= 2 ¬, v
0

= 6 ¬/á;
20 | h

0

= 3 ¬, v
0

= 5 ¬/á.

� à¨ ­â N

◦
21.

� â¥à¨ «ì­ ï â®çª  ­ ç¨­ ¥â ¤¢¨£ âìáï ¯® ¯àï¬®© á ãáª®à¥­¨-

¥¬, à ¢­ë¬

a
0

(τ+t)2 (a
0

= 5 ¬, τ = 1 á), ¨§ á®áâ®ï­¨ï ¯®ª®ï ¯à¨

t = 0. � ©â¨ § ª®­ ¥¥ ¤¢¨�¥­¨ï.

� à¨ ­â N

◦
22.

� â¥à¨ «ì­ ï â®çª  ¤¢¨�¥âáï ¯àï¬®«¨­¥©­® á ãáª®à¥­¨¥¬

a = bt+c, £¤¥ b = 6 ¬/á3, c = −12 ¬/á2. � ¬®¬¥­â t = 0 ­ ç «ì­ ï

áª®à®áâì v
0

= 9 ¬/á, à ááâ®ï­¨¥ ®â ­ ç «  ®âáç¥â  s
0

= 10 ¬. � ©-

â¨: 1) § ª®­ë ¨§¬¥­¥­¨ï áª®à®áâ¨ ¨ ¯ãâ¨ ®â ¢à¥¬¥­¨; 2) §­ ç¥­¨ï

ãáª®à¥­¨ï, áª®à®áâ¨ ¨ ¯ãâ¨ ¢ ¬®¬¥­â t
1

= 2 á; 3) ¬®¬¥­â ¢à¥¬¥­¨,

ª®£¤  áª®à®áâì ¡ã¤¥â ­ ¨¬¥­ìè¥©.

� à¨ ­â N

◦
23.

� â¥à¨ «ì­ ï â®çª  ¤¢¨�¥âáï ¯àï¬®«¨­¥©­® á ãáª®à¥­¨¥¬

a = bt+c, £¤¥ b = −6 ¬/á3, c = 18 ¬/á2. � ¬®¬¥­â t = 0 ­ ç «ì­ ï

áª®à®áâì v
0

= 24 ¬/á, à ááâ®ï­¨¥ ®â ­ ç «  ®âáç¥â  s
0

= 15 ¬. � ©-

â¨: 1) § ª®­ë ¨§¬¥­¥­¨ï áª®à®áâ¨ ¨ ¯ãâ¨ ®â ¢à¥¬¥­¨; 2) §­ ç¥­¨ï

ãáª®à¥­¨ï, áª®à®áâ¨ ¨ ¯ãâ¨ ¢ ¬®¬¥­â ¢à¥¬¥­¨ t
1

= 2 á; 3) ¬®¬¥­â

¢à¥¬¥­¨, ª®£¤  áª®à®áâì ¡ã¤¥â ­ ¨¡®«ìè¥©.

� à¨ ­â N

◦
24.

�ëç¨á«¨âì ¯ãâì, ¯à®©¤¥­­ë© ¯®¥§¤®¬, ¨ ¢à¥¬ï ¥£® ¤¢¨�¥­¨ï ¤®

¯®«­®© ®áâ ­®¢ª¨, ¥á«¨ § ¬¥¤«ïîé ï á¨«  ¥áâì «¨­¥©­ ï äã­ªæ¨ï

áª®à®áâ¨, â. ¥. F = kv+b, £¤¥ k ¨ b| ¯®áâ®ï­­ë¥ ¢¥«¨ç¨­ë. Ǳ®¥§¤

áç¨â ¥âáï ¬ â¥à¨ «ì­®© â®çª®© á ¬ áá®© m.
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� à¨ ­â N

◦
25.

� â¥à¨ «ì­ ï â®çª  á ¬ áá®© m ¯ ¤ ¥â ¢ áà¥¤¥ (g | ãáª®à¥-

­¨¥ á¢®¡®¤­®£® ¯ ¤¥­¨ï), á®¯à®â¨¢«¥­¨¥ ª®â®à®© ¯à®¯®àæ¨®­ «ì­®

¯¥à¢®© áâ¥¯¥­¨ áª®à®áâ¨ (k | ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨,

k > 0). � ©â¨ § ª®­ë ¨§¬¥­¥­¨ï áª®à®áâ¨ ¨ ¯ãâ¨ ®â ¢à¥¬¥­¨,  

â ª�¥ ¯à¥¤¥«ì­ãî áª®à®áâì ¯ ¤¥­¨ï.

� à¨ ­â N

◦
26.

� â¥à¨ «ì­®© â®çª¥, ­ å®¤ïé¥©áï ­  ¯®¢¥àå­®áâ¨ �¥¬«¨ (à -

¤¨ãá �¥¬«¨ à ¢¥­ R), á®®¡é¥­  ­ ç «ì­ ï ¢¥àâ¨ª «ì­ ï áª®à®áâì
v
0

=

√
2gR, £¤¥ g | ãáª®à¥­¨¥ á¢®¡®¤­®£® ¯ ¤¥­¨ï. �¯à¥¤¥«¨âì

§ ª®­ ¥¥ ¤¢¨�¥­¨ï (á¨«®© á®¯à®â¨¢«¥­¨ï ¢®§¤ãå  ¯à¥­¥¡à¥çì).

� ª   §   ­ ¨ ¥. �¨«  §¥¬­®£® ¯à¨âï�¥­¨ï, ¤¥©áâ¢ãîé ï ­  ¬ -

â¥à¨ «ì­ãî â®çªã á ¬ áá®©m à ¢­ −mgR2

x2 , £¤¥ x| à ááâ®ï­¨¥ ®â

æ¥­âà  �¥¬«¨,   g | ãáª®à¥­¨¥ á¢®¡®¤­®£® ¯ ¤¥­¨ï ­  ¯®¢¥àå­®áâ¨

�¥¬«¨. Ǳà¨ ¨­â¥£à¨à®¢ ­¨¨ ãà ¢­¥­¨ï á«¥¤ã¥â ¢®á¯®«ì§®¢ âìáï

â¥¬, çâ®

d2s

dt2
= v

dv

ds
.

� à¨ ­â N

◦
27.

� â¥à¨ «ì­ ï â®çª  á ¬ áá®© m ¤¢¨�¥âáï ¯® ¯àï¬®© «¨­¨¨ ª

æ¥­âàã O, ®â ª®â®à®£® ®­  ®ââ «ª¨¢ ¥âáï á á¨«®©, ®¡à â­® ¯à®¯®à-
æ¨®­ «ì­®© âà¥âì¥© áâ¥¯¥­¨ à ááâ®ï­¨ï ¤® æ¥­âà  O, â. ¥. F =

k
x3

(k | ¯®áâ®ï­­ë© ª®íää¨æ¨¥­â, k > 0). � ­ ç «ì­ë© ¬®¬¥­â

(t = 0) ¬ â¥à¨ «ì­ ï â®çª  ­ å®¤¨âáï ®â æ¥­âà  O ­  à ááâ®ï-

­¨¨ b ¨ ¨¬¥¥â áª®à®áâì v
0

, ­ ¯à ¢«¥­­ãî ª æ¥­âàã O. � ©â¨ § ª®­
¥¥ ¤¢¨�¥­¨ï.

� à¨ ­â N

◦
28.

� â¥à¨ «ì­ ï â®çª  á ¬ áá®© m ¤¢¨�¥âáï ¯® ¯àï¬®© «¨­¨¨ ª

æ¥­âàã, ¯à¨âï£¨¢ îé¥¬ã ¥¥ á á¨«®© F =

mk
r3 , £¤¥ r| à ááâ®ï­¨¥ ®â

æ¥­âà  ¤® ¬ â¥à¨ «ì­®© â®çª¨, k | ¯®áâ®ï­­ë© ¯®«®�¨â¥«ì­ë©

ª®íää¨æ¨¥­â. � ­ ç «ì­ë© ¬®¬¥­â (t = 0) ¬ â¥à¨ «ì­ ï â®çª 

­ å®¤¨« áì ¢ á®áâ®ï­¨¨ ¯®ª®ï ­  à ááâ®ï­¨¨ b ®â æ¥­âà . � ©â¨
¢à¥¬ï ¤®áâ¨�¥­¨ï ¥î æ¥­âà .

� à¨ ­â N

◦
29.

� â¥à¨ «ì­ ï â®çª  á ¬ áá®© m ¤¢¨�¥âáï ¯® ¯àï¬®© «¨­¨¨ ª

æ¥­âàã O, ®â ª®â®à®£® ®­  ®ââ «ª¨¢ ¥âáï á á¨«®©, ¯à®¯®àæ¨®­ «ì-
­®© à ááâ®ï­¨î ¤® æ¥­âà  O, â. ¥. F = kx (k | ¯®áâ®ï­­ë© ª®-

íää¨æ¨¥­â, k > 0). � ­ ç «ì­ë© ¬®¬¥­â (t = 0) ¬ â¥à¨ «ì­ ï
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â®çª  ­ å®¤¨âáï ­  à ááâ®ï­¨¨ c ®â æ¥­âà  O ¨ ¨¬¥¥â áª®à®áâì v
0

,

­ ¯à ¢«¥­­ãî ª æ¥­âàã O. � ©â¨ § ª®­ ¥¥ ¤¢¨�¥­¨ï. Ǳà¨ ª ª®¬

ãá«®¢¨¨ ­  ¯ à ¬¥âàë m, k, c ¨ v
0

¬ â¥à¨ «ì­ ï â®çª  ­¥ ¯®¯ ¤¥â

¢ æ¥­âà O?

� à¨ ­â N

◦
30.

Ǳã«ï, ¤¢¨£ ïáì á® áª®à®áâìî v
0

= 400 ¬/á, ¯à®¡¨¢ ¥â áâ¥­ã â®«-
é¨­®© h = 0.2 ¬ ¨ ¢ë«¥â ¥â ¨§ ­¥¥ á® áª®à®áâìî v

1

= 100 ¬/á.
Ǳ®« £ ï á¨«ã á®¯à®â¨¢«¥­¨ï áâ¥­ë ¯à®¯®àæ¨®­ «ì­®© ª¢ ¤à âã

áª®à®áâ¨ ¤¢¨�¥­¨ï ¯ã«¨, ­ ©â¨ ¢à¥¬ï T ¤¢¨�¥­¨ï ¯ã«¨ ¢ áâ¥­¥.

Ǳã«î áç¨â âì ¬ â¥à¨ «ì­®© â®çª®©.

§18. �á­®¢­ë¥ ¬¥â®¤ë ¯à¨¡«¨�¥­­®£®

à¥è¥­¨ï § ¤ ç¨ �®è¨

�¨¯ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ¤®¯ãáª î-

é¨å ¯®«ãç¥­¨¥ à¥è¥­¨ï ¢ ï¢­®¬ ¢¨¤¥, å®à®è® ¨§ãç¥­ë. � ª¨å

ãà ¢­¥­¨© ®ç¥­ì ­¥¬­®£®. �®«ìè¨­áâ¢® § ¤ ç, ¢®§­¨ª îé¨å ¯à¨

¬ â¥¬ â¨ç¥áª®¬ ¬®¤¥«¨à®¢ ­¨¨ à¥ «ì­ëå ¯à®æ¥áá®¢, ¯à¨å®¤¨âáï

à¥è âì ¯à¨¡«¨�¥­­®.

� §à ¡®â ­® ¬­®�¥áâ¢® ¬¥â®¤®¢ ç¨á«¥­­®£® à¥è¥­¨ï íâ¨å § -

¤ ç [20|27℄. �áâ ­®¢¨¬áï â®«ìª® ­  ­ ¨¡®«¥¥ ç áâ® ¨á¯®«ì§ã¥¬ëå

¬¥â®¤ å à¥è¥­¨ï § ¤ ç¨ �®è¨ ¨ ªà ¥¢®© § ¤ ç¨.

� áá¬®âà¨¬ á«¥¤ãîéãî ¯à®áâ¥©èãî § ¤ çã �®è¨: ­  á¥£¬¥­â¥

[a, b℄ ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï

dy

dx
= f(x, y), (192)

ã¤®¢«¥â¢®àïîé¥¥ ­ ç «ì­®¬ã ãá«®¢¨î

y(a) = y
0

, y
0

∈ R. (193)

�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® äã­ªæ¨ï f(x, y) ¤®áâ â®ç­® £« ¤ª ï

¨ ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬, ¯à¨ ª®â®àëå áãé¥áâ¢ã¥â ¨ ¥¤¨­-

áâ¢¥­­® à¥è¥­¨¥ § ¤ ç¨ �®è¨ (192), (193) (á¬. §1).

18.1. � §«®�¥­¨¥ à¥è¥­¨ï ¢ àï¤ �¥©«®à 

� §®¡ì¥¬ á¥£¬¥­â [a, b℄ ­  n à ¢­ëå ç áâ¥© â®çª ¬¨

xj = a+ hj, h =
b− a

n
, j = 0, 1, 2, . . . , n.
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�®çª¨ xj ­ §ë¢ îâáï ã§« ¬¨,   á¥âª®© ã§«®¢ | ¬­®�¥áâ¢®

Sh = {xj |j = 0, 1, 2, . . . , n}.
�¡®§­ ç¨¬

yj = y(xj), y
(k)
j =

dky

dxk

∣

∣

∣

∣

x=xj

, j = 0, 1, 2, . . . , n, k = 1, 2, . . .

Ǳãáâì ¨§¢¥áâ­® à¥è¥­¨¥ y = y(x) à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ �®-

è¨ ¢ ã§«¥ xj . � §«®�¨¬ äã­ªæ¨î y(x) ¯® ä®à¬ã«¥ �¥©«®à * ¢

®ªà¥áâ­®áâ¨ â®çª¨ xj :

y(x) = yj + y
′

j(x− xj) +
y

′′

j

2!

(x− xj)
2

+ . . .+
y
(s)
j

s!
(x− xj)

s
+ r,

r =
y(s+1)

(

xj + θ
1

(x − xj)
)

(s+ 1)!

(x− xj)
s+1, 0 < θ

1

< 1.

Ǳ®«®�¨¬ x = xj + h ¨ ®¡®§­ ç¨¬ �yj = yj+1

− yj , â®£¤  ¯®á«¥¤­¥¥
à §«®�¥­¨¥ ¯à¨¬¥â ¢¨¤

�yj = y
′

jh+
y

′′

j

2!

h2 + . . .+
y
(s)
j

s!
hs + ̺, (194)

̺ = Ajh
s+1, Aj =

y(s+1)

(xj + θh)

(s+ 1)!

, 0 < θ < 1. (195)

�â¬¥â¨¬, çâ® ̺ = O(hs+1

) = o(hs). �¤¥áì § ¯¨á¨ α = o(hs),

β = O(hs+1

) ®§­ ç îâ, çâ® lim

h→0

α
hs = 0, lim

h→0

β
hs+1 = C, C ∈ R.

�á«¨ ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (194) ®£à ­¨ç¨âìáï á« £ ¥¬ë-

¬¨, á®¤¥à� é¨¬¨ áâ¥¯¥­¨ h ­¥ ¢ëè¥ s, â® ¯®«ãç¨¬ ¯à¨¡«¨�¥­­®¥

à ¢¥­áâ¢®

�yj ≈ y
′

jh+
y

′′

j

2!

h2 + . . .+
y
(s)
j

s!
hs. (196)

�¡á®«îâ­ ï ¯®£à¥è­®áâì íâ®£® à ¢¥­áâ¢  à ¢­  o(hs). � ª¨¬ ®¡à -

§®¬, ¨¬¥¥¬

yj+1

= yj +�yj , (197)

£¤¥ �yi ®¯à¥¤¥«¥­® á®®â­®è¥­¨¥¬ (196).

* �. �¥©«®à (B. Taylor, 1685|1731) |  ­£«¨©áª¨© ¬ â¥¬ â¨ª ¨ ä¨«®á®ä.
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� «¥¥, §­ ï §­ ç¥­¨¥ yi à¥è¥­¨ï y = y(x) à áá¬ âà¨¢ ¥¬®© § -

¤ ç¨ �®è¨ ¢ ã§«¥ xj , á â®ç­®áâìî ¤® o(hs) ­ å®¤¨¬ §­ ç¥­¨¥ à¥è¥-

­¨ï ¢ á«¥¤ãîé¥¬ ã§«¥ xj+1

á¥âª¨ Sh. �­ ç¥­¨¥ y0 = y(x
0

) ¨§¢¥áâ­®

¨§ ­ ç «ì­®£® ãá«®¢¨ï (193). Ǳ®íâ®¬ã, ¨á¯®«ì§ãï à ¢¥­áâ¢  (196)

¨ (197), ¬®�­®, ¯®« £ ï j = 0, 1, 2, . . . , n− 1, ¯®á«¥¤®¢ â¥«ì­® ­ ©-

â¨ ¯à¨¡«¨�¥­­ë¥ §­ ç¥­¨ï y
1

, y
2

, . . . , yn, â. ¥. §­ ç¥­¨ï à¥è¥­¨ï

§ ¤ ç¨ �®è¨ (192), (193) ¢® ¢á¥å ã§« å á¥âª¨ Sh.

�«ï §­ ç¥­¨ï x, x ∈ [a, b℄, ­¥ ¯à¨­ ¤«¥� é¥¬ á¥âª¥ Sh, á®®â-

¢¥âáâ¢ãîé¨¥ §­ ç¥­¨ï à¥è¥­¨ï y = y(x) ¬®�­® ­ ©â¨, ¨á¯®«ì§ãï
¨­â¥à¯®«ïæ¨î.

Ǳà¨ ¯à¥¤ë¤ãé¥¬ ¨§«®�¥­¨¨ ®áâ ¥âáï ­¥¢ëïá­¥­­ë¬ ¢®¯à®á

® â®¬, ª ª ­ å®¤¨âì ¨á¯®«ì§ã¥¬ë¥ ¢ à ¢¥­áâ¢¥ (196) §­ ç¥­¨ï

y
′

j , y
′′

j , y
′′′

j , . . . , y
(s)
j . � ª á«¥¤ã¥â ¨§ à ¢¥­áâ¢  (192),

y
′

j = f(xj , yj).

Ǳà®¤¨ää¥à¥­æ¨à®¢ ¢ (s−1) à § ®¡¥ ç áâ¨ à ¢¥­áâ¢  (192) ¨ ¯®«®-

�¨¢ § â¥¬ x = xj , ¡ã¤¥¬ ¨¬¥âì

y
′′

j = f
′

x(xj , yj) + f
′

y(xj , yj)y
′

j = f
′

x(xj , yj) + f
′

y(xj , yj)f(xj , yj),

y
′′′

j = f
′′

xx(xj , yj) + 2f
′′

xy(xj , yj)y
′

j + f
′′

yy(xj , yj)y
′

j

2

+ f
′

y(xj , yj)y
′′

j =

= f
′′

xx(xj , yj) + 2f
′′

xy(xj , yj)f(xj , yj) + f
′′

yy(xj , yj)f
2

(xj , yj)+

+ f
′

y(xj , yj)
(

f
′

x(xj , yj) + f
′

y(xj , yj)f(xj , yj)
)

,

.

.

.

�   ¬ ¥ ç   ­ ¨ ¥ (® ¬¥â®¤¥ �ã­£¥* ¯à ªâ¨ç¥áª®© ®æ¥­ª¨ ¯®-

£à¥è­®áâ¨). Ǳà¥¤¯®«®�¨¬, çâ® y(x) ¤®áâ â®ç­® £« ¤ª ï äã­ªæ¨ï
¨ è £ h ¬ «. �®£¤  á ¬ «®© ¯®£à¥è­®áâìî ¬®�­® áç¨â âì, çâ® ­ 

¯à®¬¥�ãâª¥ [xj , xj +2h℄ ¯à®¨§¢®¤­ ï y(s+1)

(x) ≈ A, A = 
onst, ¨,

á«¥¤®¢ â¥«ì­®, ̺ = Ahs+1

.

�¡®§­ ç¨¬

�

(j)
h = y

′

jh+
y

′′

j

2!

h2 + . . .+
y
(s)
j

s!
hs,

* �.�.�. �ã­£¥ (C.D.T. Runge, 1856|1927) | ­¥¬¥æª¨© ä¨§¨ª ¨ ¬ â¥¬ â¨ª.

166



�

(j)
2h = y

′

j · 2h+
y

′′

j

2!

(2h)2 + . . .+
y
(s)
j

s!
(2h)s.

�®£¤  ¢ á®®â¢¥âáâ¢¨¨ á à ¢¥­áâ¢ ¬¨ (194) ¨ (195) ¨¬¥¥¬, á ®¤­®©

áâ®à®­ë,

yj+2

= yj +�

(j)
2h +A(2h)s+1,

á ¤àã£®©, |

yj+2

= yj +�

(j)
h +�

(j+1)

h + 2Ahs+1,

®âªã¤  ¯®á«¥ ¨áª«îç¥­¨ï ¨§ ¤¢ãå ¯®á«¥¤­¨å à ¢¥­áâ¢ yj+2

­ å®¤¨¬

̺ = Ahs+1

=

�

(j)
h +�

(j+1)

h − �

(j)
2h

2(2

s − 1)

. (198)

Ǳ®«ãç¥­® ¯à¨¡«¨�¥­­®¥ ¢ëà �¥­¨¥  ¡á®«îâ­®© ¯®£à¥è­®áâ¨ ̺
­  ®âà¥§ª¥ [xj , xj + 2h℄. �  ¯à ªâ¨ª¥ ®¡ëç­® ¢ë¡¨à îâ n = 2m
(ç¥â­®¥), ­ å®¤ïâ à¥è¥­¨ï á è £®¬ h ¨ 2h ¨ áà ¢­¨¢ îâ à¥§ã«ìâ âë
¢ëç¨á«¥­¨©. �á«¨ s > 3, â® ¢ à¥è¥­¨¨, ­ ©¤¥­­®¬ á è £®¬ h,
¯® ªà ©­¥© ¬¥à¥ ­  ®¤­ã ¢¥à­ãî §­ ç éãî æ¨äàã ¡®«ìè¥, ç¥¬ ¢

à¥è¥­¨¨ á è £®¬ 2h.
�â¨¬ á®®¡à �¥­¨¥¬ àãª®¢®¤áâ¢ãîâáï ¯à¨ ¢ë¡®à¥ è £  h ¤«ï § -

¤ ­­®© â®ç­®áâ¨ ­ å®�¤¥­¨ï à¥è¥­¨ï. �á«¨ h ¢§ïâì ®ç¥­ì ¬ «ë¬,
â® ¢®§à áâ¥â ¢ëç¨á«¨â¥«ì­ ï ¯®£à¥è­®áâì, ¢ë§¢ ­­ ï ®ªàã£«¥­¨-

¥¬ (¨«¨ ãá¥ç¥­¨¥¬) ç¨á¥«, á ª®â®àë¬¨ à ¡®â ¥â ª®¬¯ìîâ¥à.

18.2. �¥â®¤ë �©«¥à  ¨ �ã­£¥|�ãââë

�á«¨ ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  (194) ¢§ïâì «¨èì ®¤­® á« £ ¥¬®¥,

â. ¥., ¥á«¨ ¯®«®�¨âì

yj+1

≈ yj +�~yj , (199)

�~yj = y
′

jh = hf(xj , yj), (200)

â® ¯à¨å®¤¨¬ ª ¬¥â®¤ã �©«¥à .

�ëç¨á«¥­¨ï ¢¥¤ãâáï ¯® áå¥¬¥











~y
0

= y
0

,

�~yj = f(xj , ~yj)h,

~yj+1

= ~yj +�~yj , j = 0, 1, 2, . . . , n− 1.

(201)
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�¥â®¤ �©«¥à  | ¬¥â®¤ ¯¥à¢®£® ¯®àï¤ª .

(

�á«¨ á ¬ ï ¢ëá®ª ï

áâ¥¯¥­ì h ¢ ¯à ¢®© ç áâ¨ ¯à¨¡«¨�¥­­®£® à ¢¥­áâ¢  (196) à ¢-

­  s, â® á®®â¢¥âáâ¢ãîé¨© ¬¥â®¤, ¯® ª®â®à®¬ã ­ å®¤ïâáï §­ ç¥­¨ï
yj+1

= yj +�yj à¥è¥­¨ï, ­ §ë¢ ¥âáï ¬¥â®¤®¬ ¯®àï¤ª  s. �¡á®-
«îâ­ ï ¯®£à¥è­®áâì ¬¥â®¤  ¯®àï¤ª  s ¥áâì o(hs)

)

.

�¥â®¤ �©«¥à  | "£àã¡ë©" ¬¥â®¤.

�â®¡ë ã¬¥­ìè¨âì ¯®£à¥è­®áâì ¬¥â®¤ , ¨á¯®«ì§ãîâ áå¥¬ã "¯à¥-

¤¨ªâ®à { ª®àà¥ªâ®à" (¯à¥¤áª § ­¨¥ { ¯®¯à ¢ª ):











































~y
0

= y
0

,

K
(1)

j = hf(xj , ~yj),

K
(2)

j = hf
(

xj + h, ~yj +K
(1)

j

)

,

�~yj =
1

2

(

K
(1)

j +K
(2)

j

)

,

~yj+1

= ~yj +�~yj , j = 0, 1, 2, . . . , n− 1.

(202)

Ǳ®£à¥è­®áâì ¢ëç¨á«¥­¨ï ¯à¨à é¥­¨ï

�y∗j =
h

2

(

f(xj , yj) + f
(

xj + h, yj + hf(xj , yj)
)

)

¯à¨ íâ®¬ à ¢­  O(h3). �¥©áâ¢¨â¥«ì­®, à áª« ¤ë¢ ï ¯® ä®à¬ã«¥

�¥©«®à 

f(x+�x, y +�y) = f(x, y) + f
′

x(x, y)�x + f
′

y(x, y)�y + . . .

¢ëà �¥­¨¥ l = f
(

xj + h, yj + hf(xj , yj)
)

, ¨¬¥¥¬

l = f(xj , yj) + f
′

x(xj , yj)h+ f
′

y(xj , yj)hf(xj , yj) +O(h2).

�âáî¤ 

�y∗j =
h

2

(

f(xj , yj) + l
)

=

=

h

2

(

f(xj , yj)+f(xj , yj)+f
′

x(xj , yj)h+f
′

y(xj , yj)f(xj , yj)h+O(h
2

)

)

=

= f(xj , yj)h+
h2

2

(

f
′

x(xj , yj) + f
′

y(xj , yj)f(xj , yj)
)

+O(h3) =

= y
′

jh+
y

′′

j

2!

h2 +O(h3),
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çâ® ®â«¨ç ¥âáï ®â ¯à ¢®© ç áâ¨ ¯à¨¡«¨�¥­­®£® à ¢¥­áâ¢  (196)

¯à¨ s = 2 «¨èì á« £ ¥¬ë¬ O(h3).
Ǳ®íâ®¬ã ¬¥â®¤ "¯à¥¤¨ªâ®à { ª®àà¥ªâ®à" ¥áâì ¬¥â®¤ ¢â®à®£® ¯®-

àï¤ª . �£® ­ §ë¢ îâ â ª�¥ ¬¥â®¤®¬ ¢â®à®£® ¯®àï¤ª  �ã­£¥|

�ãââë*. �¬¥îâáï ¬¥â®¤ë �ã­£¥|�ãââë ¨ ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤-

ª . �å ¯®«ãç îâ, ãç¨âë¢ ï ç«¥­ë à §«®�¥­¨ï (194) ¯à¨ §­ ç¥­¨-

ïå s > 2.

Ǳà¨¢¥¤¥¬ è¨à®ª® ¨á¯®«ì§ã¥¬ãî áå¥¬ã ç¥â¢¥àâ®£® ¯®àï¤ª  ¬¥-

â®¤  �ã­£¥|�ãââë ¤«ï § ¤ ç¨ �®è¨ (192), (193):















































































~y
0

= y
0

,

K
(1)

j = hf(xj , ~yj),

K
(2)

j = hf

(

xj +
h

2

, ~yj +
1

2

K
(1)

j

)

,

K
(3)

j = hf

(

xj +
h

2

, ~yj +
1

2

K
(2)

j

)

,

K
(4)

j = hf
(

xj + h, ~yj +K
(3)

j

)

,

�~yj =
1

6

(

K
(1)

j + 2K
(2)

j + 2K
(3)

j +K
(4)

j

)

,

~yj+1

= ~yj +�~yj. j = 0, 1, 2, . . . , n− 1.

(203)

�   ¬ ¥ ç   ­ ¨ ¥. �¥â®¤ë �©«¥à , �ã­£¥|�ãââë, �¤ ¬-

á **(á¬. ¯. 18.3.) ¨ ¤àã£¨¥ ¬®�­® ¨á¯®«ì§®¢ âì ¯à¨ à¥è¥­¨¨ § ¤ ç¨

�®è¨ ª ª ¤«ï ®¤­®£® ãà ¢­¥­¨ï, â ª ¨ ¤«ï á¨áâ¥¬ë ®¡ëª­®¢¥­­ëå

¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. Ǳà¨ íâ®¬ ¤«ï ª �¤®£® j ¢ëç¨á«ï-
îâáï ¯à¨à é¥­¨ï ¢á¥å ­¥¨§¢¥áâ­ëå äã­ªæ¨©. � ª ç¥áâ¢¥ ¯à¨¬¥à 

¯à¨¢¥¤¥¬ áå¥¬ã ¢â®à®£® ¯®àï¤ª  �ã­£¥|�ãââë ¤«ï á¨áâ¥¬ë.

� áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï ­®à¬ «ì­®© á¨áâ¥¬ë ®¡ëª­®¢¥­-

­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dys
dx

= fs(x, y1, y2, . . . , yn), (204)

ys(a) = ys0, (205)

ys0 ∈ R, s = 1, 2, . . . ,m , x ∈ [a, b℄.

* �.�. �ãââ  (M.W. Kutta, 1867|1944) | ­¥¬¥æª¨© ä¨§¨ª ¨ ¬ â¥¬ â¨ª.

** �.�. �¤ ¬á (J.C. Adams, 1819|1892) |  ­£«¨©áª¨©  áâà®­®¬ ¨

¬ â¥¬ â¨ª.
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�¥¨§¢¥áâ­ë¥ äã­ªæ¨¨ ys = ys(x), s = 1, 2, . . . ,m.
�å¥¬  (201) ¢ íâ®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤















~ys0 = ys0,

~ys,j+1

= ~ysj + hf(xj , ~y1j , ~y2j, . . . , ~ymj),

j = 0, 1, 2, . . . , n− 1,
s = 0, 1, 2, . . . ,m− 1.

(206)

�å¥¬  (202) ®¯¨áë¢ ¥âáï ä®à¬ã« ¬¨



















































~ys0 = ys0,

K
(1)

sj = hf(xj , ~y1j , ~y2j , . . . , ~ymj),

K
(2)

sj = hf
(

xj + h, ~y
1j +K

(1)

1j , ~y2j +K
(1)

2j , . . . , ~ymj +K
(1)

mj

)

,

�~ysj =
1

2

(

K
(1)

sj +K
(2)

sj

)

,

~ys,j+1

= ~ysj +�~ysj ,
j = 0, 1, 2, . . . , n− 1,
s = 0, 1, 2, . . . ,m− 1.

(207)

�¤¥áì, ª ª ¨ ¢ëè¥, h = b−a
n , xj = a+ hj, ysj = ys(xj).

�¨áâ¥¬ë ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¤àã£®£®

¢¨¤  (  â ª�¥ ®¤­® ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¯®àï¤ª  2 ¨ ¢ë-

è¥) á ¯®¬®éìî ¢¢¥¤¥­¨ï ­®¢ëå ­¥¨§¢¥áâ­ëå äã­ªæ¨© ç áâ® ã¤ -

¥âáï á¢¥áâ¨ ª á¨áâ¥¬¥ ¢ ­®à¬ «ì­®© ä®à¬¥.

Ǳà¨¬¥à 72. � ©â¨ à¥è¥­¨¥ § ¤ ç¨ �®è¨

y
′′

+ xy
′

+ 2y = 0, (208)

y(0) = 1, y
′

(0) = 2 (209)

­  á¥£¬¥­â¥ [0; 0.5℄

�¢¥¤¥¬ ­®¢ãî ­¥¨§¢¥áâ­ãî äã­ªæ¨î u = dy
dx . �®£¤  à áá¬ âà¨-

¢ ¥¬ ï § ¤ ç  ¤«ï ®¤­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ­¥¨§-

¢¥áâ­®© äã­ªæ¨¥© y(x) ¯à¨¢®¤¨âáï ª á«¥¤ãîé¥© § ¤ ç¥ �®è¨ ¤«ï
á¨áâ¥¬ë ¤¢ãå ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¤¢ã-

¬ï ­¥¨§¢¥áâ­ë¬¨ äã­ªæ¨ï¬¨ y(x) ¨ u(x):










dy

dx
= u,

du

dx
= −2y − xu,

(210)

y(0) = 1, u(0) = 2. (211)
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�â® á¨áâ¥¬  ¢¨¤  (204), £¤¥ y
1

(x) = y(x), y
2

(x) = u(x),
f
1

(x, y
1

, y
2

) = u, f
2

(x, y
1

, y
2

) = −2y − xu. �®§ì¬¥¬ n = 5, â®£¤ 

è £ h = 0.1, xj = jh, j = 0, 1, 2, 3, 4, 5.
�¥§ã«ìâ âë ¢ëç¨á«¥­¨© ¯® ¬¥â®¤ã �©«¥à  ¯à¨¢¥¤¥­ë ¢ â ¡«. 2.

�á¯®«ì§ã¥¬ ¬¥â®¤ ç¥â¢¥àâ®£® ¯®àï¤ª  �ã­£¥|�ãââë. �å¥-

¬  (203) ¤«ï à¥è¥­¨ï ­ ç «ì­®© § ¤ ç¨ (210), (211) ¢ë£«ï¤¨â â ª:



































































































































































































~y
0

= 1,

~u
0

= 2,

K
(1)

yj = h~uj,

K
(1)

uj = −h(2~yj + xj ~uj),

K
(2)

yj = h

(

~uj +
1

2

K
(1)

uj

)

,

K
(2)

uj = −h
(

2

(

~yj +K
(1)

yj

)

+

(

xj +
h

2

)(

~uj +
1

2

(

~uj +
1

2

K
(1)

uj

)))

,

K
(3)

yj = h

(

~uj +
1

2

K
(2)

uj

)

,

K
(3)

uj = −h
(

2

(

~yj +K
(2)

yj

)

+

(

xj +
h

2

)(

~uj +
1

2

(

~uj +
1

2

K
(2)

uj

)))

,

K
(4)

yj = h
(

~uj +K
(3)

uj

)

,

K
(4)

uj = −h
(

2

(

~yj +K
(3)

yj

)

+ (xj + h)

(

~uj +

(

~uj +
1

2

K
(3)

uj

)))

,

�~yj =
1

6

(

K
(1)

yj + 2K
(2)

yj + 2K
(3)

yj +K
(4)

yj

)

,

�~uj =
1

6

(

K
(1)

uj + 2K
(2)

uj + 2K
(3)

uj +K
(4)

uj

)

,

~yj+1

= ~yj +�~yj ,

~uj+1

= ~uj +�~uj,

j = 0, 1, 2, 3, 4.

�¥§ã«ìâ âë ¢ëç¨á«¥­¨© ¯à¨¢¥¤¥­ë ¢ â ¡«. 3. �à ¢­¨â¥ ¨å á à¥-

§ã«ìâ â ¬¨ áç¥â  ¯® ¬¥â®¤ã �©«¥à . �«ï ã¤®¡áâ¢  áà ¢­¥­¨ï £à -

ä¨ª¨ à¥è¥­¨© ¯®ª § ­ë ­  à¨á. 61 (• | ¬¥â®¤ �©«¥à , ­¨�­ïï

«¨­¨ï | ¬¥â®¤ �ã­£¥|�ãââë ç¥â¢¥àâ®£® ¯®àï¤ª ). �¨áã­®ª ­ -

£«ï¤­® ¯®ª §ë¢ ¥â, çâ® ¬¥â®¤ �©«¥à  | £àã¡ë© ¬¥â®¤.
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Ǳà¨ ¢ëç¨á«¥­¨ïå ¯® ¬¥â®¤ã �©«¥à  á è £®¬ h = 0.05 ®ª §ë¢ -
¥âáï, çâ® ­ ©¤¥­­ë¥ â ª¨¬ ®¡à §®¬ §­ ç¥­¨ï y(0.1), y(0.2), y(0.3),
y(0.4), y(0.5) ®â«¨ç îâáï ®â ¯à¨¢¥¤¥­­ëå ¢ â ¡«. 2 ­¥ ¡®«¥¥, ç¥¬

­  1.5 ·10−6

. �ëç¨á«¥­­®¥ ¤àã£¨¬ á¯®á®¡®¬ (á¬. ­¨�¥ à §¤¥« 18.4)

§­ ç¥­¨¥ y(0.5) ¨¬¥¥â ¢¨¤ y(0.5) = 1.652325+ ̺, £¤¥ |̺| < 10

−6

. �

�   ¡ « ¨ æ   2

j xj yj uj �yj �uj

0 0.0 1.0000000 2.0000000 0.2000000 -0.2000000

1 0.1 1.2000000 1.8000000 0.1800000 -0.2580000

2 0.2 1.3800000 1.5420000 0.1542000 -0.3068400

3 0.3 1.5342000 1.2351600 0.1235160 -0.3438948

4 0.4 1.6577160 0.8912652 0.0891265 -0.3671938

5 0.5 1.7468425 0.5240714

�   ¡ « ¨ æ   3

j xj yj uj K(1)

yj
K(1)

uj
K(2)

yj
K(2)

uj

0 0.0 1.0000000 2.0000000 0.2000000 -0.2000000 0.1900000 -0.2295000

1 0.1 1.1890355 1.7714543 0.1771454 -0.2555216 0.1643694 -0.2801770

2 0.2 1.3526074 1.4925220 0.1492522 -0.3003719 0.1342336 -0.3190051

3 0.3 1.4862488 1.1749616 0.1174946 -0.3324986 0.1008713 -0.3443043

4 0.4 1.5867577 0.8321975 0.0832198 -0.3506394 0.0656878 -0.3552330

5 0.5 1.6523233 0.4784904

j xj K(3)

yj
K(3)

uj
K(4)

yj
K(4)

uj
�yj �uj

0 0.0 0.1885250 -0.2284262 0.1771574 -0.2554207 0.1890346 -0.2285455

1 0.1 0.1631366 -0.2787145 0.1492739 -0.3002892 0.1635720 -0.2789323

2 0.2 0.1333020 -0.3172703 0.1175252 -0.3324394 0.1336414 -0.3175604

3 0.3 0.1002810 -0.3424352 0.0832526 -0.3506070 0.1005089 -0.3421641

4 0.4 0.0654581 -0.3533764 0.0478821 -0.3543842 0.0655656 -0.3537071

5 0.5

�¥¤®áâ âª®¬ ¬¥â®¤  �ã­£¥|�ãââë ç¥â¢¥àâ®£® ¯®àï¤ª  ï¢«ï¥â-

áï â®, çâ® ¤«ï ¥£® ¨á¯®«ì§®¢ ­¨ï ­¥®¡å®¤¨¬® §­ âì §­ ç¥­¨ï äã­ª-

æ¨© ¢ ¯à ¢ëå ç áâïå á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ­¥

â®«ìª® ¢ â®çª å à áç¥â­®© á¥âª¨, ­® ¨ ¬¥�¤ã ­¨¬¨. �á«¨ äã­ª-

æ¨¨ § ¤ ­ë ­¥ ä®à¬ã« ¬¨,  , ª ª íâ® ç áâ® ¡ë¢ ¥â ¢ ¯à ªâ¨ç¥áª¨å
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à áç¥â å, â ¡«¨ç­® (¯®áª®«ìªã á ¬¨ ï¢«ïîâáï à¥§ã«ìâ â ¬¨ ¤àã-

£¨å à áç¥â®¢), â® íâ¨ §­ ç¥­¨ï ­¥¨§¢¥áâ­ë. � â ª®© á¨âã æ¨¨ à¥ª®-

¬¥­¤ã¥âáï ¯®«ì§®¢ âìáï ¬¥â®¤®¬ �ã­£¥|�ãââë ¢â®à®£® ¯®àï¤ª .

y

1.5

1

0

x
0.5

�¨á. 61.

Ǳ à ¨ ¬ ¥ ç   ­ ¨ ¥. �¬¥¥âáï ¬­®£® ¯à®£à ¬¬ ¤«ï ª®¬¯ìîâ¥-

à®¢, ª®â®àë¥ à¥ «¨§ãîâ áå¥¬ë à §«¨ç­®£® ¯®àï¤ª  ¬¥â®¤  �ã­£¥|

�ãââë. Ǳà¥�¤¥ ç¥¬ ¨á¯®«ì§®¢ âì âã ¨«¨ ¨­ãî ¯à®£à ¬¬ã, ¢­¨¬ -

â¥«ì­® ®§­ ª®¬ìâ¥áì á ¨­áâàãªæ¨¥© ª ­¥©,   â ª�¥ á ª®¬¬¥­â à¨-

ï¬¨ ¢ â¥ªáâ¥ ¯à®£à ¬¬ë. �â®¡ë ã¡¥¤¨âìáï ¢ ¯à ¢¨«ì­®áâ¨ á¢®¨å

¢ëç¨á«¥­¨©, à¥ª®¬¥­¤ã¥âáï ¯¥à¥¤ à¥è¥­¨¥¬ § ¤ ç¨ ¯à¥¤¢ à¨â¥«ì-

­® à¥è¨âì ª ªãî-­¨¡ã¤ì  ­ «®£¨ç­ãî § ¤ çã, ¨¬¥îéãî â®ç­®¥

à¥è¥­¨¥, ¨ áà ¢­¨âì ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë á à¥§ã«ìâ â ¬¨ ¬ è¨­-

­®£® áç¥â . �â¨ § ¬¥ç ­¨ï ®â­®áïâáï ª «î¡®© ¯à®£à ¬¬¥.

� § ¤ ç å 138 ¨ 139 ¯¥à¥¯¨á âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

(¨«¨ á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©) ¢ ­®à¬ «ì­®© ä®à-

¬¥. �  ãª § ­­®¬ ®âà¥§ª¥ ¯à¨¡«¨�¥­­® à¥è¨âì § ¤ çã �®è¨

(137|140) á ¯®¬®éìî ç¨á«¥­­®£® ¬¥â®¤  �ã­£¥|�ãââë ç¥â¢¥àâ®-

£® ¯®àï¤ª , ¨á¯®«ì§®¢ ¢ £®â®¢ãî ª®¬¯ìîâ¥à­ãî ¯à®£à ¬¬ã (¨«¨

­ ¯¨á ¢ á®¡áâ¢¥­­ãî). � £ h ¢§ïâì ±0.01. Ǳ®áâà®¨âì £à ä¨ª § -

¢¨á¨¬®áâ¨ y(x):

137.

dy

dx
= y2 + y + x,

y
∣

∣

x=0

= −1, x ∈ [−4, 2℄.
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138.

d2y

dx2
= − sin y,

y
∣

∣

x=0

=

π
2

,

dy
dx

∣

∣

x=0

= 0, x ∈ [−8, 8℄.

139.

d3y

dx3
+ tgx

dy

dx
+

x

x− 3

y = 0,

d2y
dx2

∣

∣

x=0

= 1, dy
dx

∣

∣

x=0

= y
∣

∣

x=0

= 0, x ∈
[

−π
3

, π
3

]

.

140.











dx

dt
= x,

dy

dt
= 2txy + y3 + 
os(ty),

x
∣

∣

t=0

= 1, y
∣

∣

t=0

= 0, x ∈ [0.2 ; 2℄.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
28

� ª �¤®¬ ¢ à¨ ­â¥ ­  ãª § ­­®¬ ®âà¥§ª¥ ¯à¨¡«¨�¥­­® à¥è¨âì

§ ¤ çã �®è¨ á ¯®¬®éìî ç¨á«¥­­®£® ¬¥â®¤  �ã­£¥|�ãââë ç¥â¢¥à-

â®£® ¯®àï¤ª , ¨á¯®«ì§®¢ ¢ £®â®¢ãî ª®¬¯ìîâ¥à­ãî ¯à®£à ¬¬ã (¨«¨

­ ¯¨á ¢ á®¡áâ¢¥­­ãî). � £ h ¢§ïâì ±0.01. Ǳ®áâà®¨âì £à ä¨ª § -

¢¨á¨¬®áâ¨ y(x):
28.1. y′ = sin 
os y2 ; y(0) = 0, x ∈ [−8, 8℄.
28.2. y′ =

2x− 1

y + 1

+

1

y2 + 1

; y(0) = 0, x ∈ [−4, 5℄.

28.3. y′ =
5x

1 + y2
+ ln

(

1 + x2
)

; y(2) = 2, x ∈ [−3, 3℄.
28.4. y′ = x+ y ln

(

x2 + y2
)

; y(1) = 3, x ∈ [−8, 1℄.
28.5. y′ = 1 + y2 + 
os y + sinx ; y(0) = −1, x ∈ [0, 1℄.

28.6. y′ = ar
tgx− y2

x2 + 1

; y(0) = 0, x ∈ [−3, 7℄.
28.7. y′ = e
os y − x2 ; y(1) = 0, x ∈ [−2, 2℄.
28.8. y′ = ar
tgx2 ; y(0) = 1, x ∈ [−5, 4℄.
28.9. y′ =

sin y · sin y2
y

; y(0) = 1, x ∈ [−8, 8℄.
28.10. y′ = ln y ; y(0) = 2, x ∈ [−8, 3℄.
28.11. y′ = ex

2

; y(0) = 1, x ∈ [−1, 1℄.
28.12. y′ =

ar
tg x

4 + y2
− y ; y(−2) = −1, x ∈ [−3, 8℄.

28.13. y′ =
sin sinx

y
; y(2) = 3, x ∈ [−8, 8℄.
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28.14. y′ = x 
os y2 ; y(1) = 1, x ∈ [−8, 8℄.
28.15. y′ =

sin 
osx
√

x2 + y2
; y(0) = 2, x ∈ [−8, 8℄.

28.16. y′ = (x+ y)(2 ar
tgx+ ar
tg y) ; y(1) = −1, x ∈ [0, 1℄.
28.17. y′ =

(

x+ y2
)

sinx · ar
tgx ; y(−1) = 1, x ∈ [−3, 0℄.

28.18. y′ =
x+ y2

x2 + y2
; y(1) = 0, x ∈ [−8, 8℄.

28.19. y′ =
1 + x

1 + y2
+

ar
tg x

1 + x2
; y(0) = 0, x ∈ [−8, 6℄.

28.20. y′ =

os(x+ y)

1 + y4
+ x ; y(0) = −1, x ∈ [−2, 2℄.

28.21. y′ = (x+ y) 
os y ; y(0) = 1, x ∈ [−8, 8℄.

28.22. y′ =
ln

(

x2 + y2
)

x2 + y2
+ x− 1 ; y(0) = −2, x ∈ [−1, 2℄.

28.23. y′ =
x+ 3

y

os(y + 2x) ; y(2) = 2, x ∈ [−8, 3℄.

28.24. y′ = xex ln y ; y(0) = 2, x ∈ [−8, 1℄.
28.25. y′ =

1 + y2

2

− ar
tg

x2

2

; y(0) = 1, x ∈ [−8, 0℄.
28.26. y′ = xy sinx+ 
os y ; y(0) = −1, x ∈ [−3, 2℄.
28.27. y′ = 
os y2 ; y(0) = 1, x ∈ [−8, 8℄.
28.28. y′ =

(

1 +

1

1 + x2

)

ar
tg(x+ y) ; y(0) = −1, x ∈ [−7, 3℄.
28.29. y′ = ar
tg(xy) + x+ y − 5 ; y(2) = 2, x ∈ [0, 2℄.
28.30. y′ = ear
tg x − 
os y ; y(0) = 0, x ∈ [−8, 1℄.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
29

� ª �¤®¬ ¢ à¨ ­â¥ ¯à¥¤áâ ¢¨âì ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢

¢¨¤¥ á¨áâ¥¬ë ¢ ­®à¬ «ì­®© ä®à¬¥, ¨ ­  ãª § ­­®¬ ®âà¥§ª¥ ¯à¨¡«¨-

�¥­­® à¥è¨âì § ¤ çã �®è¨ á ¯®¬®éìî ç¨á«¥­­®£® ¬¥â®¤  �ã­£¥|

�ãââë ç¥â¢¥àâ®£® ¯®àï¤ª , ¨á¯®«ì§®¢ ¢ £®â®¢ãî ª®¬¯ìîâ¥à­ãî

¯à®£à ¬¬ã (¨«¨ ­ ¯¨á ¢ á®¡áâ¢¥­­ãî). � £ h ¢§ïâì ±0.01. Ǳ®-

áâà®¨âì £à ä¨ª § ¢¨á¨¬®áâ¨ y(x):

29.1. y′′ =
yex

1 + 2ey′ ; y(0) = 1 , y′(0) = 0, x ∈ [−8, 2℄.

29.2. y′′ =
x+ y + y′2

x2 + y3 + y′4
; y(0) = 1 , y′(0) = 0, x ∈ [−8, 3℄.

29.3. y′′ = x sin y · ar
tg y′ ; y(0) = 0 , y′(0) = 1, x ∈ [−8, 1℄.
29.4. y′′ = y′2 
osx ; y(0) = 0 , y′(0) = 1, x ∈ [−3, 0℄.
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29.5. y′′ =
1

x2 + y2 + y′3
; y(1) = −2 , y′(1) = 0, x ∈ [−2, 7℄.

29.6. y′′ = x tg y + y′ ; y(0) = 1 , y′(0) = 1, x ∈ [−5, 0℄.
29.7. y′′ = esinx

; y(0) = 1 , y′(0) = 0, x ∈ [−2, 0℄.
29.8. y′′ = 1 + 
os (xyy′) ; y(−1) = 0 , y′(−1) = 2;

x ∈ [−3,−1℄.
29.9. y′′ = y′(x+ y) + yex ; y(1) = 1 , y′(1) = 1, x ∈ [−4, 1℄.
29.10. y′′ = (2x+ 1)(3x+ 2) + yy′ ; y(0) = 0 , y′(0) = 0;

x ∈ [−1, 0℄.
29.11. y′′ = 
os

2 y − sin

(

x2
)

; y(0) = 0 , y′(0) = 0, x ∈ [−3, 3℄.
29.12. y′′ =

y

x2 + 3

+ sin y ; y(−1) = 0 , y′(−1) = −1;
x ∈ [−2, 0℄.

29.13. y′′ = 2− tg y + 
os

(

xy′2
)

; y(−2) = 0 , y′(−2) = 1;

x ∈ [−3,−1℄.
29.14. y′′ =

5xy

x2 + 1

+ y′ ; y(0) = 2 , y′(0) = 1, x ∈ [−8, 0℄.
29.15. y′′ = 
os 3x+ sin 3y − ar
tg y′ ; y(0) = 0 , y′(0) = 0;

x ∈ [−2, 8℄.
29.16. y′′ = x 
os y · sin 
os y′ ; y(0) = 0 , y′(0) = 1, x ∈ [−8, 8℄.
29.17. y′′ = (y − 1)(y − 2) + xy′ ; y(0) = 0 , y′(0) = 0;

x ∈ [−1, 1℄.
29.18. y′′ =


osx+ ar
tgx− 1

sin y
; y(0) = −1 , y′(0) = 1; x ∈ [0, 2℄.

29.19. y′′ =
√

x2 + y2 + y′2 ; y(−1) = −2 , y′(−1) = 0;

x ∈ [−2, 0℄.
29.20. y′′ =

ex + 
os y

y
; y(−2) = 1 , y′(−2) = −1, x ∈ [−8, 0℄.

29.21. y′′ = y2y′ + 
os sinx ; y(0) = 0 , y′(0) = 1, x ∈ [−8, 0℄.
29.22. y′′ = x2 sin (x+ y′) ; y(0) = 0 , y′(0) = 1, x ∈ [−1, 4℄.
29.23. y′′ = ar
tg

(

x2 + 2

)

; y(0) = 0 , y′(0) = 1, x ∈ [−2, 0℄.
29.24. y′′ =

sinx

ar
tg y
+ y ; y(−1) = −1 , y′(−1) = 0, x ∈ [−4, 0℄.

29.25. y′′ = x tgx+ y′ 
os y ; y(0) = 1 , y′(0) = 1, x ∈ [−1, 0℄.
29.26. y′′ =

y

x2 + y′2
; y(0) = 1 , y′(0) = 1, x ∈ [−5, 0℄.

29.27. y′′ =
x

y2 + y′2
; y(0) = 1 , y′(0) = −1, x ∈ [−6, 6℄.

29.28. y′′ =
x

x4 + y4
+ y ; y(−3) = −1 , y′(−3) = −1;
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x ∈ [−7,−3℄.

29.29. y′′ =
y′2

y − x
+ y′ ; y(0) = 1 , y′(0) = 1, x ∈ [−3, 0℄.

29.30. y′′ =

osx

y(1 + y)
; y(1) = 1 , y′(1) = 1, x ∈ [−1, 1℄.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
30

� ª �¤®¬ ¢ à¨ ­â¥ ­  ãª § ­­®¬ ®âà¥§ª¥ ¯à¨¡«¨�¥­­® à¥è¨âì

§ ¤ çã �®è¨ ¤«ï á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© á ¯®-

¬®éìî ç¨á«¥­­®£® ¬¥â®¤  �ã­£¥|�ãââë ç¥â¢¥àâ®£® ¯®àï¤ª , ¨á-

¯®«ì§®¢ ¢ £®â®¢ãî ª®¬¯ìîâ¥à­ãî ¯à®£à ¬¬ã (¨«¨ ­ ¯¨á ¢ á®¡-

áâ¢¥­­ãî), ¨ ¯®áâà®¨âì á®®â¢¥âáâ¢ãîéãî ç áâì ä §®¢®© âà ¥ªâ®-

à¨¨. � £ h ¢§ïâì ±0.01:

30.1.

{

x′ = sin t+ 
osx,

y′ = x2 + y 
os t;
x(0) = −1 , y(0) = 0, t ∈ [−1, 4℄.

30.2.

{

x′ = xt2 + ar
tgy,

y′ = t− y − x2;
x(0) = −1 , y(0) = −1;

t ∈ [−2, 0℄.

30.3.

{

x′ = t+ 2x+ e1/x
2

,

y′ = x+ y − t;
x(0) = −1 , y(0) = 1, t ∈ [−7, 0℄.

30.4.

{

x′ = 7 + y − 5x2,

y′ = 2t+ x+ y;
x(0) = −1 , y(0) = −1, t ∈ [−2, 0℄.

30.5.

{

x′ = t+ 2x+ y + x2,

y′ = ar
tg(t+ x+ y);
x(0) = −1 , y(0) = −1;

t ∈ [−8, 3℄.

30.6.















x′ = tyx2 +
1

y
,

y′ =
1

x2 + y2
+ ar
tgx;

x(1) = 0 , y(1) = −1;

t ∈ [−8, 1℄.
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30.7.

{

x′ = x+ y + 2x2,

y′ = t+ sin(x 
os y);
x(0) = 0 , y(0) = 0, t ∈ [−2, 1℄.

30.8.

{

x′ = sin(5− xy + t) ,

y′ = x− 2y;
x(1) = 0 , y(1) = −1, t ∈ [1, 7℄.

30.9.

{

x′ = 2t+ ar
tgx,

y′ = y 
osx+ sinx;
x(0) = 1 , y(0) = 1, t ∈ [−1, 0℄.

30.10.

{

x′ = tey,

y′ = t2 + yx2;
x(1) = 1 , y(1) = 0, t ∈ [−4, 1℄.

30.11.

{

x′ = t2 − x− y,

y′ = t− x− y − y2;
x(0) = 0 , y(0) = 0, t ∈ [−1, 1℄.

30.12.

{

x′ = yx2 + t ar
tg t,

y′ = t+ x+ y 
osx;
x(0) = 1 , y(0) = 0, t ∈ [−1, 0℄.

30.13.

{

x′ = t+ sinx+ 
os y,

y′ = 3t+ x− 2y;
x(0) = 1 , y(0) = 1, t ∈ [0, 1℄.

30.14.

{

x′ = t+ sin(x− y),

y′ = t+ 2x+ 3y;
x(0) = 1 , y(0) = −1;

t ∈ [−2, 0℄.

30.15.

{

x′ = y + sinx,

y′ = x+ y + t2;
x(0) = −1 , y(0) = −1, t ∈ [−1, 0℄.

30.16.

{

x′ = t+ x+ y2,

y′ = x+ t2 + y3;
x(0) = 1 , y(0) = 1, t ∈ [−1, 0℄.

30.17.

{

x′ = x2 − t3,

y′ = y − 5t+ x2;
x(0) = −1 , y(0) = 2, t ∈ [0, 1℄.

30.18.







x′ = x+ t2 +
1

y
,

y′ = x+ y + t2;

x(0) = 1 , y(0) = −1, t ∈ [−1, 1℄.
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30.19.

{

x′ = x+ ar
tgy,

y′ = t+ e−x
;

x(0) = 2 , y(0) = 0, t ∈ [−2, 0℄.

30.20.

{

x′ = x+ y + 
os t,

y′ = x2 + y2 + sin t;
x(0) = 0 , y(0) = 0, t ∈ [−4, 0℄.

30.21.







x′ = ln(x+ y)− t,

y′ =
t

x+ y
;

x(0) = 3 , y(0) = 1, t ∈ [0, 3℄.

30.22.

{

x′ = x2,

y′ = t+ x+ y + x3;
x(1) = 1 , y(1) = 0, t ∈ [−6, 1℄.

30.23.

{

x′ = y + x 
os t,

y′ = 2 + ar
tgx;
x(0) = 0 , y(0) = 1, t ∈ [−1, 0℄.

30.24.

{

x′ = sin(xy)− 1,

y′ = t+ x+ y2;
x(0) = 0 , y(0) = −1, t ∈ [0, 2℄.

30.25.

{

x′ = ar
tg

(

y2
)

,

y′ = t+ x;
x(1) = 0 , y(1) = 0, t ∈ [−1, 1℄.

30.26.

{

x′ = y + 
os sinx,

y′ = t+ x+ y;
x(0) = 0 , y(0) = 1, t ∈ [−1, 0℄.

30.27.







x′ = 5t+ y − x2 − t3,

y′ = sin tg

x

y
;

x(0) = 2 , y(0) = 2, t ∈ [0, 2℄.

30.28.

{

x′ = 1 + y + x2,

y′ = 2t− x+ y2;
x(0) = 1 , y(0) = −1, t ∈ [−1, 0℄.

30.29.

{

x′ = y + 2,

y′ = t+ x 
os y;
x(0) = −3 , y(0) = −3, t ∈ [−3, 2℄.

30.30.

{

x′ = y + t2,

y′ = 2t+ 
osx;
x(0) = −2 , y(0) = −2, t ∈ [−1, 1℄.
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18.3. �¥â®¤ �¤ ¬á 

�­®¢  § ©¬¥¬áï à¥è¥­¨¥¬ § ¤ ç¨ �®è¨ (192), (193). �®§ì¬¥¬

âã �¥ á¥âªã ã§«®¢ Sh, çâ® ¨ ¢ ¯. 18.1.

�á¯®«ì§ãï ä®à¬ã«ã �ìîâ®­ |�¥©¡­¨æ *

xj+h
∫

xj

y
′

(x)dx = y(x)

∣

∣

∣

∣

x=xj+h

x=xj

= yj+1

− yj

¨ ¤¥« ï § ¬¥­ã ¯¥à¥¬¥­­®© ¨­â¥£à¨à®¢ ­¨ï x = xj + th ¢ «¥¢®©

ç áâ¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢ , ¯®á«¥ ­¥á«®�­ëå ¯à¥®¡à §®¢ ­¨© ¯®-

«ãç ¥¬

y(xj + h) = yj + h

1

∫

0

y
′

(xj + th)dt,

j = 0, 1, 2, . . . , n− 1.

�á«¨ «¥¢ãî ç áâì ¯®á«¥¤­¥£® à ¢¥­áâ¢  á ¯®¬®éìî ä®à¬ã«ë

�¥©«®à  à §«®�¨âì ¯® áâ¥¯¥­ï¬ h,   ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ § -

¯¨á âì ¢ á«¥¤ãîé¥¬ ¢¨¤¥:

1

∫

0

y
′

(xj + th)dt =

q
∑

k=0

Aky
′

(xj + αkh) + ̺q,

£¤¥ Ak ¨ αk | ¯®ª  ­¥¨§¢¥áâ­ë¥ ¯®áâ®ï­­ë¥, ̺q | ¯®£à¥è­®áâì

§ ¬¥­ë ¨­â¥£à «  â ª®© áã¬¬®©, â® ¯à¨¤¥¬ ª à ¢¥­áâ¢ã:

y
′

jh+
y

′′

j

2!

h2 + . . .+
y
(s)
j

s!
h2 +

y
(s+1)

j (xj + θh)

(s+ 1)!

hs+1

=

= h

q
∑

k=0

Aky
′

(xj + αkh) + h̺q, 0 < θ < 1. (212)

* �.�. �¥©¡­¨æ (G.W. Leibniz, 1646|1716) | ­¥¬¥æª¨© ¬ â¥¬ â¨ª, ä¨§¨ª

¨ ä¨«®á®ä.
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� §«®�¨¬ ¤ «¥¥ y
′
(xj + αkh) ¯® ä®à¬ã«¥ � ª«®à¥­ *:

y
′

(xj + αkh) = y
′

j + y
′′

j αkh+
y

′′′

j

2!

(αkh)
2

+ . . .+
y
(s)
j

(s− 1)!

(αkh)
s−1

+

+

y
(s+1)

j (xj + ~θαkh)

s!
(αkh)

s, 0 < ~θ < 1.

Ǳ®¤áâ ¢¨¢ íâ® à §«®�¥­¨¥ ¢ ¯à ¢ãî ç áâì à ¢¥­áâ¢  (212) ¨

¯à¨à ¢­ï¢ ¢ ®¡¥¨å ç áâïå ¯®«ãç¥­­®£® à ¢¥­áâ¢  ª®íää¨æ¨¥­âë

¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå h, ¡ã¤¥¬ ¨¬¥âì























































































q
∑

k=0

Ak = 1,

q
∑

k=0

Akαk =
1

2

,

q
∑

k=0

Akα
2

k =
1

3

,

.

.

.

q
∑

k=0

Akα
s−1

k =

1

s
.

(213)

Ǳ®«®�¨¢ ¢ á¨áâ¥¬¥ (213) αk = −k, k = 0, 1, 2, . . . , q, ¯à¨å®¤¨¬ ª

á«¥¤ãîé¥© á¨áâ¥¬¥ «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© ®â­®á¨-

â¥«ì­® ­¥¨§¢¥áâ­ëå A
0

, A
1

, A
2

, . . . , Aq:























q
∑

k=0

Ak = 1,

q
∑

k=0

Akk
l
=

(−1)l
k + 1

, l = 1, 2, . . . , q.

* �. � ª«®à¥­ (C. Ma
laurin, 1698|1746) | è®â« ­¤áª¨© ¬ â¥¬ â¨ª.
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� ç áâ­®áâ¨, ¯à¨ q = 3 íâ  á¨áâ¥¬  ¨¬¥¥â ¢¨¤







































A
0

+A
1

+A
2

+A
3

=1,

A
1

+ 2A
2

+ 3A
3

= − 1

2

,

A
1

+ 4A
2

+ 9A
3

=

1

3

,

A
1

+A
2

+ 27A
3

= − 1

4

.

�¥ à¥è¥­¨¥

A
0

=

55

24

, A
1

= −59

24

, A
2

=

37

24

, A
3

= −3

8

.

�â ª, ¨¬¥¥¬

yj+1

= yj +
h

24

(

55y
′

j − 59y
′

j−1

+ 37y
′

j−2

− 9y
′

j−3

)

+ rj+1

. (214)

�®�­® ¤®ª § âì

(

á¬. ­ ¯à¨¬¥à [23℄

)

, çâ®

rj+1

=

251

720

y
(5)

j h5 + o(h5). (215)

� ª ª ª y
′
= f

(

x, y(x)
)

, â® ä®à¬ã«ã (214) ¬®�­® § ¯¨á âì â ª:

yj+1

≈ yj +
h

24

(55fj − 59fj−1

+ 37fj−2

− 9fj−3

) , (216)

£¤¥ ¨á¯®«ì§®¢ ­® ®¡®§­ ç¥­¨¥ fl = f(xl, yl).
�®à¬ã«  (216) ­ §ë¢ ¥âáï íªáâà ¯®«ïæ¨®­­®© ä®à¬ã«®© �¤ ¬-

á .

�â  ä®à¬ã«  ç¥â¢¥àâ®£® ¯®àï¤ª  ¬¥â®¤  �¤ ¬á .

�   ¬ ¥ ç   ­ ¨ ¥ 1. �«ï ­ ç «  ¢ëç¨á«¥­¨© ¯® ä®à¬ã«¥ (216)

­ã�­ë §­ ç¥­¨ï y
0

, y
1

, y
2

, y
3

. Ǳ¥à¢®¥ ¨§ ­¨å ¨§¢¥áâ­® ¨§ ­ ç «ì­ëå

ãá«®¢¨©. �áâ «ì­ë¥ ­ å®¤ïâ, ¨á¯®«ì§ãï ª ª®©-«¨¡® ¤àã£®© ¬¥â®¤,

­ ¯à¨¬¥à, ¬¥â®¤ �ã­£¥|�ãââë. �­ ï y
0

, y
1

, y
2

, y
3

, ­ å®¤¨¬ y
4

, ¯®

§­ ç¥­¨ï¬ y
1

, y
2

, y
3

, y
4

¢ëç¨á«ï¥¬ y
5

¨ â.¤.

�   ¬ ¥ ç   ­ ¨ ¥ 2. �á«¨ ¢¢¥áâ¨ ª®­¥ç­ë¥ à §­®áâ¨

�yj = �

1yj = yj+1

− yj,

�

kyj = �(�

k−1yj) = �

k−1yj+1

−�

k−1yj ,

j = 0, 1, 2, . . . , k = 2, 3, 4, . . . ,
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â® ä®à¬ã«ã (214) ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

yj+1

= yj+ϕj+
1

2

�ϕj−1

+

5

12

�

2ϕj−2

+

3

8

�

3ϕj−3

+

251

720

�

4ϕj−4

+ . . . ,

£¤¥ ®¡®§­ ç¥­® ϕj = hf(xj , yj).
�á«¨ ¢ à ¢¥­áâ¢¥

yj+1

= yj + h

q
∑

k=−1

Aky
′

(xj + αkh) + hrq,

 ­ «®£¨ç­®¬ à ¢¥­áâ¢ã (212), ¯®«®�¨âì

αk = −k, k = −1, 0, 1, 2, . . . , q,

â®, ¯®áâã¯ ï â ª �¥, ª ª ¨ ¢ëè¥, ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ãà ¢­¥­¨©



























q
∑

k=−1

Ak = 1,

q
∑

k=−1

Ak(−1)l =
1

l + 1

, l = 1, 2, . . . , q + 1.

Ǳà¨ q = 2 ¯®«ãç ¥¬ ä®à¬ã«ã

yj+1

= yj +
h

24

(9fj+1

+ 19fj − 5fj−1

+ fj−2

) + ̺j+1

, (217)

£¤¥

̺j+1

= − 19

720

h5y5j + o(h5). (218)

�â® | ¨­â¥à¯®«ïæ¨®­­ ï ä®à¬ã«  �¤ ¬á  ç¥â¢¥àâ®£® ¯®àï¤ª .

� ¨á¯®«ì§®¢ ­¨¥¬ ª®­¥ç­ëå à §­®áâ¥© ¥¥ ¬®�­® § ¯¨á âì ¢ ¢¨¤¥

yj+1

= yj+ϕj+1

− 1

2

�ϕj−
1

12

�

2ϕj−1

− 1

24

�

3ϕj−2

− 19

720

�

4ϕj−3

+ . . . .

� ª á«¥¤ã¥â ¨§ à ¢¥­áâ¢ (215) ¨ (218), ¬®¤ã«ì £« ¢­®£® ç«¥­  ¯®-

£à¥è­®áâ¨ ä®à¬ã«ë (217) ¯à¨¡«¨§¨â¥«ì­® ¢ 13 à § ¬¥­ìè¥ ¯® áà ¢-

­¥­¨î á ä®à¬ã«®© (214).
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Ǳ®íâ®¬ã ¢ëç¨á«¥­¨ï ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ¬¥â®¤  �¤ ¬á  ®¡ëç­®

¯à®¨§¢®¤ïâ ¯® áå¥¬¥:

1) ¯® ä®à¬ã«¥ (214) ­ å®¤ïâ yj+1

;

2) á ¯®¬®éìî §­ ç¥­¨ï yj+1

, ­ ©¤¥­­®£® ¢ ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥,

¢ëç¨á«ïîâ ­®¢®¥ §­ ç¥­¨¥ yj+1

¯® ä®à¬ã«¥ (217)

(

â.¥. ãâ®ç­ïîâ

­ ©¤¥­­®¥ ¢ ¯. 1) §­ ç¥­¨¥

)

.

�   ¬ ¥ ç   ­ ¨ ¥. �¥«¨ç¨­ã è £  h ¢ë¡¨à îâ â ª, çâ®¡ë §­ -

ç¥­¨ï yj+1

, ­ ©¤¥­­ë¥ ¯® ä®à¬ã« ¬ (214) ¨ (217), ®â«¨ç «¨áì ¡ë

â®«ìª® ­¥áª®«ìª¨¬¨ ¥¤¨­¨æ ¬¨ ¬« ¤è¥£® à §àï¤ , ª®â®àë© ®¯à¥-

¤¥«ï¥âáï, ¨áå®¤ï ¨§ § ¤ ­­®© áâ¥¯¥­¨ â®ç­®áâ¨ à¥§ã«ìâ â .

Ǳà¨¬¥à 73. � áá¬®âà¨¬ âã �¥ á ¬ãî § ¤ çã �®è¨, çâ® ¨ ¢

¯à¨¬¥à¥ 72.

�  á¥£¬¥­â¥ [0; 0.5℄ ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï (208) ¯à¨ ãá«®¢¨-

ïå (209).

� ª ¨ à ­¥¥, ¢¢¥¤¥¬ ­®¢ãî ­¥¨§¢¥áâ­ãî äã­ªæ¨î u =

dy
dx , ®¡®-

§­ ç¨¬ f
1

(x, y, u) = u, f
2

(x, y, u) = −2(y + xu) ¨ ¡ã¤¥¬ à¥è âì

á®®â¢¥âáâ¢ãîéãî § ¤ çã �®è¨ (210), (211). �®§ì¬¥¬ á­®¢  è £

h = 0.1, ¯®«®�¨¬ xj = hj, j = 0, 5.
�­ ç¥­¨ï y

0

= 1, u
0

= 2 ®¯à¥¤¥«¥­ë ­ ç «ì­ë¬¨ ãá«®¢¨ï-

¬¨ (211). �á¯®«ì§ã¥¬ yj, uj , j = 1, 2, 3, ­ ©¤¥­­ë¥ ¢ ¯à¨¬¥à¥ 72
¬¥â®¤®¬ �ã­£¥|�ãââë, yj , uj, j = 4, 5, ¢ëç¨á«¨¬ ¯® íªáâà ¯®-

«ïæ¨®­­®© ä®à¬ã«¥ �¤ ¬á  (214) ¨ ãâ®ç­¨¬ ¯® ¨­â¥à¯®«ïæ¨®­­®©

ä®à¬ã«¥ (217).

�   ¡ « ¨ æ   4

j xj yj uj=f
1j f

2j �yj �uj

0 0.0 1.000000 2.000000 -2.000000

1 0.1 1.189035 1.771454 -2.555216

2 0.02 1.352607 1.492522 -3.003719

3 0.03 1.486249 1.174962 -3.324986 0.100450 -0.342491

4 0.04 1.586698 0.832471 -3.506385 0.100522 -0.342786

1.586771 0.832175 -3.506412 0.065530 -0.353413

5 0.05 1.652301 0.478718 -3.543960 0.065573 -0.353734

1.652344 0.478441

�¥§ã«ìâ âë ¢ëç¨á«¥­¨© ¯à¨¢¥¤¥­ë ¢ â ¡«. 4

(

¤«ï ªà âª®áâ¨

¢¢¥¤¥­ë ®¡®§­ ç¥­¨ï f
1j = f

1

(xj , yj, uj), f
2j = f

2

(xj , yj , uj)
)

.
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Ǳ à ¨ ¬ ¥ ç   ­ ¨ ¥. � ¤ ­­®© â ¡«¨æ¥ áâà®ª¨, á®®â¢¥âáâ¢ãîé¨¥

j = 4 ¨ j = 5, à §¤¥«¥­ë ­  ¤¢¥ ¯®¤áâà®ª¨ ª �¤ ï. �¥àå­ïï ¨§

­¨å á®®â¢¥âáâ¢ã¥â à¥§ã«ìâ â ¬, ­ ©¤¥­­ë¬ ¯® íªáâà ¯®«ïæ¨®­­®©

ä®à¬ã«¥ (214), ­¨�­ïï | ¨­â¥à¯®«ïæ¨®­­®© (217). �

�   ¬ ¥ ç   ­ ¨ ¥. �¬¥îâáï ¯à®£à ¬¬ë ¤«ï ª®¬¯ìîâ¥à®¢, à¥ «¨-

§ãîé¨¥ ¬¥â®¤ �¤ ¬á  à §«¨ç­®£® ¯®àï¤ª .

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
31

� ¯®¬®éìî ¬¥â®¤  �¤ ¬á  ç¥â¢¥àâ®£® ¯®àï¤ª 

(

ä®à¬ã«ë (214)

¨ (217)

)

¯à¨¡«¨�¥­­® à¥è¨âì § ¤ çã á®®â¢¥âáâ¢ãîé¥£® ¢ à¨ ­â 

ª®­âà®«ì­®£® § ¤ ­¨ï N

◦
28.

18.4. � å®�¤¥­¨¥ à¥è¥­¨ï ¢ ¢¨¤¥ àï¤ 

�¥è¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¬®�­® ­ ©â¨ ¨ ¢ ¢¨¤¥

àï¤ .

Ǳà¨¬¥à 74. �ã¤¥¬ ¨áª âì à¥è¥­¨¥ ã�¥ à áá¬ âà¨¢ ¢è¥©áï ¢

¯à¨¬¥à å 72 ¨ 73 § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (208)

d2y

dx2
+ x

dy

dx
+ 2y = 0

¢ ¢¨¤¥ áâ¥¯¥­­®£® àï¤  (®¡®¡é¥­­®£® áâ¥¯¥­­®£® àï¤ )

y(x) = xp
∞
∑

k=0

akx
k
=

∞
∑

k=0

akx
k+p, (219)

£¤¥ p, ak, k = 0, 1, 2, . . . , | ¢¥é¥áâ¢¥­­ë¥ ç¨á« .

Ǳà®¤¨ää¥à¥­æ¨à®¢ ¢ ¯®ç«¥­­® àï¤ (219) ¤¢  à § , ¨¬¥¥¬

y
′

=

∞
∑

k=0

ak(k + p)xk+p−1,

y
′′

=

∞
∑

k=0

ak(k + p)(k + p− 1)xk+p−2.

Ǳ®á«¥ ¯®¤áâ ­®¢ª¨ ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¯®«ãç ¥¬

∞
∑

k=0

(k+p)(k+p−1)akxk+p−2

+x

∞
∑

k=0

(k+p)akx
k+p−1

+2

∞
∑

k=0

akx
k+p

= 0,
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¨«¨

∞
∑

k=0

(k + p)(k + p− 1)akx
k+p−2

+

∞
∑

k=0

(k + p+ 2)akx
k+p

= 0,

¨«¨

p(p− 1)a
0

xp−2

+ (p+ 1)pa
1

xp−1

+

∞
∑

k=2

(k + p)(k + p− 1)akx
k+p−2

+

+

∞
∑

k=0

(k + p+ 2)akx
k+p

= 0.

Ǳ®«®�¨¢ ¢ ¯¥à¢®¬ àï¤¥ k = l + 2, ¯®«ãç ¥¬

p(p− 1)a
0

xp−2

+(p+1)pa
1

xp−1

+

∞
∑

l=0

(l+ p+2)(l+ p+1)al+2

xl+p
+

+

∞
∑

k=0

(k + p+ 2)akx
k+p

= 0.

�á«¨ ¢ ¯¥à¢®¬ àï¤¥ ¨­¤¥ªá áã¬¬¨à®¢ ­¨ï l ®¡®§­ ç¨âì á­®¢  k ¨

á«®�¨âì ¯®ç«¥­­® ¯®«ãç ¥¬ë¥ àï¤ë, â® ¡ã¤¥¬ ¨¬¥âì

p(p− 1)a
0

xp−2

+ (p+ 1)pa
1

xp−1

+

+

∞
∑

k=0

(k + p+ 2)

(

(k + p+ 1)ak+2

+ ak
)

xk+p
= 0.

�«ï ¢ë¯®«­¥­¨ï ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¤®áâ â®ç­® ¯à¨à ¢­ïâì ­ã-

«î ª®íää¨æ¨¥­âë ¯à¨ ¢á¥å áâ¥¯¥­ïå x. �â® ¯à¨¢¥¤¥â ª á«¥¤ãîé¥©
á¨áâ¥¬¥ ãà ¢­¥­¨© ¤«ï p ¨ ak, k = 0, 1, 2, . . . :











p(p− 1)a
0

= 0,

p(p+ 1)a
1

= 0,

(k + p+ 1)ak+2

= ak, k = 0, 1, 2, . . .

(220)

Ǳ®«®�¨¬ á­ ç «  p = 1, a
0

6= 0. �®£¤  ¨§ ¢â®à®£® ãà ¢­¥­¨ï

á¨áâ¥¬ë á«¥¤ã¥â, çâ® a
1

= 0. �à¥âì¥ ãà ¢­¥­¨¥ ¬®�­® § ¯¨á âì ¢

¢¨¤¥

ak+2

= − ak
k + p+ 1

,
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  â ª ª ª p = 1, â®

ak+2

= − ak
k + 2

. (221)

� á¨«ã a
1

= 0 ¨§ à ¢¥­áâ¢  (221) ¨¬¥¥¬ ¯®á«¥¤®¢ â¥«ì­®

a
3

= 0, a
5

= 0, . . . , a
2s−1

= 0, . . . �â ª, a
2m−1

= 0,

m = 1, 2, 3, . . . Ǳà¨ k = 2m, m = 0, 1, 2, . . . , ¨§ à ¢¥­áâ¢  (221)

­ å®¤¨¬

a
2

= −a0
2

,

a
4

= − a
2

2 · 2 = − a
0

2

2 · 1 · 2 ,

a
6

= − a
4

2 · 3 = − a
0

2

3 · 1 · 2 · 3 ,
.

.

.

a
2s = − a

2(s−1)

2(s+ 1)

= (−1)s a
0

2

s · s! ,

.

.

.

Ǳ®«®�¨¬ a
0

= 1. �®£¤  ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ç áâ­®¬ã à¥è¥-

­¨î y
1

ãà ¢­¥­¨ï (208):

y
1

(x) =

∞
∑

s=0

(−1)s
2

s · s!x
2s+1

= x− x3

2

+

x5

2

2 · 2 − . . . (222)

Ǳ® ¯à¨§­ ªã �'�« ¬¡¥à * íâ®â àï¤ áå®¤¨âáï ¤«ï «î¡®£® ¢¥é¥-

áâ¢¥­­®£® x.

Ǳ®«®�¨¬ â¥¯¥àì











a
0

= 0,

a
1

6= 0,

p = −1.
�®£¤  âà¥âì¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë (220) § ¯¨áë¢ ¥âáï â ª:

ak+2

= −ak
k
, k = 1, 2, 3, . . . (223)

Ǳ®«®�¨¬ a
2

= 0. �§ à ¢¥­áâ¢  (223) á«¥¤ã¥â, çâ® a
2s = 0,

s = 2, 3, 4, . . . � «¥¥, ¯à¨ k = 2m− 1, m = 1, 2, 3, . . . , ¨¬¥¥¬

a
2m+1

= − a
2m−1

2m− 1

,

* �.�. �'�« ¬¡¥à (J.L. D'Alambert, 1717|1783) | äà ­æã§áª¨© ¬ â¥¬ -

â¨ª, ¬¥å ­¨ª ¨ ä¨«®á®ä.
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®âªã¤ 

a
3

= −a1
1

,

a
5

= −a3
3

=

a
1

1 · 3 ,

a
7

= −a5
5

= − a
1

1 · 3 · 5 ,
.

.

.

a
2s+1

= (−1)s a
1

(2s− 1)!!

.

.

.

(

§¤¥áì ®¡®§­ ç¥­® (2s− 1)!! = 1 · 3 · 5 . . . (2s− 3)(2s− 1)

)

.

Ǳ®«®�¨¬ a
1

= 1. Ǳ®«ãç¨¬ ¢â®à®¥ ç áâ­®¥ à¥è¥­¨¥ ãà ¢­¥-

­¨ï (208):

y
2

(x) = 1 +

∞
∑

s=1

(−1)s
(2s− 1)!!

x2s = 1− x2 +
x4

1 · 3 − x6

1 · 3 · 5 + . . . (224)

�®ç­® â ª �¥, ª ª ¨ à ­¥¥, ¯® ¯à¨§­ ªã �'�« ¬¡¥à  ¯à®¢¥àï-

¥âáï, çâ® àï¤ ¢ ¯à ¢®© ç áâ¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢  áå®¤¨âáï ¤«ï

«î¡®£® ¢¥é¥áâ¢¥­­®£® x.
�ã­ªæ¨¨ y

1

(x), y
2

(x) «¨­¥©­® ­¥§ ¢¨á¨¬ë ­  «î¡®¬ á¥£¬¥­-

â¥ [a, b℄, ¯®íâ®¬ã ®¡é¥¥ à¥è¥­¨¥ «¨­¥©­®£® ®¤­®à®¤­®£® ãà ¢­¥-

­¨ï (208) ¨¬¥¥â ¢¨¤

y(x) = C
1

y
1

(x) + C
2

y
2

(x), (225)

£¤¥ C
1

¨ C
2

| ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥.

�¥è¨¬ â¥¯¥àì § ¤ çã �®è¨ (208), (209).

� ç «ì­ë¥ ãá«®¢¨ï (209) ¤ îâ á¨áâ¥¬ã

{

C
1

y
1

(0) + C
2

y
2

(0) = 1,

C
1

y
′

1

(0) + C
2

y
′

2

(0) = 2.

� ª ª ª y
1

(0) = 0, y
′

1

(0) = 1, y
2

(0) = 1, y
′

2

(0) = 0, â® ¨§

¯®á«¥¤­¥© á¨áâ¥¬ë áà §ã á«¥¤ã¥â, çâ®

C
1

= 2, C
2

= 1,

188



¨ à¥è¥­¨¥¬ à áá¬ âà¨¢ ¥¬®© § ¤ ç¨ �®è¨ ï¢«ï¥âáï äã­ªæ¨ï

y(x) = 2y
1

(x) + y
2

(x). (226)

�ëç¨á«¨¬ ¯à¨¡«¨�¥­­®¥ §­ ç¥­¨¥ y
(

1

2

)

á â®ç­®áâìî ¤® 10

−8

:

y
1

(

1

2

)

= 1− 1

2

3 · 2 · 1! +
1

2

5 · 22 · 2! −
1

2

7 · 23 · 3! +
1

2

9 · 24 · 4! + r1 =

=

86753

196608

+ r
1

,

£¤¥ |r
1

| < 1

2

11·25·5! < 0.13 · 10−8

(

¯®«ãç¥­­ë© àï¤ ¤«ï y
(

1

2

)

¥áâì §­ -

ª®ç¥à¥¤ãîé¨©áï àï¤, ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬ â¥®à¥¬ë �¥©¡-

­¨æ , ¯®íâ®¬ã ¬®¤ã«ì ®áâ âª  r
1

¬¥­ìè¥ ¬®¤ã«ï ¯¥à¢®£® ¥£®

ç«¥­ 

)

,

y
2

(

1

2

)

= 1− 1

2

2

+

1

2

4 · 3!!−
1

2

6 · 5!!+
1

2

8 · 7!!−
1

2

10 · 9!!+r2 =
744947

967680

+r
2

,

£¤¥ |r
2

| < 1

2

12·11!! < 0.24 · 10−9

,

y

(

1

2

)

= 2y
1

(

1

2

)

+ y
2

(

1

2

)

= 1.65232497+ r,

|r| < 2|r
1

|+ |r
2

| = 0.26 · 10−8

+ 0.24 · 10−9 < 0.3 · 10−8. �

Ǳà¨¬¥à 75. �¥è¨¬ á«¥¤ãîéãî ªà ¥¢ãî § ¤ çã.

�  á¥£¬¥­â¥ [0, 1℄ ­ ©â¨ à¥è¥­¨¥ ãà ¢­¥­¨ï

d2y

dx2
+ x

dy

dx
+ 2y = 2, (227)

ã¤®¢«¥â¢®àïîé¥¥ £à ­¨ç­ë¬ ãá«®¢¨ï¬

y(0) = 1, y(1) = 0. (228)

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (227) ¨¬¥¥â ¢¨¤

y(x) = C
1

y
1

(x) + C
2

y
2

(x) + 1, (229)
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£¤¥ C
1

¨ C
2

| ¯à®¨§¢®«ì­ë¥ ¯®áâ®ï­­ë¥,   äã­ªæ¨¨ y
1

(x), y
2

(x)
­ ©¤¥­ë ¢ ¯à¨¬¥à¥ 74. Ǳ®¤áâ ¢¨¢ íâ® ¢ëà �¥­¨¥ y(x) ¢ £à ­¨ç­ë¥
ãá«®¢¨ï (228), ¯®«ãç¨¬

{

C
1

y
1

(0) + C
2

y
2

(0) + 1 = 1,

C
1

y
1

(1) + C
2

y
2

(1) + 1 = 0,

â.¥.

{

C
1

y
1

(0) + C
2

y
2

(0) = 0,

C
1

y
1

(1) + C
2

y
2

(1) = −1.

� ª ª ª y
1

(0) = 0, y
2

(0) = 1, â® ¨§ ¯¥à¢®£® ãà ¢­¥­¨ï á«¥-

¤ã¥â C
2

= 0, ¨§ ¢â®à®£® C
1

= − 1

y
1

(1)

, y
1

(1) = 0.6065306 + ̺,

0 < ̺ < 10

−7

(

§­ ç¥­¨¥ y
1

(1) ¢ëç¨á«ï¥âáï  ­ «®£¨ç­® ¯à¥¤ë¤ãé¥-

¬ã

)

.

�â ª, ¨¬¥¥¬

y(x) = 1− y
1

(x)

y
1

(1)

≈ −1.6487215 · y
1

(x) + 1. �

� ©â¨ à¥è¥­¨ï ¢ ¢¨¤¥ áâ¥¯¥­­ëå àï¤®¢ á«¥¤ãîé¨å § ¤ ç �®è¨

(

§ ¤ ç¨ ¢§ïâë ¨§ á¡®à­¨ª  [6℄

)

:

141. (1− x)y′ + y = x+ 1, y(0) = 0.

142. xy′′ + y = 0, y(0) = 0, y′(0) = 1.

143. xy′′ + 2y′ + xy = 0, y(0) = 1, y′(0) = 0.

144. xy′′ + y′ + xy = 0, y(0) = 1, y′(0) = 0.

§19. �¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ ¬¥â®¤®¬ ¯à®£®­ª¨

� áá¬®âà¨¬ á«¥¤ãîéãî ªà ¥¢ãî (£à ­¨ç­ãî) § ¤ çã ¤«ï ®¡ëª-

­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª : ­  á¥£-

¬¥­â¥ [a, b℄ ­ ©â¨ à¥è¥­¨¥ y(x) ãà ¢­¥­¨ï

d2y

dx2
+ p(x)

dy

dx
+ q(x)y = f(x) (230)

(

p(x), q(x), f(x) | § ¤ ­­ë¥ ­¥¯à¥àë¢­ë¥ ­  á¥£¬¥­â¥ [a, b℄

äã­ªæ¨¨

)

, ã¤®¢«¥â¢®àïîé¥¥ £à ­¨ç­ë¬ ãá«®¢¨ï¬

y(a) = A, y(b) = B, (231)
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A ¨ B | § ¤ ­­ë¥ ¢¥é¥áâ¢¥­­ë¥ ç¨á« .

�­ ç «¥ ¯®«ãç¨¬ ­¥ª®â®àë¥  ¯¯à®ªá¨¬ æ¨¨ ¯à®¨§¢®¤­ëå äã­ª-

æ¨¨ y(x). �®§ì¬¥¬ ¯à®¨§¢®«ì­®¥ x ∈ [a, b℄ ¨ ¡«¨§ª¨¥ ª ­¥¬ã x+h ¨
x− h, x+ h ∈ [a, b℄, x− h ∈ [a, b℄.

�á¯®«ì§®¢ ¢ ä®à¬ã«ã �¥©«®à , ­ ©¤¥¬

y(x+h) = y(x)+y
′

(x)h+
1

2

y
′′

(x)h2+
1

6

y
′′′

(x)h3+
1

24

y(IV )

(x+θ
1

h)h4,

y(x−h) = y(x)−y′

(x)h+
1

2

y
′′

(x)h2− 1

6

y
′′′

(x)h3+
1

24

y(IV )

(x+θ
2

h)h4,

0 < θ
1

< 1, 0 < θ
2

< 1.

�«®�¨¢ ¨ ¢ëçâï ¯®á«¥¤­¨¥ à ¢¥­áâ¢ , ¡ã¤¥¬ ¨¬¥âì

y
′′

(x) =
y(x+ h)− 2y(x) + y(x− h)

h2
−

− h2

24

(

y(IV )

(x+ θ
1

h) + y(IV )

(x+ θ
2

h)
)

, (232)

y
′

(x) =
y(x+ h)− y(x− h)

2h
− h2

12

(

y
′′′

(x+ θ
3

h)+ y
′′′

(x+ θ
4

h)
)

, (233)

0 < θ
3

< 1, 0 < θ
4

< 1

(¯à¨ ¯®«ãç¥­¨¨ ¯®á«¥¤­¥£® à ¢¥­áâ¢  ¢ à §«®�¥­¨¨ ¯® ä®à¬ã«¥

�¥©«®à  ®£à ­¨ç¨¢ ¥¬áï «¨èì á« £ ¥¬ë¬¨, á®¤¥à� é¨¬¨ áâ¥¯¥­¨

­¥ ¢ëè¥ âà¥âì¥©).

�§ à ¢¥­áâ¢ (232) ¨ (233) á«¥¤ã¥â, çâ®

y
′′

(x) ≈ y(x+ h)− 2y(x) + y(x− h)

h2
,

y
′

(x) ≈ y(x+ h)− y(x− h)

2h
,

¯à¨ç¥¬  ¡á®«îâ­ ï ¯®£à¥è­®áâì ª �¤®£® ¨§ íâ¨å ¯à¨¡«¨�¥­­ëå

§­ ç¥­¨© à ¢­  O(h2).
� §®¡ì¥¬ ¤ «¥¥ á¥£¬¥­â [a, b℄ ­  n à ¢­ëå ç áâ¥© â®çª ¬¨

xj = a + jh, j = 0, 1, 2, . . . , n, h =

b−a
n , ¢®§ì¬¥¬ ¢ à ¢¥­-

áâ¢ å (233) ¨ (234) x = xj ¨ ¯®¤áâ ¢¨¬ ¯®«ãç¥­­ë¥ ¢ëà �¥-

­¨ï y
′′
(xj), y

′
(xj) ¢ ¨áå®¤­®¥ ãà ¢­¥­¨¥ (230), ®â¡à®á¨¢ ®áâ â®ç­ë¥

ç«¥­ë, á®¤¥à� é¨¥ h2.
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�®£¤  £à ­¨ç­ ï § ¤ ç  (230), (231) ¡ã¤¥â  ¯¯à®ªá¨¬¨à®¢ ­  á¨-

áâ¥¬®© «¨­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (¨«¨, ª ª £®¢®àïâ, ª®-

­¥ç­®{à §­®áâ­®© áå¥¬®©)















yj+1

− 2yj + yj−1

h2
+ pj

yj+1

− yj−1

2h
+ qjyj = fj,

j = 1, 2, 3, . . . , n− 1,

y
0

= A, yn = B,

£¤¥ pj = p(xj), qj = q(xj), fj = f(xj), ®â­®á¨â¥«ì­® ­¥¨§¢¥áâ-

­ëå y
1

, y
2

, . . . , yn−1

. �á«¨ ®¡®§­ ç¨âì

αj =
1

h2
− pj
2h

, βj = qj −
2

h2
, γj =

1

h2
+

pj
2h

,

â® à áá¬ âà¨¢ ¥¬ ï á¨áâ¥¬  § ¯¨è¥âáï ¢ ¢¨¤¥











αjyj−1

+ βjyj + γjyj+1

= fj ,

j = 1, 2, 3, . . . , n− 1,

y
0

= A, yn = B.

(234)

�â® á¨áâ¥¬  á âà¥å¤¨ £®­ «ì­®© ¬ âà¨æ¥©: ­  £« ¢­®© ¤¨ £®-

­ «¨ ¬ âà¨æë à á¯®«®�¥­ë ç¨á«  β
1

, β
2

, . . . , βn−1

, ¯®¤ ­¥© |

α
2

, α
3

, . . . , αn−1

, ­ ¤ ­¥© | γ
1

, γ
2

, . . . , γn−2

, ®áâ «ì­ë¥ í«¥¬¥­âë

¬ âà¨æë à ¢­ë ­ã«î:































β
1

γ
1

0 0 · · · 0 0 0

α
2

β
2

γ
2

0 · · · 0 0 0

0 α
3

β
3

γ
3

· · · 0 0 0

· · · · · · · ·
· · · · · · · · ·
· · · · · · · · · ·
· · · · · · · · ·
· · · · · · · ·
0 0 0 0 · · · αn−2

βn−2

γn−2

0 0 0 0 · · · 0 αn−1

βn−1































.

� ª¨¥ á¨áâ¥¬ë ã¤®¡­® à¥è âì ¬¥â®¤®¬ ¯à®£®­ª¨. �¯¨è¥¬ ¥£®.

Ǳ®«®�¨¬

yj = Ajyj+1

+Bj , (235)
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£¤¥ Aj , Bj | ­¥¨§¢¥áâ­ë¥ ¯®ª  ç¨á« , j = 1, 2, 3, . . . , n − 1, ¨ ¯®¤-

áâ ¢¨¬ á®®â¢¥âáâ¢ãîé¨¥ yj−1

= Aj−1

yj +Bj−1

¢ ¯¥à¢®¥ ãà ¢­¥­¨¥

á¨áâ¥¬ë (234):

αj(Aj−1

yj +Bj−1

) + βjyj + γjyj+1

= fj,

®âªã¤  ­ å®¤¨¬

yj = − γj
αjAj−1

+ βj
yj+1

+

fj − αjBj−1

αjAj−1

+ βj
.

Ǳ®á«¥¤­¥¥ à ¢¥­áâ¢® ¨¬¥¥â ¢¨¤ (235), £¤¥

Aj = − γj
αjAj−1

+ βj
, Bj =

fj − αjBj−1

αjAj−1

+ βj
. (236)

� ¢¥­áâ¢® y
0

= A ¬®�­® § ¯¨á âì ¢ ¢¨¤¥ y
0

= 0 ·y
1

+A, â. ¥. â ª�¥
¢ ¢¨¤¥ (235), £¤¥ A

0

= 0, B
0

= A. �á¯®«ì§ãï íâ®, ¬®�­® ¯® ä®à-
¬ã« ¬ (236) ­ ©â¨ (¯à¨ j = 1) A

1

¨ B
1

, § â¥¬ ¯® §­ ç¥­¨ï¬ A
1

, B
1

¯à¨ j = 2 á ¯®¬®éìî íâ¨å �¥ ä®à¬ã« ®¯à¥¤¥«¨âì A
2

, B
2

, § â¥¬ A
3

,

B
3

, A
4

, B
4

,. . . ,An, Bn (¢ëç¨á«¥­¨¥ ¯® ä®à¬ã« ¬ (236) §­ ç¥­¨© A1

,

B
1

, A
2

, B
2

,. . . ,An, Bn ­ §ë¢ ¥âáï ¯àï¬®© ¯à®£®­ª®©).

�á¯®«ì§ãï ¯®á«¥¤­¥¥ ¨§ à ¢¥­áâ¢ (234) yn = B, ¯à¨ j = n− 1 ¨§

ä®à¬ã«ë (235) ­ å®¤¨¬ yn−1

, ¤ «¥¥ ¯à¨ j = n − 2 ¨ ã�¥ ¨§¢¥áâ-

­®¬ yn−1

¨§ ä®à¬ã«ë (235) ­ å®¤¨¬ yn−2

, § â¥¬ yn−3

, . . . , y
2

, y
1

(¯à®æ¥áá ­ å®�¤¥­¨ï ¯® ä®à¬ã« ¬ (235) yn−1

, yn−2

, . . . , y
2

, y
1

­ -

§ë¢ ¥âáï ®¡à â­®© ¯à®£®­ª®©).

� ª¨¬ ®¡à §®¬, à¥è¥­¨¥ y
1

, y
2

, . . . , yn−1

á¨áâ¥¬ë (234) ­ ©¤¥­®.

� ª á«¥¤ã¥â ¨§ à ¢¥­áâ¢ (232), (233), ¯®£à¥è­®áâì  ¯¯à®ªá¨¬ -

æ¨¨ § ¤ ç¨ (230), (231) á¨áâ¥¬®© (234) ¨¬¥¥â ¯®àï¤®ª O(h2).
Ǳà¨¬¥à 76. �  ¯à®¬¥�ãâª¥

[

0, π
4

]

­ ©â¨ à¥è¥­¨¥ ªà ¥¢®© § -

¤ ç¨

y
′′

+ y = 1,

y(0) = 1, y
(π

4

)

= 1− 1√
2

.

�®ç­®¥ à¥è¥­¨¥ § ¤ ç¨ y(x) = 1− sinx.
�¥è¨¬ â¥¯¥àì íâã § ¤ çã ¬¥â®¤®¬ ¯à®£®­ª¨. �®§ì¬¥¬ n = 10.

�®£¤  h =

π
40

. � ª ª ª p(x) = 0, q(x) = f(x) = 1, â®

αj = γj =

1

h2 , βj = 1 − 2

h2 , j = 1, 2, 3, . . . , n − 1. �¤¥áì A = 1,

B = 1− 1√
2

.
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� â ¡«. 5 ¯à¨¢¥¤¥­ë à¥§ã«ìâ âë ¢ëç¨á«¥­¨© ¯® ä®à¬ã« ¬ (236)

¨ (235). �

�   ¡ « ¨ æ   5

Ǳàï¬ ï ¯à®£®­ª  �¡à â­ ï ¯à®£®­ª 

Aj Bj yj

0 0 1 1

1

π
40

0.501547 0.498453 0.921536 0.921541

2 2· π
40

0.670113 0.329886 0.843557 0.843566

3 3· π
40

0.755448 0.244552 0.766543 0.766555

4 4· π
40

0.807504 0.192496 0.690968 0.690983

5 5· π
40

0.842938 0.157062 0.617300 0.617317

6 6· π
40

0.868890 0.131110 0.545998 0.546010

7 7· π
40

0.888935 0.111065 0.477486 0.477501

8 8· π
40

0.905062 0.949378 0.412203 0.412215

9 9· π
40

0.918468 0.815317 0.350545 0.350552

10 10· π
40

0.292893 0.292893

j xj 1−sin xj

�á¯®«ì§®¢ ¢ £®â®¢ãî ª®¬¯ìîâ¥à­ãî ¯à®£à ¬¬ã (¨«¨ ­ ¯¨á ¢

á®¡áâ¢¥­­ãî), ¯®áâà®¨âì ­  ¯à®¬¥�ãâª¥ [−1, 1℄ ¯®«ãç¥­­ë© ¬¥â®-

¤®¬ ¯à®£®­ª¨ £à ä¨ª ¯à¨¡«¨�¥­­®£® à¥è¥­¨ï ¤¨ää¥à¥­æ¨ «ì­®-

£® ãà ¢­¥­¨ï

y′′ +
1

x+ 2

y′ −
(

1 + sin

2

(

x3 + 1

))

y = x,

ã¤®¢«¥â¢®àïîé¥£® £à ­¨ç­ë¬ ãá«®¢¨ï¬ (¢§ïâì n = 200):

145. y(−1) = y(1) = 0.

146. y(−1) = 0.5 , y(1) = −2.

�®­âà®«ì­®¥ § ¤ ­¨¥ N

◦
32

� ª �¤®¬ ¢ à¨ ­â¥ ­  ®âà¥§ª¥, ®¯à¥¤¥«ï¥¬®¬ £à ­¨ç­ë¬¨ ãá«®-

¢¨ï¬¨, á ¯®¬®éìî ¬¥â®¤  ¯à®£®­ª¨, ¨á¯®«ì§®¢ ¢ £®â®¢ãî ª®¬¯ìî-

â¥à­ãî ¯à®£à ¬¬ã (¨«¨ ­ ¯¨á ¢ á®¡áâ¢¥­­ãî), ­ ©â¨ ¯à¨¡«¨�¥­-

­®¥ à¥è¥­¨¥ ªà ¥¢®© § ¤ ç¨ ¤«ï «¨­¥©­®£® ¤¨ää¥à¥­æ¨ «ì­®£®

ãà ¢­¥­¨ï ¢â®à®£® ¯®àï¤ª  ¨ ¯®áâà®¨âì ¥£® £à ä¨ª (¢§ïâì n â -

ª¨¬, çâ®¡ë è £ h ¯®«ãç¨«áï 0.01):
32.1. y′′ − ln(x+ 1)y′ + 
osx · y = 2 ; y(1) = 1 , y(3) = 0.

32.2. y′′ +
x

x3 + 2

y′ + y = 5x+ 2 ; y(−1) = 0 , y(1) = 2.

32.3. y′′ + exy′ − (
osx+ sinx)y = 5 ; y(0) = 0 , y(1) = 0.
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32.4. y′′ − 1

lnx
y′ − 
osx

ex
y = ar
tgx ; y(2) = 1 , y(3) = 1.

32.5. y′′ − (5x+ 3)y′ − 8 sin 
osx · y = 4 ; y(−2) = 0 , y(1) = 1.

32.6. y′′ − xy′ + 5x3y = ar
tgx ; y(−1) = 1 , y(1) = −1.
32.7. y′′ − 
os 3x · y′ + ex

2

y = 2 
osx ; y(−1) = −1 , y(1) = 1.

32.8. y′′ +
17x

1 + x2
y′ + ln(1− x)y = 6x ; y(−3) = 1 , y(−1) = −1.

32.9. y′′ +
15x

e2x
y′ = x3 ; y(−1) = 0 , y(0) = 2.

32.10. y′′ − x 
osx · y′ + x

lnx
y = x ; y(2) = 0 , y(3) = 1.

32.11. y′′ − 1

x2
y′ + x sinx · y = 1 ; y(1) = 3 , y(3) = −1.

32.12. y′′ + xexy′ + y = lnx ; y(1) = 1 , y(2) = 0.

32.13. y′′ − sin

√
x · y′ + exy =

1

x2
; y(1) = 1 , y(3) = 1.

32.14. y′′ − x

ex
y′ − x

e2x
y = x2 ; y(−1) = 0 , y(1) = 1.

32.15. y′′ + x2y′ − sinx

x
y = x3 ; y(1) = 0 , y(2) = 1.

32.16. y′′ + 2xy′ − x

ln (1 + x2)
y = ex ; y(1) = 2 , y(3) = −2.

32.17. y′′ − 2y′ + x sinx · 
os sinx · y = ln (1 + ex) ; y(−3) = 0 ,

y(1) = 1.

32.18. y′′ + x 
osx · y′ − xy = 0 ; y(0) = 0 , y(2) = 1.

32.19. y′′ − xy′ +
x2

1 + x2
y = x lnx ; y(1) = 0 , y(3) = 2.

32.20. y′′ +
sinx

x
y′ +


osx

x
y =

ex

x
; y(1) = 0 , y(2) = 1.

32.21. y′′ − 
os ex · y′ + sinx · y = 1− x ; y(−1) = 0 , y(1) = 0.

32.22. y′′ + 2y′ +
ar
tg 2x

x
y = 5x sinx ; y(−2) = 0 , y(−1) = 3.

32.23. y′′ − x2 sin6 x · y′ + y = 8x+ 5 ; y(1) = 0 , y(2) = −1.
32.24. y′′ + sin

2 x · y = ar
tg2x ; y(0) = 2 , y(3) = 0.

32.25. y′′ + y′ +
x2 lnx

ex
y =

1

x
; y(1) = 0 , y(5) = 2.

32.26. y′′ + x sinx · y′ +
(

1 + 
os

2 x
)

y = 1 ; y(−1) = −1 , y(1) = 1.

32.27. y′′ +
1

x
y′ + x7y = 18 sin ex ; y(1) = 0 , y(2) = 0.

32.28. y′′ − 
tg

1

x
· y′ + y =

1

x2
; y(1) = 1 , y(5) = 1.

32.29. y′′ − ar
tgx · y′ + sinx · y = 0 ; y(−1) = −1 , y(1) = 1.

32.30. y′′ − x 
osx · y′ + exy = 
osx · sinx ; y(−2) = 0 , y(2) = 0.
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1. xy′ = 3y.

2. y′2 + y2 = 1.

3. xy − 2y2 +
(

x2 − xy + y2
)

y′ = 0.

4. x− y + 3 + (3x+ y + 1)y′ = 0.

5. y′2 + y′ − xy′ + y = 0.

6. �¨á. 62. �ë¤¥«¥­­ë¥ «¨­¨¨ | ¨§®ª«¨­ë. �å ãà ¢­¥­¨¥

y = k− x. �à ¢­¨â¥ ¯®«ãç¥­­ë© ®â¢¥â á ¯®«¥¬ ¨­â¥£à «ì­ëå ªà¨-

¢ëå, ¯®áâà®¥­­ë¬ ­  ®á­®¢¥  ­ «¨â¨ç¥áª®£® à¥è¥­¨ï

y = Cex − x− 1. �¯®á®¡ à¥è¥­¨ï ¯®¤®¡­ëå ãà ¢­¥­¨© á¬. ¢ §5.

/
�ªáâà¥¬ã¬ë (¬¨­¨¬ã¬ë)

y y

x xO O

k = −1 0

1

−1 1

∞

k = 0

�¨á. 62. �¨á. 63.

7. �¨á. 63. �¤¥áì ¨§®ª«¨­ë § ¤ îâáï ãà ¢­¥­¨¥¬ y = kx ¨ á®-

áâ®ïâ, â ª¨¬ ®¡à §®¬, ¨§ à¥è¥­¨©. �à ¢­¨â¥ ¯®«ãç¥­­ë© ®â¢¥â á

¯®«¥¬ ¨­â¥£à «ì­ëå ªà¨¢ëå, ¯®áâà®¥­­ë¬ ­  ®á­®¢¥  ­ «¨â¨ç¥-

áª®£® à¥è¥­¨ï y = Cx. �¯®á®¡ à¥è¥­¨ï ¯®¤®¡­ëå ãà ¢­¥­¨© á¬. ¢
§3 ¨«¨ 5.

8. �¨á. 64. �ë¤¥«¥­­ë¥ «¨­¨¨ | ¨§®ª«¨­ë. �å ãà ¢­¥­¨¥:


os(x − y) = k. Ǳà¨ k = 0 ¨¬¥¥¬ ãà ¢­¥­¨¥ y = x + π
(

l − 1

2

)

, ¯à¨

k = 1 ãà ¢­¥­¨¥ y = x+2πl, ¯à¨ k = −1 ãà ¢­¥­¨¥ y = x+π(2l+1).

�à ¢­¨â¥ ¯®«ãç¥­­ë© ®â¢¥â á ¯®«¥¬ ¨­â¥£à «ì­ëå ªà¨¢ëå, ¯®áâà®-

¥­­ë¬ ­  ®á­®¢¥  ­ «¨â¨ç¥áª®£® à¥è¥­¨ï y = x − 2 ar
tg(x + C)+
+π(2l − 1), £¤¥ l ∈ Z. �áå®¤­®¥ ãà ¢­¥­¨¥ § ¬¥­®© ­¥¨§¢¥áâ­®©

äã­ªæ¨¨ z(x) = x − y(x) ¯à¨¢®¤¨âáï ª ãà ¢­¥­¨î á à §¤¥«ïîé¨-

¬¨áï ¯¥à¥¬¥­­ë¬¨, á¯®á®¡ à¥è¥­¨ï ª®â®àëå á¬. ¢ § 3.

196



9. �¨á. 65. �ë¤¥«¥­­ë¥ «¨­¨¨ | ¨§®ª«¨­ë. �å ãà ¢­¥­¨¥

y = x2 + 2x− k. � ª�¥ ãª § ­  «¨­¨ï, á®áâ®ïé ï ¨§ â®ç¥ª ¯¥à¥-

£¨¡ . �¥ ãà ¢­¥­¨¥ y = x2 − 2. �­â¥£à «ì­ ï ªà¨¢ ï y = x2 à §¤¥-
«ï¥â â ª®¢ë¥ á â®çª®© ¯¥à¥£¨¡  ¨ ¡¥§ ­¥¥. �à ¢­¨â¥ ¯®«ãç¥­­ë©

®â¢¥â á ¯®«¥¬ ¨­â¥£à «ì­ëå ªà¨¢ëå, ¯®áâà®¥­­ë¬ ­  ®á­®¢¥  ­ -

«¨â¨ç¥áª®£® à¥è¥­¨ï y = Ce−x
+ x2. �¯®á®¡ à¥è¥­¨ï ¯®¤®¡­ëå

ãà ¢­¥­¨© á¬. ¢ § 5.

\ / / \ / \
k = 0 (¬ ªá¨¬ã¬ë) − 1 1 k = −1 y = x2 0 (íªáâà¥¬ã¬ë)

y y

x xO O

π

−π π

\
k = 0 (¬¨­¨¬ã¬ë)

/
1

\
Ǳ¥à¥£¨¡ë

�¨á. 64. �¨á. 65.

y

xO

k = 0 ∞
(íªáâà¥¬ã¬ë)

−1

1

�¨á. 66.

10. �¨á. 66. �ë¤¥«¥­­ë¥ «¨­¨¨ | ¨§®ª«¨­ë. �å ãà ¢­¥­¨ï:

y = k−1

k+1

x. �à ¢­¨â¥ ¯®«ãç¥­­ë© ®â¢¥â á ¯®«¥¬ ¨­â¥£à «ì­ëå ªà¨-
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¢ëå, ¯®áâà®¥­­ë¬ ­  ®á­®¢¥  ­ «¨â¨ç¥áª®£® ¢ëà �¥­¨ï ®¡é¥£®

¨­â¥£à « : ln

(

x2 + y2
)

= 2ar
tg

y
x + C. �¯®á®¡ à¥è¥­¨ï ¯®¤®¡­ëå

ãà ¢­¥­¨© á¬. ¢ §4. Ǳà¨ ¯®áâà®¥­¨¨ ­  ª®¬¯ìîâ¥à¥ ¨­â¥£à «ì­ëå
ªà¨¢ëå ã¤®¡­® ¯¥à¥©â¨ ª ¯®«ïà­®© á¨áâ¥¬¥ ª®®à¤¨­ â, ¢ ª®â®àëå

®¡é¨© ¨­â¥£à « ¨¬¥¥â ¢¨¤ ρ = eϕ+C
= Deϕ, £¤¥ D = eC > 0.

11. x = −1, (y > 0).

12. lnx =
√

y2 + 1.

13. y = 2− 3 
osx.

14. y = e
1

1−x
.

15. y2 + 2y = x2 − 2x+ 2 ln

(

x+1

y−1

)

+ 8.

16. x(y − x) = Cy.

17. Cx = e
os(y/x).
18. sin

y
x = Cx.

19. y = C
2

x2 − 1

2C , (C > 0).

20. C
√

x2 + y2 = y2 + 2x2.
21. y = Cx2 + x4.
22. xy =

(

x3 + C
)

e−x
.

23. y = ar
tgx− 1 + Ce− ar
tg x
.

24. x = y2 + Cy. � ª   §   ­ ¨ ¥. Ǳà¨­ïâì §  ­¥¨§¢¥áâ­ãî

äã­ªæ¨î x.

25. x = Cey
2 − y2. � ª   §   ­ ¨ ¥. Ǳà¨­ïâì §  ­¥¨§¢¥áâ­ãî

äã­ªæ¨î x.
26.

(

ex + Ce2x
)

y = 1.

27. y3 = Cx3 − 3x2.
28. xy

(

C − ln

2 y
)

= 1. � ª   §   ­ ¨ ¥. Ǳà¨­ïâì §  ­¥¨§¢¥áâ­ãî

äã­ªæ¨î x.
29.

(

C 
os

3 x− 3 sinx 
os2 x
)

y3 = 1.

30. y =
(

1 + x2
) (

ar
tg

2 x+ C
)

2

.

31. x4 − 2x2y3 + y6 = C.

32. x+ x3

y2 +
5

y = C.

33. x3 tg y + y4 + y3

x2 = C.

34. y
√
1 + x2 + x2y − y lnx = C.

35. x2 + 1 = 2(C − 2x) sin y.
36. y = Cx − C2

; 4y = x2.
37. 2C2

(y − Cx) = 1; 8y3 = 27x2.

38.

{

x = C(p+ 1),

y = C
2

p2
¨«¨ y = (x−C)

2

2C ; y = 0; y = −2x.
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39.

{

x = C
(p−1)

2

+ 2p+ 1,

y = Cp2

(p−1)

2

+ p2;
y = x− 2; y = 0.

40.







x = C
p3 − 2ep

(

1

p − 2

p2 +
2

p3

)

,

y = 3C
2p2 − 2ep

(

1− 3

p +
3

p2

)

;

y = 1.

41. y = 
osx+ x4 + C
1

x2 + C
2

x+ C
3

.

42. y = xex + C
1

x+ C
2

.

43. y = − ln |x|+ C
1

x3 + C
2

x2 + C
3

x+ C
4

.

44. y = x2−1

2

ar
tgx− x
2

ln

(

1 + x2
)

+ C
1

x+ C
2

.

45. y = C
1

(x+ 2)e−x
+ C

2

x+ C
3

.

46. y =
(

C
1

x− C2

1

)

e
x
C
1

+1

+ C
2

.

47. y = x3 + C
1

x3/2 + C
2

.

48. y = −x− C
1

ln |x− C
1

|+ C
2

; y = C.
49. y3 + C

1

y = 3x+ C
2

; y = C.
50. C

1

ln |y| − ln

2 |y| = 2x+ C
2

; y = C.

51. ln

∣

∣

∣

y
y+C

1

∣

∣

∣ = C
1

x+ C
2

; y = C.

52. 2x+ C
2

= C
1

e−y
+ 2y − y2; y = C.

53. y = C
2

eC1

x3
.

54. 2 ln |y| = e−x
(sinx− 
osx+ C

1

) + C
2

; y = 0.

55. y = C
2

x2eC1

x2
.

56. y2 = C
1

x6 + C
2

.

57. y = −(x+ 3)e−x
+

3

2

x2 + 3.

58. y = 2

√
x.

59. y = 2 ln(x+ 1).

60. 2y + 1 +

√
4x− 3 = 0.

61. y = C
1


os kx+ C
2

sin kx.
62. y = C

1

eax + C
2

e−ax
.

63. y = C
1

e−3x
+ C

2

e5x.
64. y = (C

1

+ C
2

x)e3x.
65. y = e−2x

(C
1


osx+ C
2

sinx).
66. y =

(

Ax2 +Bx+ C
)


os 3x+
(

Dx2 +Ex+ F
)

sin 3x.

67. y = x(Ax +B)e2x.
68. y = x2

(

Ax2 +Bx+ C
)

ex.
69. y = ex(A+B 
os 2x+ C sin 2x).
70. y = Ax +B + x(Cx +D) 
os 2x+ x(Ex+ F ) sin 2x.
71. y = C

1

ex + C
2

e2x + (10x+ 24) 
os 2x+ (30x+ 7) sin 2x.
72. y = e2x(C

1

+ C
2

x− sinx).
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73. y = C
1

e3x + e−x
(

C
2

+ x3 + x2 + x
)

.

74. y = e−x
(

C
1


os 2x+ C
2

sin 2x+ 2x2 − 1

)

.

75. y = (C
1

− x) 
os 2x+
(

C
2

− 2x2
)

sin 2x+ 4x.

76. y =
(

C
1

+ ln | 
osx|
)


osx+ (C
2

+ x) sinx.
77. y = C

1

ex + C
2

− 
os ex.
78. y = ex

(

C
1

x+ C
2

+ x ar
tgx− 1

2

ln(x2 + 1)

)

.

79. y = (C − 4x) 
os 2x+
(

ln sin

4 x+ C
2

)

sin 2x.
80. y = (C

1

+ 4

√

tgx) 
osx+ C

2

sinx.
81. y = C

1

+ C
2

ex + C
3

e2x + C
4


osx+ C
5

sinx.
82. y = C

1

+ e3x(C
2


osx+ C
3

sinx) + x3 + 2x2 + 3x.
83. y = C

1

ex + e−2x
(

C
2

+ C
3

x+ C
4

x2 + 
osx
)

.

84. y = C
1

e−x
+ C

2

e2x + 
osx(C
3

+ 3x) + sinx(C
4

+ x).
85. y = C

1

e−x
+ e2x(C

2

+ C
3

x) + 8

√
x.

86. y = C
1

x+ C
2

x2 .

87. y = x3
(

C
1

+ C
2

ln |x|
)

.

88. y = x
(

C
1

+ C
2

ln |x|+ C
3

ln

2 |x|
)

.

89. y = x2(C
1

− lnx) + C
2

x5.
90. y = C

1

x3 + C
2

− x2(2 lnx+ 1).

91.

{

x = C
1

e2t + C
2

e5t,

y = −C
1

e2t + 2C
2

e5t.

92.

{

x = et(C
1


os t+ C
2

sin t),

y = et
(

(C
2

− 4C
1

) 
os t− (C
1

+ 4C
2

) sin t
)

.

93.











x = C
1

+ C
2

et,

y = 3C
1

+ C
3

et,

z = −C
1

+ (C
2

− C
3

)et.

94.

{

x = (C
1

+ t)et + C
2

e−t,

y = (C
1

+ t+ 1)et + 3C
2

e−t.

95.

{

x = C
1


os t+ C
2

sin t+ tg t,

y = −C
1

sin t+ C
2


os t+ 2.

yO

�¨á. 67.

96. �¨á. 67.
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97. �¨á. 68.

yO−π π 2π

�¨á. 68.

98. �¨á. 69. �¥¬¥©áâ¢® í««¨¯á®¢

y′2

2

+ 2y2 = C.

y′ y′

y yO O

�¨á. 69. �¨á. 70.

99. �¨á. 70. �¥¬¥©áâ¢® ¯ à ¡®« (y′ + 2y)
2

= C (y′ + y). Ǳà¨ ¨å

¯®áâà®¥­¨¨ ­  ª®¬¯ìîâ¥à¥ ã¤®¡­® ¯¥à¥©â¨ ª ª®á®ã£®«ì­®© á¨áâ¥¬¥

ª®®à¤¨­ â Ox
1

y
1

¯® ä®à¬ã« ¬

{

y = x
1

− y
1

,

y′ = 2y
1

− x
1

.

�á¨ íâ®© ª®á®ã£®«ì­®© á¨áâ¥¬ë ª®®à¤¨­ â | ¯àï¬ë¥ «¨­¨¨

y′ = −2y ¨ y′ = −y. �­¨ ï¢«ïîâáï ä §®¢ë¬¨ âà ¥ªâ®à¨ï¬¨ ãà ¢-

­¥­¨ï, á®®â¢¥âáâ¢ãîé¨¬¨ §­ ç¥­¨ï¬ C = 0 ¨ C = +∞.

100. �¨á. 71. �¥¬¥©áâ¢® á¯¨à «¥©, § ¤ ­­ëå ä®à¬ã«®©

√

y′2 + 2yy′ + 2y2 = Ce
ar
tg

(

1

+

y′

y

)

. Ǳà¨ ¯®áâà®¥­¨¨ £à ä¨ª®¢

­  ª®¬¯ìîâ¥à¥ ã¤®¡­® ¯¥à¥©â¨ ª ¯®«ïà­®© á¨áâ¥¬¥ ª®®à¤¨­ â
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{

y = ρ 
osϕ,

y′ = ρ sinϕ,
¢ ª®â®à®© ãà ¢­¥­¨¥ ä §®¢ëå âà ¥ªâ®à¨© ¨¬¥¥â

¢¨¤

ρ =
Cear
tg(1 + tgϕ

)

√

3

2

+

√
5

2

sin

(

2ϕ+ ar
sin

1√
5

)

.

y′ z

y yO O

�¨á. 71. �¨á. 72.

101. �¥¤«® (à¨á. 72). �à ¢­¥­¨ï ªà¨¢ëå ­  ¯«®áª®áâ¨ Oyz ¨¬¥-
îâ ¢¨¤ (y + z)(2z − y)5 = C. Ǳà¨ ¨å ¯®áâà®¥­¨¨ ­  ª®¬¯ìîâ¥à¥

ã¤®¡­® ¯¥à¥©â¨ ª ª®á®ã£®«ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â Oy
1

z
1

¯® ä®à-

¬ã« ¬

{

y = y
1

+z
1

3

,

z = 2z
1

−y
1

3

.

�á¨ íâ®© ª®á®ã£®«ì­®© á¨áâ¥¬ë ª®®à¤¨­ â | ¯àï¬ë¥ «¨­¨¨ 2z = y
¨ z = −y, ï¢«ïîé¨¥áï ä §®¢ë¬¨ âà ¥ªâ®à¨ï¬¨ ¯à¨ C = 0.

102. �¥ãáâ®©ç¨¢ë© ä®ªãá (à¨á. 73). �à ¢­¥­¨ï ªà¨¢ëå ­  ¯«®á-

ª®áâ¨ Oyz ¨¬¥îâ ¢¨¤

√

z2 − yz + 2y2 = Ce

1√
7

ar
tg





y − 2z√
7y





.

Ǳà¨ ¯®áâà®¥­¨¨ £à ä¨ª®¢ ­  ª®¬¯ìîâ¥à¥ ã¤®¡­® ¯¥à¥©â¨ ª ¯®«ïà-

­®© á¨áâ¥¬¥ ª®®à¤¨­ â

{

y = ρ 
osϕ,

z = ρ sinϕ,
¢ ª®â®à®© ãà ¢­¥­¨¥ ä §®-
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¢ëå âà ¥ªâ®à¨© ¨¬¥¥â ¢¨¤

ρ =
Ce

1√
7

ar
tg

(

1−2 tgϕ√
7

)

√

3

2

+

√
2

2


os

(

2ϕ+ π
4

)

.

z z

y yO O

�¨á. 73. �¨á. 74.

z z

y yO O

�¨á. 75. �¨á. 76.

103. �¥ãáâ®©ç¨¢ë© ã§¥« (à¨á. 74). �à ¢­¥­¨ï ªà¨¢ëå ­  ¯«®á-

ª®áâ¨ Oyz ¨¬¥îâ ¢¨¤ C(y−z)5 = y+3z. Ǳà¨ ¨å ¯®áâà®¥­¨¨ ­  ª®¬-
¯ìîâ¥à¥ ã¤®¡­® ¯¥à¥©â¨ ª ª®á®ã£®«ì­®© á¨áâ¥¬¥ ª®®à¤¨­ â Oy

1

z
1

¯® ä®à¬ã« ¬

{

y = 3y
1

+z
1

4

,

z = z
1

−y
1

4

.
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�á¨ íâ®© ª®á®ã£®«ì­®© á¨áâ¥¬ë ª®®à¤¨­ â| ¯àï¬ë¥ «¨­¨¨ z = y ¨
z = − y

3

, ï¢«ïîé¨¥áï ä §®¢ë¬¨ âà ¥ªâ®à¨ï¬¨ ¯à¨ C = 0 ¨ C =∞.

104. �¥ãáâ®©ç¨¢ë© ¤¨ªà¨â¨ç¥áª¨© ã§¥« (à¨á. 75). �à ¢­¥­¨ï

ªà¨¢ëå (ï¢«ïîé¨åáï ¢ íâ®¬ á«ãç ¥ ¯àï¬ë¬¨) ­  ¯«®áª®áâ¨ Oyz
¨¬¥îâ ¢¨¤ z = Cy.

105. �áâ®©ç¨¢ë© ¢ëà®�¤¥­­ë© ã§¥« (à¨á. 76). �à ¢­¥­¨ï ªà¨-

¢ëå ­  ¯«®áª®áâ¨ Oyz ¨¬¥îâ ¢¨¤

z + y = Ce
y

y+z .

Ǳà¨ ¯®áâà®¥­¨¨ £à ä¨ª®¢ ­  ª®¬¯ìîâ¥à¥ ã¤®¡­® ¯¥à¥©â¨ ª ¯®«ïà-

­®© á¨áâ¥¬¥ ª®®à¤¨­ â

{

y = ρ 
osϕ,

z = ρ sinϕ,
¢ ª®â®à®© ãà ¢­¥­¨¥ ä §®-

¢ëå âà ¥ªâ®à¨© ¨¬¥¥â ¢¨¤

ρ =
Ce

1

1+tgϕ
√
2 sin

(

ϕ+ π
4

) .

106. Ǳ®«®�¥­¨ï (1, 2), (2, 1) | ­¥ãáâ®©ç¨¢ë¥ ¯®«®�¥­¨ï à ¢­®-

¢¥á¨ï.

107. Ǳ®«®�¥­¨¥ (2, 1) |  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®¥ ¯®«®�¥­¨¥

à ¢­®¢¥á¨ï, ¯®«®�¥­¨¥ (−2, 1) | ­¥ãáâ®©ç¨¢®¥ ¯®«®�¥­¨¥ à ¢­®-

¢¥á¨ï.

108. Ǳ®«®�¥­¨ï (2kπ, 0) | ­¥ãáâ®©ç¨¢ë¥ ¯®«®�¥­¨ï à ¢­®¢¥-

á¨ï, ¯®«®�¥­¨ï

(

(2k+1)π, 0
)

|  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢ë¥ ¯®«®-

�¥­¨ï à ¢­®¢¥á¨ï.

109. Ǳ®«®�¥­¨¥ (−4,−4) |  á¨¬¯â®â¨ç¥áª¨ ãáâ®©ç¨¢®¥ ¯®«®-

�¥­¨¥ à ¢­®¢¥á¨ï, ¯®«®�¥­¨¥ (1, 1) | ­¥ãáâ®©ç¨¢®¥ ¯®«®�¥­¨¥

à ¢­®¢¥á¨ï.

110. Ǳ®«®�¥­¨¥ à ¢­®¢¥á¨ï (0, 0). � ª ª ª Reλ
1,2 = 0, â® â¥®-

à¥¬  �ï¯ã­®¢  ®â¢¥â  ­¥ ¤ ¥â, ¨ âà¥¡ã¥âáï ¤®¯®«­¨â¥«ì­®¥ ¨áá«¥-

¤®¢ ­¨¥, á¬. [2,9℄.

111. 30

◦
. � ¥ è ¥ ­ ¨ ¥. Ǳ® § ª®­ã �ìîâ®­ , ª®«¨ç¥áâ¢® â¥¯«®-

âë dQ, ª®â®à®¥ è à ®â¤ ¥â §  ¯à®¬¥�ãâ®ª ¢à¥¬¥­¨ dt, ¯à®¯®àæ¨®-
­ «ì­® à §­®áâ¨ ¬¥�¤ã â¥¬¯¥à âãà®© â¥«  ¨ â¥¬¯¥à âãà®© áà¥¤ë,

â. ¥.

dQ = −k(T − T
1

)dt.

�¬¥áâ¥ á â¥¬ dQ = mC dT , £¤¥ m | ¬ áá  â¥« ,   C | ¥£®

â¥¯«®¥¬ª®áâì. Ǳ®íâ®¬ã ¯®«ãç ¥¬ ãà ¢­¥­¨¥

dT

dt
= −a(T − T

1

),
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£¤¥ T | â¥¬¯¥à âãà , t| ¢à¥¬ï ¨ a = k
mC . �­â¥£à¨àãï, ¯®«ãç ¥¬

T = T
1

+ C
1

e−at.

�§ ãá«®¢¨ï T = 100 ¯à¨ t = 0 ®¯à¥¤¥«ï¥¬ C
1

= 80. �«¥¤®¢ â¥«ì­®,

T = 20 + 80e−at.

�­ ç¥­¨¥ a ­ å®¤¨¬ ¨§ ãà ¢­¥­¨ï 60 = 20 + 80e−20a
, ®âªã¤ 

e−a
= 2

− 1

20

. Ǳ®íâ®¬ã

T = 20 + 80 · 2− t
20 .

Ǳà¨ t = 60 ¯®«ãç ¥¬ T = 30.

112. 0.0658 £. � ¥ è ¥ ­ ¨ ¥. �§ ãà ¢­¥­¨ï dm = kmdt ¯®«ãç ¥¬
§ ª®­ à®áâ  ª®«®­¨¨ ¢® ¢à¥¬¥­¨ m = m

0

ekt. �ëç¨á«ï¥¬ k, ¨áå®-
¤ï ¨§ ­ ç «ì­ëå ¤ ­­ëå: k = 0.0915. �«¥¤®¢ â¥«ì­®, ¯à¨ t = 3

­ å®¤¨¬ m
3

≈ 0.0658.
113. y = k

1

y
0

k
2

(

y
0

+

(

k
1

k
2

−y
0

)

e−k
1

t
) , lim

t→+∞
y(t) = k

1

k
2

. Ǳ®¯ã«ïæ¨ï à -

áâ¥â ¯à¨

k
1

k
2

> y
0

, ¢ë¬¨à ¥â «¨èì ¯à¨ k
1

= 0, â. ¥. ¯à¨ ¯à¥ªà é¥­¨¨

à®�¤ ¥¬®áâ¨. � ª   §   ­ ¨ ¥. y′ = k
1

y − k
2

y2.

114. y(t) =

{

ekt
((

q − βp
k−α

)

+

βp
k−αe

−(k−α)t
)

, ¥á«¨ α 6= k,

ekt(q − βpt), ¥á«¨ α = k.
� ¥ è ¥ ­ ¨ ¥. Ǳãáâì q | ¯¥à¢®­ ç «ì­®¥ ç¨á«® �¥àâ¢,   p |

¯¥à¢®­ ç «ì­®¥ ç¨á«® å¨é­¨ª®¢, z(t) | ç¨á«¥­­®áâì å¨é­¨ª®¢ ¢

¬®¬¥­â t, y(t) | ç¨á«¥­­®áâì �¥àâ¢ ¢ ¬®¬¥­â t.
� ª ª ª áç¨â ¥âáï, çâ® �¥àâ¢ ¤®áâ â®ç­® ¬­®£®, â. ¥. ãá«®¢¨ï

�¨§­¨ ¡« £®¯à¨ïâ­ë ¤«ï å¨é­¨ª®¢, â® áª®à®áâì ¨§¬¥­¥­¨ï ç¨-

á«¥­­®áâ¨ å¨é­¨ª®¢ ¯à®¯®àæ¨®­ «ì­  ç¨á«ã ¨¬¥îé¨åáï å¨é­¨-

ª®¢. �«¥¤®¢ â¥«ì­®,

dz

dt
= αz, (237)

£¤¥ α > 0 | ª®íää¨æ¨¥­â ¥áâ¥áâ¢¥­­®£® ¯à¨à®áâ  ç¨á«¥­­®áâ¨

å¨é­¨ª®¢.

�®«¨ç¥áâ¢® áê¥¤¥­­ëå �¥àâ¢ â ª�¥ ¯à®¯®àæ¨®­ «ì­® ç¨á«ã

å¨é­¨ª®¢, â. ¥. à ¢­® (−βz), £¤¥ β = 
onst (β > 0). �­ ª ¬¨-

­ãá ãª §ë¢ ¥â ­  ã¡ë¢ ­¨¥ ç¨á«  �¥àâ¢.
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Ǳãáâì k (k > 0) | ª®íää¨æ¨¥­â ¯à®¯®àæ¨®­ «ì­®áâ¨ à®áâ 

ç¨á«¥­­®áâ¨ �¥àâ¢ ¡¥§ ¢¬¥è â¥«ìáâ¢  å¨é­¨ª®¢, â. ¥. ª®íää¨-

æ¨¥­â ¥áâ¥áâ¢¥­­®£® ¯à¨à®áâ  ç¨á«¥­­®áâ¨ �¥àâ¢. �®£¤  áª®à®áâì

¨§¬¥­¥­¨ï ç¨á«¥­­®áâ¨ �¥àâ¢

dy

dt
= ky − βz. (238)

� ª¨¬ ®¡à §®¬, ¯®«ãç¨¬ á¨áâ¥¬ã ¤¢ãå «¨­¥©­ëå ¤¨ää¥à¥­æ¨-

 «ì­ëå ãà ¢­¥­¨© (237), (238).

�¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (237)

z(t) = ~Ceαt.

�ç¨âë¢ ï ¯¥à¢®­ ç «ì­®¥ ç¨á«® å¨é­¨ª®¢, ­ å®¤¨¬

z(0) = p = ~C. �«¥¤®¢ â¥«ì­®,

z(t) = peαt. (239)

Ǳ®¤áâ ¢«ïï (239) ¢ (238), ¯®«ãç ¥¬ «¨­¥©­®¥ ­¥®¤­®à®¤­®¥ ¤¨ä-

ä¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

dy

dt
= ky − βpeαt.

�£® ®¡é¥¥ à¥è¥­¨¥

y(t) = e

∫

. k dt






C +

∫

.
(−βp)eαte

∫

. (−k)dt

dt






,

¨«¨

y(t) = ekt






C − βp

∫

.
e(α−k)tdt






.

�ª®­ç â¥«ì­® ¨¬¥¥¬

y(t) = ekt
(

C +

βp

k − α
e−(k−α)t

)

, α 6= k.
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� ©¤¥¬ C ¨§ ãá«®¢¨ï y(0) = q. Ǳ®«ãç¨¬

q = C +

βp

k − α
¨ C = q − βp

k − α
.

�áª®¬®¥ à¥è¥­¨¥

y(t) = ekt
((

q − βp

k − α

)

+

βp

k − α
e−(k−α)t

)

, α 6= k.

�á«¨ k > α, â® y(t) → +∞ ¯à¨ t → +∞; ¥á«¨ k = α, â®

y(t) = ekt(q − βpt); ¥á«¨ k < α, â® áãé¥áâ¢ã¥â â ª®© ¬®¬¥­â t = T ,
çâ® y(T ) = 0.

115.

{

x
1

= 150et − 50e3t,

x
2

= 150et + 50e3t.

116.











dx
1

dt
= −2x

1

+ 4x
2

,

dx
2

dt
= x

1

− 2x
2

,

x
1

(0) = 100, x
2

(0) = 300, x
1

= 350− 250e−4t,

x
2

= 175 + 125e−4t
.

117.











dN

dt
= N(a− bI),

dI

dt
= cN,

£¤¥ a, b ¨ c | ¯®«®�¨â¥«ì­ë¥ ¯®áâ®ï­-

­ë¥, I | ¬ áá  ï¤  ¢ ¬®¬¥­â t; k = 1, M =

2

bc .

118. 1) �á«¨ aα 6= b, â® x
1

= α
(

1− aβ
aα−b

(

e(aα−b)t − 1

)

)

,

x
2

= βe(aα−b)t, x
3

= γ + bβ
aα−b

(

e(aα−b)t − 1

)

; 2) ¥á«¨ aα = b, â®

x
1

= α(1− aβt), x
2

= β, x
3

= γ + bβt.

119. � ®â«¨ç¨¥ ®â ¯à¨¬¥à  53, §¤¥áì a = 0, ¨ ãà ¢­¥­¨¥ (145)

¯à¨­¨¬ ¥â ¢¨¤ V dy =Mbdt−Mydt, ®âªã¤  y = 0.0004+Ce−
Mt
10800

,

y(0) = 0.0012, C = 0.0008; M = 1080 ln4 ≈ 1500

¬

3

¬¨­

.

120. 0.124%.

121. a = − ln 2

3.82 ≈ −0.1814. �¨á. 77.
122. y′ = k

(

m
1

− 2

3

y
) (

m
2

− 1

3

y
)

, y(0) = 0.

123. −dy =

2y dt
100+t ; y =

C
(100+t)2 , C = 10

5, y(60) = 3.9 ª£,

t = 15 ç

(

y(900) = 0.1
)

.
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124. 4.6 ¬¨­. � ¥ è ¥ ­ ¨ ¥. �«ï íâ®© § ¤ ç¨ S(x) = πy2. �§

ãà ¢­¥­¨ï ¯àï¬®©

x

h
+

y

R
= 1

­ å®¤¨¬ y : y =
(

1− x
h

)

R (à¨á. 78). Ǳ®¤áâ ¢«ïï ¢ (163) (á¬. ¯à¨-

¬¥à 59), ¯®«ãç ¥¬

k 3

√

(h− x)2dx = dt, £¤¥ k =
πR2

µmh2
√
2g
.

�­â¥£à¨àãï ¯à¨ ãá«®¢¨¨ x(0) = 0, ¯®«ãç ¥¬

t =
2k

5

(

h
5

2 − (h− x)
5

2

)

. (240)

y

tO 1

y
0

y = y
0

e−0.1814t

O y

x

x

h

R

r

�¨á. 77. �¨á. 78.

� «¥¥ ­ ©¤¥¬ §­ ç¥­¨¥ x ¨§ ãá«®¢¨ï, çâ® §  2 ¬¨­ ¢ëâ¥ª ¥â ¯®«®-
¢¨­  ¢®¤ë. �¬¥¥¬

2

3

πr2(h− x) =
1

3

πR2h,

®âªã¤ 

2r2(h− x) = R2h. (241)

�§ ¯®¤®¡¨ï âà¥ã£®«ì­¨ª®¢ á«¥¤ã¥â h − x =

rh
R . Ǳ®¤áâ ¢«ïï ¯®-

á«¥¤­¥¥ ¢ ¢ëà �¥­¨¥ (241), ¯®«ãç ¥¬ 2r3h = R3h ⇔ r = R
3

√
2

.
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Ǳà¨ íâ®¬ h − x =

h
3

√
2

, â. ¥. x = h
(

1− 1

3

√
2

)

. � ª ª ª ¯à¨ ¯®«ã-

ç¥­­®¬ §­ ç¥­¨¨ x ¢à¥¬ï t = 2 ¬¨­, â®, ¯®¤áâ ¢«ïï íâ® §­ ç¥­¨¥ ¢

ãà ¢­¥­¨¥ (240), ¯®«ãç ¥¬

2 =

2k

5

h
5

2

(

1− 1

6

√
32

)

⇔ 2k

5

h
5

2

=

2

1− 1

6

√
32

.

�«ï ®¯à¥¤¥«¥­¨ï ¢à¥¬¥­¨, §  ª®â®à®¥ ¢ëâ¥ç¥â ¢áï ¢®¤ , ¢ (240)

á«¥¤ã¥â ¯®«®�¨âì x = h:

t =
2k

5

h
5

2

=

2

1− 1

6

√
32

≈ 4.6 ¬¨­.

125.

kb2

2V 2

(√
h− kb2

8V 2

)

. � ¥ è ¥ ­ ¨ ¥. �«ï à¥è¥­¨ï ¨á¯®«ì§ã¥¬

ãà ¢­¥­¨¥ (163) ¨§ ¯à¨¬¥à  59, ¢ ª®â®à®¬ m ï¢«ï¥âáï äã­ªæ¨¥©

®â t. � ¬®¬¥­âã t < t
1

¨¬¥¥¬ m(t) = avt. Ǳ®íâ®¬ã ãà ¢­¥­¨¥ (163)
¯à¨­¨¬ ¥â ¢¨¤

dx

dt
= kt

√
h− x, £¤¥ k =

µaV

S

√

2g.

� §¤¥«ïï ¯¥à¥¬¥­­ë¥ ¨ ¨­â¥£à¨àãï ¯à¨ ãá«®¢¨¨ x(0) = 0, ¯®«ã-

ç ¥¬ √
h−

√
h− x =

kt2

4

,

®âªã¤ 

x = h−
(√

h− kt2

4

)

2

.

Ǳà¨ t = t
1

=

b
V ¨¬¥¥¬ ãª § ­­ë© à¥§ã«ìâ â.

126. 1.8 ª£. � ¥ è ¥ ­ ¨ ¥. Ǳãáâì ª ¬®¬¥­âã t ¢ à¥§¥à¢ã à¥ á®¤¥à-
�¨âáï x ª¨«®£à ¬¬®¢ á®«¨. �  ¢à¥¬ï dt ¢ à¥§¥à¢ã à ¯®áâã¯ ¥â 4 dt
«¨âà®¢ ¢®¤ë,   ¢ëâ¥ª ¥â 2 dt «¨âà®¢ á¬¥á¨, á®¤¥à� é¥© 2C dt ª¨-
«®£à ¬¬®¢ á®«¨. �®­æ¥­âà æ¨ï á®«¨ C ¢ ¬®¬¥­â t

C(t) =
x

75 + 2t
.

� ª ª ª ¯à¨å®¤  á®«¨ ­¥â, â®

dx = − 2x

75 + 2t
dt.
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� §¤¥«ïï ¯¥à¥¬¥­­ë¥ ¨ ¨­â¥£à¨àãï, ¯®«ãç ¥¬

x =
C
1

75 + 2t
.

Ǳà¨ t = 0 ¨¬¥¥¬ x = 3, ¯®íâ®¬ã C
1

= 225. �«¥¤®¢ â¥«ì­®,

x =
225

75 + 2t
.

�â ª, ¯à¨ t = 25 ¯®«ãç ¥¬ x = 1.8.
127. 5.2 ª£. � ¥ è ¥ ­ ¨ ¥. �á«¨ ¢®á¯®«ì§®¢ âìáï ®¡®§­ ç¥­¨ï¬¨

¨§ ¯à¨¬¥à  60, â® M = 10, V = 90. Ǳ®íâ®¬ã ¨§ ãà ¢­¥­¨ï (164)

¢ëâ¥ª ¥â

x

x+ 20

=

1

3

e
2

9

kt.

�¯à¥¤¥«¨¬ k ¨§ ãá«®¢¨ï x = 5 ¯à¨ t = 1 : k = 9

2

ln

3

5

.

�á«¨ M = 10, V = 180, â®, ¨á¯®«ì§ãï §­ ç¥­¨¥ ¤«ï k, ¯®«ãç -
¥¬

x

x+ 50

=

1

6

(

3

5

)
5

4

t

.

Ǳà¨ t = 1 ¨¬¥¥¬ x = 4.8. �áª®¬®¥ ª®«¨ç¥áâ¢® á®«¨ à ¢­®

M − x = 5.2.
128. 10.6 ¬¨­. � ¥ è ¥ ­ ¨ ¥. �¤¥áì x = 0.5 , V = 30, M = 2.

�à ¢­¥­¨¥ (164) (á¬. ¯à¨¬¥à 60) ¯à¨­¨¬ ¥â ¢¨¤

5x

x+ 8

= e
4

15

kt.

�§ ãá«®¢¨ï x = 1 ¯à¨ t = 5 ®¯à¥¤¥«ï¥¬ k =

3

4

ln

5

9

¨ ¯®«ãç ¥¬

ãà ¢­¥­¨¥

5x

x+ 8

=

(

5

9

)
t
5

.

Ǳ®¤áâ ¢«ïï §­ ç¥­¨¥ x = 0.5, ­ å®¤¨¬ t = 10.6.

129.















x =
b
0

4

(

1− 1

2

t

)

,

y =
3b

0

4

(

1− 1

2

t

)

.
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� ¥ è ¥ ­ ¨ ¥. Ǳà®¨§¢®¤­ ï

dx
dt ¢ëà � ¥â áª®à®áâì ®¡à §®¢ ­¨ï

¢¥é¥áâ¢  X , ¯à®¨§¢®¤­ ï

dy
dt | áª®à®áâì ®¡à §®¢ ­¨ï ¢¥é¥áâ¢  Y .

� ¬®¬¥­â t ¬ áá  b à §«®�¨¢è¥£®áï ¢¥é¥áâ¢  B ®¯à¥¤¥«ï¥âáï á«¥-

¤ãîé¨¬ ®¡à §®¬: b = b
0

− x− y.
Ǳ® ãá«®¢¨î § ¤ ç¨ ¯®«ãç ¥¬ á¨áâ¥¬ã ¤¢ãå ¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨© ¯¥à¢®£® ¯®àï¤ª 

dx

dt
= k(b

0

− x− y),
dy

dt
= l(b

0

− x− y), (242)

£¤¥ k, l | ª®íää¨æ¨¥­âë ¯à®¯®àæ¨®­ «ì­®áâ¨.

� §¤¥«¨¢ ¯®ç«¥­­® ¢â®à®¥ ãà ¢­¥­¨¥ ­  ¯¥à¢®¥, ¨¬¥¥¬

dy
dx =

l
k , ®âªã¤  y =

l
kx+ C.

�á¯®«ì§ãï ­ ç «ì­ë¥ ãá«®¢¨ï x = 0, y = 0 ¯à¨ t = 0, ­ å®¤¨¬

C = 0, á«¥¤®¢ â¥«ì­®,

y =
l

k
x. (243)

Ǳ¥à¢®¥ ãà ¢­¥­¨¥ (242) ¯à¨ ¤ ­­®¬ ¢ëà �¥­¨¨ ¤«ï y ¯à¨­¨¬ ¥â
¢¨¤

dx

dt
+ (k + l)x = kb

0

.

�­â¥£à¨àãï íâ® ãà ¢­¥­¨¥, ¯®«ãç ¥¬

x =
kb

0

k + l
+ C

1

e−(k+l)t.

Ǳ®áª®«ìªã x = 0 ¯à¨ t = 0, â® C
1

= − kb
0

k+l ¨

x =
kb

0

k + l

(

1− e−(k+l)t
)

. (244)

�§ ãà ¢­¥­¨© (243) ¨ (244) ­ å®¤¨¬

y =
lb
0

k + l

(

1− e−(k+l)t
)

. (245)

�¯à¥¤¥«¨¬ §­ ç¥­¨ï ª®íää¨æ¨¥­â®¢ k ¨ l. Ǳ®áª®«ìªã ¯à¨

t = 1 x = b
0

8

, y = 3

8

b
0

, â® ¨§ à ¢¥­áâ¢ (244) ¨ (245) ¨¬¥¥¬

k

k + l

(

1− e−(k+l)
)

=

1

8

,
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l

k + l

(

1− e−(k+l)
)

=

3

8

.

�§ íâ¨å ãà ¢­¥­¨© ¯®«ãç ¥¬

1− e−(k+l)
=

1

2

, l = 3k,

¨«¨

k + l = ln 2, l = 3k, ®âªã¤ 

k =
1

4

ln 2, l =
3

4

ln 2.

�à ¢­¥­¨ï (244) ¨ (245) á íâ¨¬¨ ª®íää¨æ¨¥­â ¬¨ ¤ îâ ¨áª®¬ë¥

§ ª®­ë.

130. 217 £, 252 £. � ª   §   ­ ¨ ¥.











dB

dt
= −kB,

dC

dt
= kB − lC,

£¤¥ B(t), C(t) | ¬ ááë ¢¥é¥áâ¢

214

82

Pb ¨

214

83

Bi ¢ ¬®¬¥­â t.
131.

x = 10− 7

(

1−
(

4

7

)
t
5

)

, y = 7

(

1−
(

4

7

)
t
5

)

.

� ª   §   ­ ¨ ¥: ®¡é¥¥ ç¨á«® íª¢¨¢ «¥­â®¢ ®¡®¨å ¢¥é¥áâ¢ ­¥

¨§¬¥­ï¥âáï ¢ ®¡¥¨å à¥ ªæ¨ïå, â. ¥. x+ y = x
0

+ y
0

.

132. a = 0.07 , y(5) =
√
2y(0), y(20) = 4y(0) (à¨á. 79).

133. t ≈ 23.1 £.
134. 1 ¬«­ 34 âëá. ç¥«®¢¥ª.

135. � 2008 £.

136. P =

sMeMkt

1+seMkt . � ¥ è ¥ ­ ¨ ¥. Ǳà¥¤¯®«®�¨¬, çâ® áª®à®áâì

à®áâ  ª®«¨ç¥áâ¢  P ¯à®¯®àæ¨®­ «ì­  ¯à®¨§¢¥¤¥­¨î P ¨ à §­®áâ¨

(M − P ). Ǳ® ¯à¥¤¯®«®�¥­¨î

dP

dt
= kP (M − P ),

£¤¥ k | ¯®áâ®ï­­ë© ¯®«®�¨â¥«ì­ë© ª®íää¨æ¨¥­â.

�­â¥£à¨àãï ¬¥â®¤®¬ ¨§ §3, ¯®«ãç ¥¬

1

M
ln

P

M − P
= kt+ C ⇔ P =

sMeMkt

1 + seMkt
, (246)

£¤¥ s = eMC
.
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Ǳà¨ t → +∞ ¢¥«¨ç¨­  eMkt → +∞, â ª ª ª ¤«ï ¯à®æ¥áá  ¯à¨-

à®áâ  k > 0, á«¥¤®¢ â¥«ì­®, P →M .

� æ¥«ìî «ãçè¥£® ¯®­¨¬ ­¨ï ¯à®æ¥áá  ¯à¥®¡à §ã¥¬ ¤ «¥¥ à -

¢¥­áâ¢® (246). Ǳãáâì P
0

| ç¨á«¥­­®áâì ­ á¥«¥­¨ï ¢ ­ ç «ì­ë©

¬®¬¥­â t = 0. �®£¤ 

P
0

=

sM

1 + s
.

�ëà §¨¢ ®âáî¤  ¢¥«¨ç¨­ã s =

P
0

M−P
0

, ¯®¤áâ ¢¨¬ ¥¥ ¢ ãà ¢­¥-

­¨¥ (246):

P =

MP
0

P
0

+ (M − P
0

)e−Mkt
. (247)

y P

t tO 1 O

y
0

y = y
0

e0.07t
M

M
2

P
0

�¨á. 79. �¨á. 80.

�à ¢­¥­¨¥ (247) ¤ ¥â § ¢¨á¨¬®áâì à®áâ  ç¨á«¥­­®áâ¨ ­ á¥«¥­¨ï

¯à¨ ®¡áâ®ïâ¥«ìáâ¢ å, ¯à¥¯ïâáâ¢ãîé¨å ¥¬ã: à¥£ã«¨à®¢ ­­®¥ à §-

¬­®�¥­¨¥, ¢®§¬®�­ë¥ í¯¨¤¥¬¨¨ ¨ ¤àã£¨¥ ä ªâ®àë. �­® ­ §ë¢ -

¥âáï «®£¨áâ¨ç¥áª¨¬ ãà ¢­¥­¨¥¬.

�  à¨á. 80 ¯®ª § ­  £¥®¬¥âà¨ç¥áª ï ¨­â¥à¯à¥â æ¨ï íâ®£® § ª®-

­ .

137. �¨á. 81.

138.

{

y′ = u,

u′ = − sin y.
�¨á. 82.

�   ¬ ¥ ç   ­ ¨ ¥. �à ¢­¥­¨¥ ¤®¯ãáª ¥â ¯®­¨�¥­¨¥ ¯®àï¤ª 

(á¬. ¯. 9.3) ¨ ¤ �¥ ¨­â¥£à¨àã¥âáï ¢ ª¢ ¤à âãà å, ­® ¥£® à¥è¥­¨¥

­¥ ¢ëà � ¥âáï ç¥à¥§ í«¥¬¥­â à­ë¥ äã­ªæ¨¨.
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139.















y′ = u,

u′ = v,

v′ = −u tgx+ xy

x− 3

.

�¨á. 83.

y y

x xO O

1

−1

−1 1

−4 2

π
2

1

−8 1 8

�¨á. 81. �¨á. 82.

y y

x xO O

1

−π
3

π
3

1

0.2 1 2

−1

�¨á. 83. �¨á. 84.

140. Ǳ¥à¢®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë á á®®â¢¥âáâ¢ãîé¨¬ ¥¬ã ­ ç «ì-

­ë¬ ãá«®¢¨¥¬ ¨¬¥¥â à¥è¥­¨¥ x = et (¯®íâ®¬ã x ¬®�¥â ¡ëâì â®«ìª®
¯®«®�¨â¥«ì­ë¬). �á¯®«ì§ãï ¯à ¢¨«® ¤¨ää¥à¥­æ¨à®¢ ­¨ï á«®�-

­®© äã­ªæ¨¨, ¯®«ãç ¥¬

dy
dt =

dy
dx

dx
dt =

dy
dx x. �à®¬¥ â®£®, t = lnx.

Ǳ®¤áâ ¢«ïï íâ¨ á®®â­®è¥­¨ï ¢® ¢â®à®¥ ãà ¢­¥­¨¥ á¨áâ¥¬ë, ¨¬¥¥¬

dy

dx
= 2 lnx · y + 1

x
y3 +

1

x

os(lnx · y)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬ y
∣

∣

x=1

= 0. �â ª, ¢ íâ®© § ¤ ç¥ ç¨á«¥­­® à¥-

è âì á«¥¤ã¥â ®¤­® ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥,   ­¥ ¨å á¨áâ¥¬ã,

çâ® §­ ç¨â¥«ì­® ¯à®é¥. �  à¨á. 84 ¨§®¡à �¥­  ä §®¢ ï âà ¥ªâ®-

à¨ï á¨áâ¥¬ë.

141. y = x+ x2

1·2 +
x3

2·3 +
x4

3·4 + . . . , −1 6 x 6 1.

142. y = x− x2

(1!)

2·2 +
x3

(2!)

2·3 − x4

(3!)

2·4 + . . . , −∞ < x < +∞.
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143. y = 1− x2

3!

+

x4

5!

− x6

7!

+ . . . , −∞ < x < +∞.

144. y = 1− x2

2

2

+

x4

2

2·42 − x6

2

2·42·62 + . . . , −∞ < x < +∞.

145. �¨á. 85.

y y

xO

xO

1

−1 1

−1

1

2

−1 1

−1

−2

�¨á. 85. �¨á. 86.

146. �¨á. 86.

215



�¥ª®¬¥­¤ã¥¬ ï «¨â¥à âãà 

�¥®à¥â¨ç¥áª¨¥ ªãàáë

1. � â¢¥¥¢ �.�. �¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï. | �.: Ǳà®á¢¥é¥­¨¥, 1988,

256 á.
2. Ǳ®­âàï£¨­ �.�. �¡ëª­®¢¥­­ë¥ ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï. | �.:

�¨§¬ â£¨§, 1961, 312 á.
3. �¬¨à­®¢ �.�. �ãàá ¢ëáè¥© ¬ â¥¬ â¨ª¨. � 5 â. �. 2. | �.: � ãª ,

1974, 656 á., �. 3., �. 1, 2. | �.: � ãª , £«. à¥¤. ä¨§-¬ â. «¨â., 1974, 323

¨ 627 
.
4. �â¥¯ ­®¢ �.�. �ãàá ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. | �.: �¨§¬ â£¨§,

1959, 468 á.

�¡®à­¨ª¨ § ¤ ç

5. �¥à¬ ­ �.H. �¡®à­¨ª § ¤ ç ¯® ªãàáã ¬ â¥¬ â¨ç¥áª®£®  ­ «¨§ . | �.: H -

ãª , 1971, 416 á.
6. � ¤ ç¨ ¨ ã¯à �­¥­¨ï ¯® ¬ â¥¬ â¨ç¥áª®¬ã  ­ «¨§ã ¤«ï ����®¢/ Ǳ®¤ à¥¤.

�.Ǳ. �¥¬¨¤®¢¨ç . | �.: �¨§¬ â£¨§, 1959, 472 á.
7. �¨á¥«¥¢ �.�., �à á­®¢ �.�., � ª à¥­ª® �.�. �¡®à­¨ª § ¤ ç ¯® ®¡ëª-

­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬. | �.: �ëáè ï èª®« , 1978,

287 á.
8. � â¢¥¥¢ �.�. �¡®à­¨ª § ¤ ç ¨ ã¯à �­¥­¨© ¯® ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­-

æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬. | �¨­áª: �ëèí©è ï èª®« , 1987, 320 á.
9. �¨«¨¯¯®¢ �.�. �¡®à­¨ª § ¤ ç ¯® ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬. | �.:

� ãª , 1992, 128 á.

Ǳà¨«®�¥­¨ï

10. �¬¥«ìª¨­ �.�. �¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢ ¯à¨«®�¥­¨ïå. | �.: � -

ãª , 1987, 160 á.
11. � âã­¥à �.�., Ǳ®§¨­ �.�. � â¥¬ â¨ç¥áª¨¥ ¬¥â®¤ë ¢ å¨¬¨ç¥áª®© â¥å­¨-

ª¥. | �.: �¨¬¨ï: 1971, 640 á.
12. �®«ìâ¥àà  �. � â¥¬ â¨ç¥áª ï â¥®à¨ï ¡®àì¡ë §  áãé¥áâ¢®¢ ­¨¥. | �.:

� ãª , 1976, 288 á.
13. �®áâ¥­ª® �.Ǳ. �¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¨ ¨å ¯à¨«®�¥­¨ï. | �à á-

­®¤ à: �à á­®¤ à. ¯®«¨â¥å­. ¨­-â, 1991, 100 á.
14. Ǳ®­®¬ à¥¢ �.�. �®áâ ¢«¥­¨¥ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. | �¨­áª:

�ëèí©è ï èª®« , 1973, 560 á.
15. �¢¨à¥�¥¢ �.�., �®£®ä¥â �

{{

{

.�. �áâ®©ç¨¢®áâì ¡¨®«®£¨ç¥áª¨å á®®¡-

é¥áâ¢. | �.: � ãª : 1978, 352 á.
16. �ãàª®¢áª¨© �.�. �¡®à­¨ª á¯¥æ¨ «¨§¨à®¢ ­­ëå § ¤ ç ¯® ¤¨ää¥à¥­æ¨ «ì-
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